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RECORDS  OF  PROCEP]DINGS  AT  MEETINGS 


SESSION  NOVEMBER,  1907— JUNE,  1908. 

Thursday,  November  14  th,  1907. 
Annual  General  Meeting. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  twenty  members  and  two  visitors. 

Messrs.  B.  M.  Walker,  W.  J.  Harrison,  B.  B.  Ghosal  were  elected 
members. 

Messrs.  T.  J.  I'A.  Bromwich  and  E.  Cunningham  were  admitted  into 
the  Society. 

The  Treasurer,  Prof.  J.  Larmor,  presented  his  Report.  On  the  motion 
of  Lieut. -Col.  Cunningham,  seconded  by  Rev.  F.  H.  Jackson,  the  report 
was  received. 

Dr.  J.  G.  Leathem  was  appointed  Auditor. 

Mr.  Grace,  as  Secretary,  reported  that  the  number  of  members  at  the 
beginning  of  the  previous  Session  was  278.  During  the  Session  13  new 
members  had  been  elected,  6  members  had  resigned,  2  had  died.  The 
number  of  members  at  the  beginning  of  the  present  Session  was  288. 
The  American  Academy  of  Arts  and  Sciences  (Boston)  had  been  added  to 
the  list  of  Societies  with  which  the  Society  exchanges  publications. 

The  Council  and  OflScers  for  the  ensuing  Session  were  elected  as 
follows: — President,  Prof.  W.  Burnside;  Vice-Presidents,  Prof.  A.  R. 
Forsyth  and  Prof.  H.  M.  Macdonald ;  Treasurer,  Prof.  J.  Larmor ;  Secre- 
taries, Prof.  A.  E.  H.  Love  and  Mr.  J.  H.  Grace ;  other  members  of 
the  Council,  Dr.  H.  F.  Baker,  Mr.  A.  Berry,  Mr.  T.  J.  I'A.  Bromwich, 
Mr.  A.  L.  Dixon,  Prof.  E.  B.  Elliott,  Mr.  G.  H.  Hardy,  Dr.  E.  W. 
Hobson,  Sir  W.  D.  Niven,  Mr.  H.  W.  Richmond,  Mr.  A,  E,  Western. 


BbCOBDS   of   PBOGBEDING8   AT   MBBTINGS.  V 

The  following  papers  were  oommunicated  : — 
*The  Invariants  of  a  Binary  Quintic  and  the  Reality  of  its  Roots : 

Dr.  H.  F.  Baker. 
"^Addendum  to  a  Paper   on   the    Inversion  of  a  Repeated  Infinite 

Integral :  Mr.  T.  J.  I'A.  Bromwich. 
+0n  a  Transformation  of  a  certain  Hypergeometric  Series:    Prof. 

M.  J.  M.  Hill. 
*Generali8ation  of  a  Theorem  in  the  Theory  of  Divergent  Series: 

Mr.  G.  H.  Hardy. 
*0n  Hyper-Complex  Numbers :  Mr.  J.  H.  Maclagan  Wedderburn. 
*Uniform  and  non-Uniform  Convergence  and  Divergence  of  a  Series 

and  the  Distinction  between  Right  and  Left :  Dr.  W.  H.  Young. 
^Application   of   Quaternions   to   the  Problem    of  the  Infinitesimal 

Deformation  of  a  Surface :  Mr.  J.  E.  Campbell. 
*Nodal  Cubics  through  Eight  Given  Points :  Mr.  J.  E.  Wright. 
+0n  a  Transformation  of  Hypergeometric  Series :    Rev.  Dr.  E.  W. 

Barnes. 
*A  General  Theorem  on  Integral  Functions  of  Finite  Order :  Mr.  J.  E. 

Littlewood. 


Thursday,  December  12th,  1907. 
Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  sixteen  members  and  three  visitors. 

Messrs.  G.  N.  Watson,  D.  G.  Taylor,  F.  B.  Pidduck,  W.  E.  Dalby 
were  elected  members. 

Messrs.  S.  T.  Shovelton  and  G.  N.  Watson  were  admitted  into  the 
Society. 

Prof.  Love  presented  the  Report  of  the  Auditor  (Dr.  J.  G.  Leathem). 

On  the  motion  of  Mr.  C.  S.  Jackson,  seconded  by  Mr.  Hilton,  the 
Treasurer's  Report  was  adopted,  and  the  thanks  of  the  Society  were  voted 
to  the  Treasurer  and  to  the  Auditor. 

The  following  papers  were  communicated : — 

A  Formula  in  Finite  Differences  and  its  Application  to  Mechanical 

Quadrature :  Mr.  S.  T.  Shovelton. 
*Weierstrass'    ^-Function    in   the    Calculus    of   Variations :    Prof. 
A.  E.  H.  Love. 

•  Printed  in  tbifi  Tolmne.  f  See  the  Note  in  Proe^edinga,  Ser.  2,  Vol.  6,  p.  zxi. 

b   % 


vi  Bbcobds  of  procbbdinos  at  meetings. 

Thursday,  January  9th,  1908. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  fourteen  members  and  two  visitors. 
Mr.  T.  J.  Garstang  was  elected  a  member. 

The  following  resolution  was  moved  by  Prof.  Love,  seconded  by  Sir 
W.  D.  Niven,  and  carried  unanimously  : — 

That  this  meetmg  of  the  London  Mathematical  Society  records  its  sense  of  the  profound  loss 
sustained  by  science  in  general,  and  by  the  London  Mathematical  Society  in  particular,  through 
the  death  of  Lord  Kelvin,  who  was  a  member  of  the  Society  during  forty  years,  in  two  of  which 
he  honoured  the  Society  by  acting  as  its  President,  and  whose  achievements,  spring^g  as  they  did 
from  the  science  to  which  the  Society  is  devoted,  rank  among  the  main  scientific  advances  of 
modem  times.  That  the  Secretaries  be  requested  to  convey  to  Lady  Kelvin  the  expression  of 
the  respectful  and  sympathetic  condolence  of  the  members. 

In  moving  the  resolution  Prof.  Love  said — 

Since  our  last  meeting  there  has  died  perhaps  the  gpreatest  of  our  past  Presidents,  Lord 
Kelvin.  He  became  a  member  of  our  Society  in  1867,  within  lebs  than  two  years  of  its  founda- 
tion. I  find  a  record  of  his  having  attended  one  of  our  meetingps  in  1875,  when  he  made  two 
communications.  At  that  time  Henry  Smith  was  President,  Maxwell  and  George  Darwin  and 
Cayley  were  frequent  attendants  at  our  meeting^.  In  1898,  when  he  was  at  the  height  of  his 
fame,  he  became  our  President.  Among  the  meetings  at  which  he  presided  was  a  memorable 
one  in  June  of  1899,  at  which  Mittag  Leffler  was  present,  and  Kelvin  then  made  a  communica- 
tion to  the  Society ;  at  another  memorable  meeting  at  which  he  presided,  that  of  June,  1900, 
Darboux,  Klein,  and  Poincar6  were  present  and  made  communications.  Lord  Kelvin  also 
attended  the  meeting  in  November  of  1900,  at  which  he  inducted  Dr.  Hobson  into  the  chair  and 
delivered  a  valedictory  address  on  **  The  Transmission  of  Force  through  a  Solid." 

It  is  fitting  that  on  this  occasion  we  should  endeavour  to  appreciate  Kelvin*s  g^reatness. 
Whether  we  have  regard  to  the  practical  utility  of  his  inventions,  to  the  subtlety  of  his  physical 
speculations,  to  the  wide  range  of  his  contributions  to  natural  knowledge,  or  to  the  power  of  his 
mathematical  methods,  we  must  hold  him  great,  and  we  admire  him  not  less  for  the  generosity  of 
his  character.  To  his  readiness  to  assist  a  beg^inner  in  mathematical  research  I  can  personally 
testify.  To  his  eagerness  to  attribute  to  others  their  full  share  of  merit  for  any  discovery 
witness  is  borne  by  his  published  correspondence  with  Stokes  and  by  the  prominence  which  he 
gave  to  citations  of  the  work  of  Green  as  soon  as  he  became  acquainted  with  it. 

Of  his  contributions  to  mathematics  it  is  perhaps  fair  to  say  that  they  consisted  rather  in 
the  development  of  new  methods,  leading  to  new  results,  than  in  the  creation  of  new  mathe- 
matical theories.  He  was  an  acute  geometer,  but  geometry  for  its  own  sake  did  not  satisfy  him. 
The  method  of  inversion  became  in  his  hands  a  means  of  investigating  electrical  distributions ; 
the  partitioning  of  space  into  equal  and  similar  portions  was  a  step  in  the  theory  of  the  molecular 
arrangement  of  crystals.  He  was  a  profoimd  analyst,  but  his  analysis  always  had  an  immediate 
application.  In  connexion  with  researches  on  the  constitution  of  the  earth  he  incidentaUy  revised 
the  whole  theory  of  those  functions  which  previously  had  been  known  as  Laplace's  functions  and 
from  that  time  forward  became  spherical  harmonics.  It  may  be  that  his  most  important  contri- 
butions to  mathematical  analysis  are  contained  in  the  short  papers  in  which  he  gave  examples  of 
that  method  for  the  solution  of  partial  differential  equations  which,  unknown  to  him,  had  been 
initiated  by  Ghreen.  He  showed  how  to  build  up  the  requisite  solutions  synthetically  from  simple 
special  ones  which  involve  the  existence  of  singpular  points.  The  sing^ar  point  in  electrostatics 
is  a  point  charge,  in  magnetism  it  is  a  mag^tio  particle.    In  the  theory  of  the  conduotion  of 
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heat  It  18  an  instantaneous  point  source,  and  the  memoir  in  which  he  developed  the  application  of 
the  corresponding  special  solution  to  obtain  all  the  valuable  solutions  of  the  equation  of  diffusion 
is  well  known.  In  the  theory  of  elasticity  the  corresponding  singularity  is  a  point  at  which  a 
force  is  applied.  The  special  solution  for  this  singularity  was  gfiven  by  him  in  a  very  early  paper, 
and  he  pointed  out  its  possible  applications,  though  he  did  not  work  them  out  in  detail.  The 
corresponding  solution  for  vibratory  motion  produced  in  an  elastic  w)lid  by  force  applied  at  a 
point  was  given  some  years  later  by  Stokes,  and  the  paper  which  Kelvin  read  to  our  Society  in 
June,  1899,  was  occupied  with  a  development  of  this  solution.  The  subject  was  the  advance  of 
waves  into  a  previously  undisturbed  elastic  medium.  In  some  of  the  papers  which  he  published 
within  the  last  year  or  two  he  was  occupied  with  the  very  intractable  question  of  the  advance  of 
surface  waves  into  previously  still  water,  and  he  there  emphasized  again  the  importance  of  a 
special  solution  of  the  equations. 

In  Physics,  on  the  other  hand,  he  created  new  theories.  The  theory  of  energ^y,  and,  in 
particular,  Thermodynamics,  is  in  great  part  his  work.  His  introduction  of  the  absolute  thermo- 
dynamic scale  of  temperature  is  perhaps  the  greatest  single  step  in  the  direction  of  precision  that 
has  ever  been  taken  in  that  theory.  The  broad  view  that  he  took  of  natural  philosophy  led  him 
to  extend  its  traditioi^al  boundaries.  Geology  had  been  developed  very  much  in  independence  of 
Physics;  but  the  resultn  which  he  obtained  by  mathematical  investigations  concerning  the 
diffusion  of  heat,  and  concerning  the  deformation  of  a  planet  by  the  attraction  of  a  satellite,  led 
him  to  attack  the  conclusions  of  geologists  as  regards  the  age  and  constitution  of  the  earth. 
They  have  been  forced  by  him  to  revise  their  estimates  of  the  duration  of  geological  time,  and  to 
accept  the  view  that  the  earth  is  a  solid  body,  not  a  fluid  body  with  a  thin  solid  crust. 

It  is  perhaps  too  soon  to  attempt  to  estimate  Kelvin's  achievements,  to  place  him  as  it  were 
in  a  list  in  order  of  merit  with  Newton  at  the  head  ;  but  it  is  not  too  soon  to  attempt  to  under- 
stand the  special  character  of  his  g^enius,  the  qualities  that  disting^uish  him  from  others  whom 
also  we  honour.  I  think  perhaps  we  may  take  this  special  character  to  consiftt  in  a  certain  very 
rare,  possibly  unique,  combination  of  qualities.  He  combined  the  ingenuity  and  enthusiasm  of 
the  inventor,  the  exact  knowledge  of  the  practised  experimenter,  the  trained  intellect  of  the 
mathematician,  with  a  wonderful  gift  of  imag^ation.  Perhaps  nothing  short  of  this  combination 
of  qualities  would  have  made  submarine  telegraphy  possible.  He  made  it  not  only  possible,  but 
actual.  It  is,  indeed,  difficult  to  overestimate  the  value  of  his  inventions,  either  from  the  point 
ol  view  of  practical  life — his  compass  is  in  all  iron  ships — or  from  the  point  of  view  of  the 
advancement  of  knowledg^e — ^his  measuring  instruments  are  used  in  all  our  laboratories.  His 
enthusiasm  is  well  shown  in  the  eagerness  with  which  he  adopted  and  developed  Stokes's  oral 
explanation  of  the  dark  lines  in  the  solar  spectrum.  He  saw  at  once  that  it  must  be  right,  and 
taught  it  in  his  University  lectures  for  years  before  it  had  become  part  of  generally  received 
physical  theory.  His  quality  of  imag^ination  is  nowhere  better  shown  than  in  his  early  writings 
on  electrostatics.  In  this  theory  he  owed  something  to  Poisson,  who  exerted  a  profound 
influence  on  the  English  school  of  mathematical  physics ;  but  where  Poisson  saw  an  effective 
formula  Kelvin  discerned  an  electric  imag^.  We  all  know  the  brilliant  mathematical  investiga- 
tions to  which  he  was  led  by  this  simple  intuition  ;  what  perhaps  is  not  so  well  understood  is 
that  the  concrete  interpretation  of  the  details  of  abstract  formuln,  of  which  type  of  interpretation 
this  was  one  of  the  first  examples,  has  become  the  ideal  of  mathematical  physics.  According  to 
the  standard  that  Kelvin  set  up  it  is  not  sufficient  to  obtain  an  analytical  result  and  to 
reduce  it  to  numerical  computation ;  every  step  in  the  process  must  be  associated  with  some 
intnitian,  the  whole  argument  must  be  capable  of  being  conducted  in  concrete  physical  terms. 
Nothing  illustrates  this  better  than  the  interpretation  in  terms  of  circulation  and  vortex  streng^ 
of  the  transformation  of  line  integrals  into  surface  integ^rals.  But  the  most  striking  example  of 
Kelvin's  simultaneously  concrete  and  imaginative  mode  of  working  is  to  bo  found  in  his  theory 
of  vortex  motion  and  vortex  atoms.  Where  Helmholtz  had  found  interesting  types  of  motions 
of  air  and  water,  depending  upon  his  new  integrals  of  the  equations  of  hydrodynamics,  Kelvin 
detected  a  possible  interpretation  of  all  nature,  consisting  in  the  permanence  of  vortices.  His 
theory  of  vortex  atoms  became  the  type  to  which,  as  we  now  believe,  a  dynamical  theory  ol 
nltimat*   physical  reality   must  conform,  inasmuch  as  it  set  forth  in  a  realised  example  the 
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doctrine  that  ether  and  atoms  are  one  and  the  same  stuff,  the  difference  between  matter  and  non- 
matter  being  kinematic.  In  any  region  into  which  he  could  not  carry  this  concrete  and 
imaginative  mode  of  thinking  he  worked  with  less  confidence.  This  was  perhaps  the  reason  of 
the  hesitation  which  he  showed  in  regard  to  the  electromagnetio  theory  of  light  and  in  regard  to 
some  recent  theories  of  the  constitution  of  matter.  I  think  he  felt  that  such  a  theory  as  the 
electromagnetic  theory  of  light  was  incomplete ;  it  could  only  mean  that  light  and  electric 
oscillations  are  manifestations  of  similar  activities  in  the  same  medium,  the  nature  and  properties 
of  which  are  not  disclosed  by  identifying  the  two  manifestations.  The  mechanical  properties  of 
the  medium,  the  dynamical  interactions  of  ether  and  matter  were  for  him  the  problem.  Indeed 
this  is  well  seen  in  his  Baltimore  lectures,  and  in  the  paper  which  he  read  to  the  British 
Association  last  year.  He  has  f ooussed  attention  upon  that  which  is  in  the  end  the  fundamental 
problem  of  theoretical  physics. 
Truly  we  may  be  proud  that  such  a  man  has  been  numbered  among  our  Presidents. 

The  following  paper  was  communicated  : — 

A  Formula  of  Interpolation  :  Mr.  C.  S.  Jackson. 

Informal  communications  were  made  as  follows  : — 

Hilbert's    Invariant  Integral  in  the  Calculus  of  Variations :    Mr. 

T.  J.  I'A.  Bromwich. 
An  Operator  related  to  g-Series  :  Rev.  F.  H.  Jackson. 


Thursday,  February  ISth,  1908. 
Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  twenty-two  members. 

Mr.  W.  E.  Dalby  was  admitted  into  the  Society. 

The  following  papers  were  communicated  : — 

Proof  that  every  Algebraic  Equation  has  a  Root :    Dr.  H.  A.  de  8. 

Pittard. 
Note  on  g-Diflferences  :  Rev.  F.  H.  Jackson. 
*An  Extension  of  Eisenstein*s  Law  of  Reciprocity  (Second  Paper) : 

Mr.  A.  E.  Western. 
*0n  the  Unifonn  Approach  of  a  Continuous  Function  to  its  Limit : 
Dr.  W.  H.  Young. 
Conformal   Representation    and   the    Transformation  of  Laplace's 
Equation  :  Mr.  E.  Cunningham. 


*  Printed  in  this  Tolume. 
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Thursday,  March  Vith,  1908. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  seventeen  members. 

Messrs.  P.  E.  Marrack  and  D.  K.  Picken  were  elected  members. 

The  following  papers  were  communicated : — 

*0n  the  Projective  Geometry  of  some  Covariants  of  a  Binary  Quintic : 

Prof.  E.  B.  Elliott. 
The   Operational   Expression    of   Taylor's   Theorem :     Dr.   W.   F. 

Sheppard. 
*0n  a  Formula  for  the  Sum  of  a  Finite  Number  of  Terms  of  the 

Hypergeometric  Series  when  the    Fourth  Element  is  Unity 

(Second  Paper) :  Prof.  M.  J.  M.  Hill. 
*0n  the  Inequalities  connecting  the  Double  and  Repeated  Upper  and 

Lower  Integrals  of  a  Function  of  Two  Variables :  Dr.  W.  H. 

Young. 
*Note  on  a  Soluble  Dynamical  Problem  :   Prof.  L.  J.  Rogers. 


Thursday,  April  SOth,  1908. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  sixteen  members  and  a  visitor. 

Mr.  T.  J.  Garstang  was  admitted  into  the  Society. 

The  following  papers  were  communicated  : — 

*0n  a  General  Convergence  Theorem  and  the  Theory  of  the  Repre- 
sentation of  a  Function  by  a  Series  of  Normal  Functions : 
Dr.  E.  W.  Hobson. 

f  On  the  Ordering  of  the  Terms  of  Polars  and  Transvectants :  Mr.  L. 
Isserlis. 

*Oscillating  Successions  of  Continuous  Functions :  Dr.  W.  H.  Young. 


*  Printed  in  this  volume.  f  Printed,  in  abetraot,  in  thiB  yolume. 
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*The  Relation  between  the  Convergence  of  Series  and  Integrals : 

Mr.  T.  J.  I' A.  Bromwich. 
*0n  the  Multiplication  of  Conditionally  Convergent  Series  :  Mr.  G.  H. 

Hardy. 
Porisms :  Mr.  H.  Bateman. 

*The  Influence  of  Viscosity  on  the  Oscillations  of  Superposed  Fluids : 
Mr.  W.  J.  Harrison. 

Informal  communications  were  made  as  follows  : — 

f(i.)  On  Mersenne's   Numbers,    (ii.)  On   Quartans    with    numerous 
Quartan  Factors  :  Lt.-Gol.  Allan  Cunningham. 


Thursday,  May  \Uh,  1908. 

Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  sixteen  members. 

The  following  papers  were  communicated : — 

On  the  Invariants  of  the  General  Linear  nomographic  Transforma- 
tion in  Two  Variables  :  Major  P.  A.  MacMahon. 
On  the  Order  of  the  Group  of  Isomorphisms  of  an  Abelian  Group : 

Mr.  H.  Hilton. 
On  the   Calculation   of  the   Normal   Modes    and    Frequencies  of 

Vibrating  Systems  (Preliminary  Note) :  Prof.  A.  E.  H.  Love. 
A  Question  in  Probability :  Prof.  J.  E.  A.  Steggall. 


Thursday,  Jtme  11th,  1908. 
Prof.  W.  BURNSIDE,  President,  in  the  Chair. 

Present  seventeen  members. 

Mr.  F.  M.  Saxelby  was  elected  a  member. 

The  President  announced  that  the  Council  had  awarded  the  De  Morgan 
Medal  for  1908  to  Dr.  J.  W.  L.  Glaisher  for  his  researches  in  Pure 
Mathematics. 


*  Printed  in  this  volume.  f  See  *'  Notes  and  Corrections,"  in  thin  Tolume. 
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The  following  papers  were  communioated : — 
*Ilelations  between  the  Divisors  of  the  First  n  Natural  Numbers : 

Dr.  J.  W.  L.  Glaisher. 
Electrical  Resonance  :  Prof.  H.  M.  Macdonald. 
*A  Form  of  the  Eliminant  of  Two  Binary  Quantics :  Mr.  A.  L.  Dixon. 
Perpetuant  Syzygies  of  the  nth  Kind  :  Mr.  H.  Piaggio. 


*  Printed  in  this  volume. 
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Presents. 


Between  October,  1907,  and  November,  1908,  the  following  presents 
were  made  to  the  Library,  from  the  respective  Authors  or  Publishers : — 

Bachelier,  L.— "  Oaloul  des  Probabilites,"  1908. 

Bromwich,  T.  J.  I' A.—*'  An  Introduotion  to  the  Study  of  Infinite  Series,"  London,  1908. 

Fehr,  H. — *'  Le  4e  Cong^  International  des  Mathematiciens/'  Rome,  1908. 

Fukuzawa,  Sampachi. — ''Klassifikation  et  Unstetigkeiten  von   Fonktionen  einer   Reelon 

Veranderlichen/*  Tokyo,  1907. 
Heywood,  H.  Bryon. — **  Theses  Presentees  a  la  Faculte  des  Sciences,**  Paris,  1908. 
Hilton,  H.— **  An  Introduction  to  the  Theory  of  Groups  of  Finite  Order,"  Oxford,  1908. 
Huygens,  Christlaan. — *'  (Euvres  Completes,"  Tome  11 ;  La  Haye,  1908. 
<<  India,  Great  Trigonometrical  Survey  of,"  vol.  18  ;  Dehra  Dun,  1906. 
Norman,  J.  S. — **  The  Teaching  of  Arithmetic  to  Simple  Proportion,"  London,  1908. 
**  Radio-Coordinates  and  Gamot*s  Theorem,"  London,  1908. 
'*  Royal  Society,  Catalogue  of  Scientific  Papers,  Subject  Index,"  vol.  1,  Pure  Mathematics, 

Cambridge,  1908. 
Rye,  R.  A. — *'  Student's  Guide  to  the  Libraries  uf  London,"  London,  1908. 
Shaw,  James  Bymie. — '*  Synopsis  of  Linear  Associative  Algebra,"  Washington,  1907. 
Teizeira,  F.  Gomes. — '*  Obras  Sobra  Matematioa,"  vol.  4  ;  Coimbra,  1908. 

Calcutta  :  Indian  Engineering,  vol.  42,  nos.  16-26,  1907 ;  vol.  43,   1908 ;    vol.  44,  nos.  1-16, 

1908. 
Coimbra :  Academia  Polyt.  de  Porto,  Ann.  Scientificos,  vol.  2,  no.  4,  1907  ;   vol.  3,  nos.  1,2, 

1908. 
Hamburg :  Math.  G^sellschaft  Mitthcilungen,  bd.  4,  heft  8,  1908. 
London  :  Educational  Times,  vol.  60,  no.  560, 1907 ;  vol.  61,  nos.  561-571,  1908. 
London  :  Educational  Times,  Math.  Questions  and  Solutions,  vols.  12,  13,  1907-8. 
London :  Mathematical  Guzette,  vol.  4,  nos.  66-74,  1907-8. 
London  :  Nautical  Almanac  for  1911. 
London  :  Scientific  Monthly,  vol.  1,  nos.  2-4,  1908. 

Paris:  L'Enseignement  Math.,  ann.  9,  no.  6,  1907;  ann.  10,  nos.  l-o,  1908. 
Tokyo  :  Physico-Math.  Society,  Proceedings,  vol.  4,  nos.  7-13,  16-18,  1907-8. 
Warsaw  :  Wiadomosci  Matem.,  tom  11,  zeszyt  5,  6,  1907. 

Exchanges. 

Between  October,  1907,  and  November,  1908,  the  following  exchanges 
were  received : — 

American  Journal  of  Mathematics,  vol.  30,  1908. 

American  Mathematical  Society,  Transactions,  vol.  8,  no.  4,  1907  :  vol.  9,  1908. 

American  Mathematical  Society,  Bulletin,  vol.  14,  nos.  2-10,  1907;  vol.  15,  nos.  1,  2,  1908. 
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American  Philosophical  Society,  ProceedingH,  vol.  46,  no«.  186, 187, 1907  ;  toL  47,  not.  188, 189, 

1908. 
Amsterdam :  Nienw  Arohiev,  deel  8,  stuk  2,  3,  1907-8. 
Amsterdam  :  Berne  Semestrielle,  tome  16,  pts.  1,  2,  1908. 
Amsterdam:  Wiskandige  Opgaven,  deel  10,  stok  1,  1907. 

Belgique  :  Aoademie  Royalo  des  Sciences,  BuUetin,  1907,  nos.  9-12  ;  1908,  nos.  1-5. 
Berlin :  Jahrbuch  iiber  die  Fortschritte,  bd.  36,  1907  ;  bd.  37,  heft  1,  1908. 
Berlin  :  Journal  fur  die  Mathematik,  bd.  133,  heft  1,  1907. 

Berlin :  Sitzimgsberichte  der  K.  Preuss.  Akademie,  1907,  uoh.  39-53  ;  1908,  nos.  1-39. 
Boston  :  American  Academy  of  Arts  and  Sciences,  Proceedings,  vol.  43,  pts.  7-21,  1908. 
Bordeaux :  Society  dee  Sciences,  Proems- Verbaux,  1906-7. 
Cambridge  Philosophical  Society,  Proceedings,  vol.  14,  pts.  3-5,  1907-8. 
Cambridge  Philosophical  Society,  TransactionH,  vol.  20,  pts.  14-16,  1907;    vol.  21,  pts.  1-4, 

1908. 
Cambridge,  Mass.  :  Annals  of  Mathematics,  vol.  9,  nos.  2-4,  1908  ;  vol.  10,  no.  1,  1908. 
Catania:  Accademia  Gioenia,  Bollettino,  fasc.  1,  2,  1908. 

Dublin:  Royal  Irish  Academy,  Plroceedings,  vol.  26,  nos.  1,  2,  1906;  vol.  27,  nos.  1,  2,  1907. 
Dublin:  Royal  Irish  Academy,  Transactions,  vol.  33,  pt.  1,  1906. 

Edinburgh :  Mathematical  Society,  Proceedings,  vol.  24,  1906  ;  vol.  25,  1907  ;  vol.  26,  1908. 
France :  Society  Mathcmatique,  Bulletin,  tome  35,  fasc.  3,  4,  1907  ;  tome  36,  fasc.  1-3,  1908. 
G^ttingen :  Konigl.  Oesell.  der  Wissenschaften,  Nachrichten,  Math.  Klasse,  1907,  hefte  4,  5  ; 

1908,  hefte  1-3. 
G^ttingen  :  Konigl.  G^esell.  der  Wissenschaften,  Nachrichten,  Gesohaft.  Mitth.,   1907,  heft  2  ; 

1908;  heft  1. 
La  Haye  :  Archives  N^erlandaises,  tome  12,  liv.  5,  1907  ;  tome  13,  1908. 
Leipzig:  Beiblatter  zu  den  Annalen  der  Physik,  bd.  31,  hefte  21-24,  1907  ;  bd.  32,  hefte  1-21, 

1908. 
Leipzig :  K.  Sachsische  GeseU.,  Math.  Klasse,  Beriohte,  1907,  nos.  2-4  ;  1908,  nos.  1,  2. 
Leipzig:  K.  Sachsische  Gksell.,  Math.  Klasse,  Abhandlungen,  bd.  30,  nos.  1-3,  1908. 
Livomo :  Periodico  di  Matematica,  anno  23,  fasc.  2-6,  1907  ;  anno  24,  fasc.  1,  1908. 
Livomo  :  Periodico  di  Matematica,  Supplemento,  anno  11,  fasc.  1-4,  7-9,  1907-8. 
London :  Royal  Society,  Proceedings,  Series  A,  vol.  79,  nos.  533,  534,  1907  ;    vol.  80,  1908 ; 

vol.  81,  nos.  543-546,  548. 
London :  Royal  Society,  Proceedings,  Series  B,  vol.  79,  nos.  534,  535,  1907  ;  vol.  80,  no.  536, 

1908. 
London :  Royal  Society,  Transactions,  Series  A,  vol.  207,  1908. 
London :  Physical  Society,  Proceedings,  vol.  20,  pt.  4,  1907 ;  vol.  21,  pts.  1,  2,  1908. 
London  :  Institution  of  Naval  Architects,  Transactions,  1906. 

London  :  Institute  of  Actuaries,  Journal,  vol.  40,  pts.  2-4,  1906  ;  vol.  41,  pt.  1,  1907. 
London:  Nat.  Physical  Laboratory,  Collected  Researches,  vols.  3  and  4,  1908. 
London :  Nat.  Physical  Laboratory,  Report  for  1907. 

London :  Nature,  vol.  77,  nos.  1984-2009,  1907 ;   vol.  75,  nos.  2010-2035,  1908. 
Manchester  Literary  and  Philosophical  Society,    Memoirs,    vol.   50,  pts.  2,  3,   1906  ;    vol.  51, 

pt.  1,  1907. 
Milano  :  Reale  Istituto  Lombardo,  Rendiconti,  vol.  40,  fasc.  17-20,  1907  ;  vol  41,  fasc.  1-16,  1908. 
Milano  :  Reale  Istituto  Lombardo,  Memorie,  vol.  20,  fasc.  10,  1908. 
Modena:  Regia  Accademia,  Memorie,  Ser.  3,  vol.  7,  1908. 
Napoli :  Accademia  delle  Scieuze,  Rendiconti,  vol.   13,  fasc.  8-12,  1907  ;   vol.  14,  fasc.  1-3, 

1908. 
Napoli  :  Accademia  delle  Scionze,  Atti,  vol.  13,  1908. 
Palermo:  Rendiconti  del  Circolo  Matematico,  tomo  24,  fasc.  3,  1907  ;  tomo  25,  1908;   tomo  26, 

fasc.  1,  2,  1908. 
Paris:  Bulletin  des  Sciences  Mathematiques,  tome  31,  Sept.-Dec.,  1907  ;    tome  32,  Jan.-Aug., 

1908. 
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Paris  :  Journal  de  I'Eoole  Polyt..  cah.  12,  1908. 

Soma:    Beale  Aooademia  dei  Ldncei,  Rendiconti,  vol.  16,  sem.  2,  fasc.  7-12,  1907;  vol.  17, 

sem.  1  and  sem.  2,  fasc.  1-7,  1908. 
Boma :    Beale  Aooademia  dei  Lincei,  Rendiconti  delle  Sedate  Solenni,  vol.  2,  pp.  351-394. 
Stookholm  :  Acta  Mathematica,  bd.  31,  1908. 
Torino  :  R.  Aooademia  delle  Sdenze,  Atti,  vol.  43,  1908. 
Torino  :  R.  Accademia  delle  Scienze,  Osservazione  Meteorologiche,  1907. 
Toulouse  :  Faculte  des  Sciences,  Annales,  tome  9,  fasc.  2-4,  1907. 
Venezia :  Atti  del  R.  Istituto,  tomi  65,  66,  and  67,  disp.  1-5,  1906-8. 
Venezia :  Atti  del  R.  Istituto,  Osservazione  Meteorologiche  e  G«odinamiohe,  1906. 
Wien :  Monatshefte  fiir  Mathematik,  jahr  19,  1908. 
Zurich :  Vierteljahrsschrift,  hefte  3-4,  1907. 


International  Catalogue  of  Scientific  Literature. 

In  the  year  April,  1907,  to  March,  1908  (inclusive),  the  following 
exchanges  were  sent  in  the  first  instance  to  Prof.  Love  to  be  indexed  for 
the  International  Catalogue  of  Scientific  Literature  : — 

**  Proceedings  of  the  Edinburgh  Mathematical  Society,"  VoL  xxv.,  1907. 

**  Transactions  of  the  Institution  of  Naval  Architects,*'  London,  1907. 

**  Journal  of  the  Institute  of  Actuaries/'  Vol.  xu.,  Pts.  2-4,  and  Vol.  XLn.,  Pt.  1 ;  London, 
1907-8. 

'* IVoceedings  of  the  Manchester  Literary  and  Philosophical  Society,"  Vol.  u.,  Pts.  2,  3, 
and  Vol.  ui.,  Pt  1,  1907-8. 

**  Proceedings  of  the  Royal  Society  of  Edinburgh,"  Vol.  xxvn.,  Pts.  1-3,  and  Vol.  xxvni., 
Pts.  I,  2,  1907-8. 

The  following  were  also  sent  especially  for  the  purposes  of  the 
Catalogue : — 

'*  Mathematical  Gazette,"  Noe.  63-70  ;  London,  1907-8. 

**  Educational  Times,"  Noe.  662-663  ;  London,  1907-8. 

<*  Journal  of  the  Royal  Statistical  Society,"  Vol.  lxx.,  Pts.  1-4  ;  London,  1907. 

*'  Proceedings  of  the  Royal  Irish  Academy,"  Vol.  zxvn.,  Section  A,  Nos.  3-9,  1907-8. 

"  Transactions  of  the  Insurance  and  Actuarial  Society  of  Glasgow,"  Ser.  6,  Nos.  3-6,  1907. 


OBITUARY  NOTICES 


LORD  KELVIN 

[For  this  notice  the  Council  is  indebted  to  Prof.  H.  Lamb.] 

William  Thomson,  afterwards  Lord  Kelvin,  was  bom  at  Belfast  on 
June  26,  1824.  His  father,  a  distinguished  teacher,  migrated  in  1882  to 
Glasgow,  where  he  had  been  appointed  Professor  of  Mathematics.  He 
himself,  with  his  elder  brother  James,  entered  as  a  student  of  the  Uni- 
versity in  1834.  In  1841  he  proceeded  to  Cambridge,  where  he  graduated 
in  1845  ;  he  was  Second  Wrangler  and  first  Smith's  Prizeman.  He  was 
elected  soon  afterwards  to  a  Fellowship  at  Peterhouse,  and  in  the  follow- 
ing year  to  the  Chair  of  Natural  Philosophy  at  Glasgow,  which  was  to 
become  the  most  famous  in  the  world.  He  held  this  till  1899.  He 
continued  to  be  formally  connected  with  the  University,  first  (at  his  own 
desire)  as  **  research  student "  and  afterwards,  from  1904,  as  Chancellor. 
He  died  at  his  house  at  Largs  on  December  17,  1907. 

To  hardly  anyone  has  it  been  granted  to  work  so  long,  with  unfailing 
enthusiasm,  with  unabated  powers,  with  universally  acknowledged  success, 
and  with  unquestioned  authority.  From  his  undergraduate  days  to 
almost  the  last  of  his  long  life  he  was  engaged  without  ceasing  in 
scientific  investigation.  In  addition  to  his  work  as  a  teacher  and  ex- 
plorer, he  was  associated  as  adviser  with  many  practical  enterprises, 
notably  with  oceanic  telegraphy.  Whether  in  the  classroom  or  in  the 
laboratory,  on  yachting  cruises  or  on  the  **  Great  Eastern,"  his  mind 
was  constantly  engaged  in  trying  to  unravel  the  problems  presented  by 
Nature.  Nothing  was  too  abstruse,  nothing  too  common-place,  for  his 
consideration,  if  only  it  could  be  made  to  contribute  to  the  great  end  of 
making  the  world  intelligible  and  its  energies  subservient  to  our  use. 
True  to  his  ancestry,  he  delighted  in  work,  and  every  other  capable 
worker,  in  whatever  field  or  on  however  limited  a  scale,  could  count 
on  his  sympathy  and  respect.  He  had  the  most  generous  admiration 
for  his  great  predecessors  and  contemporaries — such  as  Faraday,  Stokes, 
Joule,  Maxwell,  Helmholtz,  Bayleigh — ^in  his  own  lines  of  research,  and 
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he  was,  of  course,  not  unconscious  of  the  importance  of  his  own  achieve- 
ments, but  he  never  said  anything  to  contribute  to  the  notion,  occasionally 
met  with,  that  scientific  work  is  intrinsically  more  meritorious  or  more 
to  be  honoured  than  any  other  kind  of  honest  endeavour. 

To  Thomson,  more  than  to  anyone  else,  is  to  be  ascribed  the  trans- 
formation which  physical  science  has  undergone  during  the  last  century. 
It 'would  be  difficult  to  appreciate  soberly  the  magnitude  of  his  services 
in  such  things  as  the  establishment  of  the  laws  of  thermodynamics, 
theoretical  and  practical  electricity,  telegraphy,  and  scientific  engineering. 
In  any  case,  the  task  cannot  be  attempted  here."^  But  it  is  fitting  that 
in  the  records  of  our  Society,  which  is  proud  to  number  him  among  her 
presidents,  something  should  be  said  of  him  as  a  mathematician.  In  one 
sense,  indeed,  it  may  be  claimed  that  he  was  above  all  things  a  mathe- 
matician. His  thoughts  on  even  the  most  concrete  subjects  were  ever 
cast  in  a  mathematical  form,  and  some  of  his  most  valuable  practical 
contrivances,  such  as  his  electrometers  and  other  measuring  instruments, 
and  his  mariner's  compass,  owed  their  success  to  the  resolute  application 
of  mathematical  principles  even  in  the  most  minute  details  of  construction. 
Thus,  where  mechanicians  had  been  wont  to  accept  a  compromise,  he 
insisted  on  scientific  thoroughness — as,  for  instance,  in  his  simple  but 
effective  invention  of  "  geometric  slides  and  clamps."  Again,  when  once 
the  principles  of  a  theory  were  firmly  established,  he  would  accept  without 
hesitation  the  most  remote  deductions  which  mathematical  analysis  could 
base  upon  them.  Perhaps  nowhere  was  the  courage  of  his  mathematical 
faith  more  manifest  than  in  the  various  bold  cosmical  speculations 
which  he  initiated,  and  which  have  been  the  inspiration  of  many  later 
investigators. 

The  mathematical  equipment  with  which  he  started  on  his  career 
consisted  in  part  of  the  traditional  geometrical  training  of  British  Uni- 
versities, but  was  in  other  respects  derived  mainly  from  the  great  school 
of  French  analysts  who  flourished  about  the  end  of  the  eighteenth,  or  the 
beginning  of  the  nineteenth,  century.  Lagrange,  Laplace,  Fourier,  Cauchy, 
Poisson  were  familiar  to  him,  and  it  is  interesting  to  note,  in  his  very 
latest  researches  on  water-waves,  the  masterly  power  with  which  he  wields 
the  trusted  weapons.  Of  the  work  of  later  pure  mathematicians  he 
assimilated  little.  Some  of  it  he  viewed,  indeed,  with  dislike,  if  not  with 
distrust ;  or  perhaps  it  would  be  fairer  to  say  that  he  could  not  bring 
himself  to  use  tools  which  he  had  not  time  thoroughly  to  master. 


*  For  these  and  many  other  matters  hardly  touched  upon  in  this  notice  reference  may  be 
made  to  the  obituary  notice  by  Prof.  Larmor,  Proe*  Boy,  Soc.f  Vol.  lxxxi.,  A.,  p.  iii. 
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It  has  been  said  that  he  was  before  everything  a  mathematician.  We 
might  go  further  and  assert  that,  in  his  eyes,  tlie  science  of  all  was 
dynamics.  Probably  no  one  has  ever  possessed  so  complete  and  intuitive 
a  mastery  of  it,  whether  on  the  practical  or  the  analytical  side.  And 
certainly  no  one  since  Newton  has  done  so  much  to  simplify  and  to 
extend  it.  In  particular,  his  command  of  the  perplexing  phenomena  of 
"  gyroscopic  "  systems  was  unrivalled.  It  enabled  him  to  make  a  notable 
contribution  to  physics,  in  the  dynamical  illustration  of  Faraday's 
magnetic  rotation  of  the  plane  of  polarization  of  light;  and  it  led  him 
to  develop  the  beautiful  theory  of  cyclic  motions  in  hydrodynamics.  In 
his  subtlest  speculations  in  optics  and  electricity  his  constant  aim  was 
to  reduce  everything  to  a  mechanical  explanation  ;  to  his  mind  no  theory 
was  complete  and  satisfactory  until  it  was  resolved  into  the  operations 
of  a  dynamical  system. 

Few  occurrences  have  been  more  important  in  the  history  of  mathe- 
matical physics  than  the  issue  of  the  first  volume  of  Thomson  and  Tait's 
Natural  Philosophy  in  1867.  It  is  not  difficult  to  make  out,  from 
internal  and  other  evidence,  what  were  Thomson's  own  principal  con- 
tributions. In  the  first  place,  we  have  the  elegant  symmetrical  treat- 
ment of  spherical  harmonics  by  Cartesian  coordinates.  In  its  purely 
analytical  aspect  this  had,  to  some  extent,  been  anticipated  by  Clebsch, 
but  it  is  owing  mainly  to  Thomson  and  to  his  interpretative  and  illus- 
trative skill  that  the  method  owes  its  present  recognition.  The  sections 
on  attractions  and  elasticity,  and  on  the  figure  of  the  Earth,  are  also  to 
be  attributed  to  his  hand.  Perhaps  most  important  of  all  is  the  exposition 
of  the  theory  of  dynamical  systems  in  general,  starting  from  the  method  of 
Lagrange.  To  quote  Maxwell's  brilliant  description:  ''The  credit  of  breaking 
up  the  monopoly  of  the  great  masters  of  the  spell,  and  making  all  their 
charms  familiar  to  us  as  household  words,  belongs  in  great  measure  to 
Thomson  and  Tait.  The  two  northern  wizards  were  the  first  who, 
without  compunction  or  dread,  uttered  in  their  mother  tongue  the  true 
and  proper  names  of  those  dynamical  concepts  which  the  magicians  of 
old  were  wont  to  invoke  only  by  the  aid  of  muttered  symbols  and  in- 
articulate equations.  And  now  the  feeblest  among  us  can  repeat  the 
words  of  power  and  take  part  in  dynamical  discussions  which  but  a  few 
years  ago  we  should  have  left  for  our  betters."  Throughout  the  book, 
indeed,  we  meet  with  a  characteristic  feature  of  all  his  work — viz.,  the 
endeavour  to  give  a  distinct  physical  or  geometrical  meaning  to  every 
analytical  concept,  and,  if  possible,  to  invest  it  with  an  appropriate  name. 
A  mere  list  of  technical  terms  introduced  by  him,  each  embodying  some 
valuable  idea,  is  instructive  in  this  respect.     A  few  examples  must  suffice  : 
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in  general  dynamics  we  have  generalized  coordinates,  velocities^  momenta, 
impulses,  normal  modes  of  vibration,  gyrostatic  domination ;  in  hydro- 
dynamics, flow,  circulation,  vorticity,  cyclic  motion;  in  electricity  and 
magnetism,  soUnoidal,  lamellar,  centrobaric,  permeability,  idiostaiic, 
heterostatic,  and  the  fruitful  notion  of  im^iges  ;  in  analysis,  spherical 
harmonics,  with  their  varieties  zonal,  tesseral,  sectorial.  The  phrase 
dissipation  of  energy,  again,  is  a  monument  of  his  work  in  thermo- 
dynamics. 

The  first  volume  of  the  Natural  Philosophy  was  revised  and  extended 
in  various  ways  in  a  second  edition,  but  the  work  was  never  continued. 
Thomson's  scientific  interests  were  so  numerous  and  so  keen,  and  his 
attention  was  thereby  so  constantly  diverted  into  new  channels,  that 
many  of  his  literary  projects,  conceived  on  a  large  scale,  were  destined 
never  to  be  completed,  at  all  events  on  the  original  lines.  Among  such 
impressive  though  unfinished  structures  we  may  mention  an  early  memoir 
on  magnetism,  begun  quite  in  the  classical  style,  a  remarkable  paper  in 
which  the  theory  of  elasticity  is  discussed  with  great  generality,  and  the 
well  known  memoir  on  vortex-motion.  As  time  went  on,  publication 
tended  more  and  more  to  take  the  form  of  brief  and  somewhat  fragmentary 
notes,  which  often  hardly  did  justice  to  the  important  ideas  which  they 
contained. 

The  mention  of  vortex-motion  calls  up  the  brilliant  theory  of  vortex 
atoms,  which  has  had  a  powerful  and  suggestive  influence  on  physical 
speculation,  although  its  author  saw  reason  afterwards  to  abandon  this 
particular  theory  of  the  constitution  of  matter.  The  whole  subject  of 
hydrodynamics  had  a  life-long  fascination  for  him.  The  general  mathe- 
matical analogies  were  freely  employed  in  illustration  of  the  relations 
of  electric  and  magnetic  fields ;  and  the  theory  of  water-waves,  where 
he  was  on  common  ground  with  Helmholtz  and  Bayleigh,  interested  him 
keenly  to  the  end.  It  may  be  permissible  now  to  quote  from  a  fragment 
on  this  subject  saved  **  from  his  waste-paper  basket "  in  1904.  Speaking 
of  a  particular  type  of  waves,  and  referring  to  the  ttovtuov  re  /cufjLarmv 
dviipiOfiov  yiKaa-fia  of  Aeschylus,  he  says  :  '*  If  sea  waves  were  like  these, 
the  eye  of  the  Greek  poet,  with  all  its  perceptivity  for  beauty  in  Nature, 
would  never  have  seen  anything  suggesting  countless  sfnilings  to  his 
imagination.  We  may  try,  perhaps  in  vain,  to  find  other  cases  of 
unfurrowed  waves  in  water  left  to  itself  after  an  initiating  disturbance. 
We  want  this  very  much  for  waves  circling  out  from  a  stone  thrown  into 
water.  I  doubt  if  we  can  find  it.  But  whether  we  find  it  or  not,  the  sea 
will  go  on  for  ever,  gaily  laughing  at  the  mathematicians." 

The  extent  to  which  his  published  writings  have  inspired  the  work   of 
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others  may  perhaps  some  day  be  estimated.  It  will  be  more  difficult  to 
appreciate  the  influence  which  he  personally,  but  unconsciously,  exercised 
by  the  simple  directness  and  sincerity  of  his  character,  by  his  ready 
accessibility,  by  his  generous  and  kindly  encouragement. 

There  was  hardly  any  distinction  accessible  to  scientific  men,  in  any 
part  of  the  world,  which  was  not  gladly  conferred  on  him.  He  was 
knighted  in  1866,  and  was  raised  to  the  peerage,  by  the  style  of  Baron 
Kelvin,  in  1892.  He  was  laid  to  rest  on  December  28,  1907,  in  West- 
minster Abbey,  near  the  grave  of  Newton. 
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CHARLES   TAYLOR 

[For  this  notice  the  Gounoil  is  indebted  to  Prof.  A.  E.  H.  Love.] 

Charles  Taylor  was  bom  in  London  in  1840.  In  1858  he  proceeded 
from  King's  College  School  to  St,  John's  College,  Cambridge,  where 
he  graduated  as  ninth  Wrangler  in  the  Mathematical  Tripos  of  1862,  and 
gained  also,  in  this  and  the  following  years,  many  academic  distinctions 
for  classics  and  theology.  In  1881  he  was  elected  Master  of  the  College, 
and  he  held  this  office  till  his  death  in  August,  1908. 

He  was  chiefly  eminent  as  a  theologian  and  a  master  of  Rabbinic 
learning.  Of  his  theological  writings  and  contributions  to  the  study  of 
Hebrew  literature,  as  well  as  of  his  generous  benefactions  to  his  College 
and  University,  and  of  the  services  which  he  rendered  to  both  by  his 
capacity  for  business,  record  may  be  found  elsewhere.  To  mathematicians 
he  is  best  known  as  the  author  of  two  books :  a  text-book  entitled  The 
Elementary  Geometry  of  Conies,  first  published  in  1872,  and  a  larger 
treatise  entitled  An  Introduction  to  the  Ancient  and  Modem  Geometry 
of  Conies,  published  in  1881.  These  were  preceded  in  1868  by  a  book 
entitled  Geometrical  Conies,  ifxcltiding  Anharmonic  Batio  and  Projection. 
The  later  text-book  has  passed  through  several  editions,  each  one  marked 
by  some  improvements  and  additions,  and  yet,  in  spite  of  the  additions, 
the  book  has  always  remained  small,  for  its  author  had  the  art  of  com- 
pressing much  work  into  a  small  compass.  The  larger  treatise  contains, 
under  the  heading  "Prolegomena,"  a  brief  but  masterly  sketch  of  the 
early  history  of  geometry  and  of  the  development  of  the  geometry 
of  conies  from  the  time  of  Euclid  onwards.  In  this  history  Taylor 
emphasized  the  importance  of  the  principle  of  geometrical  continuity, 
usually  associated  with  the  name  of  Poncelet,  and  he  traced  this  principle 
back  to  Kepler.  He  returned  to  the  subject  later  in  a  memoir,  "The 
Geometry  of  Kepler  and  Newton,*'  which  he  contributed  to  the  volume 
of  the  Transactions  of  the  Cambridge  Philosophical  Society  published 
in  honour  of  Sir  George  Gabriel  Stokes's  jubilee  (Vol.  xvni.),  and  in  the 
article  **  Geometrical  Continuity  *'  which  he  contributed  to  the  tenth 
edition  of  the  Encyclopcedia  Britannica  (1902). 

In  1862  the  Oxford,  Cambridge,  and  Dublin  Messenger  of  Mathe- 
matics was  founded  by  a  band  of  six  enthusiasts  who  acted  as  editors 
of  the  first  volume.     Among  them  were  numbered  John  Casey,  afterwards 
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Professor  of  Higher  Mathematics  and  Mathematical  Physics  in  the 
Catholic  University  of  Ireland,  William  Esson,  now  Savilian  Professor 
of  Geometry  in  the  University  of  Oxford,  Charles  Taylor,  and  William 
Allen  Whitworth,  afterwards  Professor  of  Mathematics  at  Queen's  College, 
Liverpool.  In  subsequent  years  the  composition  of  the  editorial  com- 
mittee was  changed,  and  the  name  of  the  periodical  was  changed  to 
the  Messenger  of  Mathematics ,  but  Taylor  continued  to  be  an  editor 
until  1884,  being  the  last  of  the  original  six  to  maintain  his  connexion 
with  the  undertaking.  In  the  **  Introduction  "  to  the  first  volume,  the 
editors  pointed  out  that  it  is  often  much  easier  to  solve  the  equations 
by  which  a  mathematical  or  physical  theory  is  expressed  than  to  express 
the  theory  by  analysis ;  and  they  stated  that  one  chief  object  aimed 
at  in  founding  the  periodical  was  to  provide  an  opportunity  for  beginners 
in  mathematical  research  to  exercise  themselves  in  the  difficult  art  of 
translating  theories  into  analysis.  In  the  years  that  followed  the  found- 
ing of  the  Messenger^  a  great  quickening  of  interest  took  place  in  this 
country  in  regard  to  original  mathematical  work,  and  it  seems  that  credit 
is  due  to  Taylor  for  no  small  share  in  this  movement,  although  with 
characteristic  unobtrusiveness  he  never  claimed  any  such  credit.  Symptoms 
of  the  reawakening  were  the  foundation  of  our  Society  and  of  the 
Association  for  the  Improvement  of  Geometrical  Teaching,  which  after- 
wards became  the  Mathematical  Association.  Taylor  joined  both  in 
1872,  and  was  President  of  the  Association  in  1892. 

Besides  the  books  and  memoirs  already  mentioned,  Taylor's  mathe- 
matical writings  include  some  thirty  or  forty  papers,  mostly  on  geometry, 
which  were  published  in  the  Messenger  of  Mathematics,  the  Quarterly 
Journal  of  Pure  and  Applied  Mathematics,  and  the  Proceedings  of  the 
Cambridge  Philosophical  Society.  In  his  single  contribution  to  our 
Proceedings  (So\.  vi.)  he  gave  an  account  of  a  method  of  geometrical 
transformation  called  "  reversion  "  which  had  been  used  in  a  neglected 
treatise  by  G.  Walker,  published  at  Nottingham  in  1794.  Reversion 
is  an  example  of  a  type  of  projective  transformation.  A  special  case  of 
it,  developed  by  Boscovich  in  a  forgotten  paper  of  date  1757  which  was 
unearthed  by  Taylor,  gives  the  now  familiar  construction  of  points  on 
a  conic  by  means  of  the  eccentric  circle.  This  paper,  like  all  Taylor's 
writings  on  geometry,  is  marked  by  elegance,  conciseness,  a  rare  knowledge 
of  the  history  of  the  subject,  and  a  veneration  for  the  great  geometers  of 
the  past. 
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Dr.  H.  F.  Baker  seods  the  following  Note  in  completion  of  his  paper 
(p.  122  of  this  volume) : — 

It  Bhould  be  remarked  that  the  resolution  of  the  syzygy  connecting  the  invariants  of  a 
quintio  g^ven  on  p.  123  of  this  yolume,  and  of  many  other  similar  syzygiee,  is  possible  by  aid  of 
the  following  remark,  which  arose  in  the  course  of  a  correspondence  between  Prof.  Bumside  and 
the  author. 

If  an  equation  f  »  ^  (|i>  •••>  |n)>  wherein  ^  ifl  an  integer  and  the  right  side  is  a  polynomial 
i^i  li»  ir\  Is,  iJ^f  •..»  |»,  K^  1»  isobario  when  to  |,  |i,  ...,  |„  are  assigned  respective  weights 
a,  aj,  ...,«»;  if  ^  be  the  highest  common  factor  of  aj,  Oj,  ...,  <7h,  and  if  p  and  ap/d  be  prime  to 
one  another,  then  {,  |i,  ...,  |n  can  be  expressed  rationally  by  rational  functions  of  themselves. 

For  putting  XyOi  +  ...  +  AnOn  —  d^  wherein  Ai,  ...,  Ah  are  integers  without  common  factor,  and 

we  have  x\'x^' ...  A  =  1,     and    f  X'""-"  =  F(x^,   ..,  Xn) ; 

taking  co-prime  integers  fi,  Vy  such  that 

and  putting                                    x  =  f  .Y-""",  y  -  ^  JT, 

which  give                                         i  =  ar-'*y'',  |  =  T'^p'^, 

we  thufl  find                                              a;  -  /''(^i,  ..,  ir„). 
Since  Aj,  ...,  An  are  co-prime,  the  equation 

can  be  resolved  by  putting  for  each  of  ari,  ...,  a:,»  a  proper  product  of  integral  powers  of  »—  1  new 
variables  <|,  ...,  tn-u  these  being  conversely  each  a  product  of  integral  powers  of  ar,,  ...,  a-«. 
The  orig^al  equation  is  then  resolved  in  terms  of  y,  ^„  ..  ,  ^n-i,  which  are  rational  functions  of 

Ml,  .-..  ^. 

The  simplest  example  after  the  quintic  is  perhaps  the  syzygy  for  the  sextic 
2  J?^  =  ahc  +  2fgh  -  af-  -  bg^  -  eh^ 
(Gordan,  Invariantentheorie^  1887,  p.  291),  to  which  the  method  applies  at  once.  Another 
example  is  Qordan's  syzygy  for  a  particular  ternary  quartic  g^ven  in  Weber*s  Algebra  II. ^  1896, 
p.  464.  It  was  in  consequence  of  hearing  from  Prof.  Bumside  that  he  had  resolved  this  (by  a 
method  which  ultimately  proved  different  from  the  above)  that  the  above  general  formulation 
was  devised. 

At  the  meeting  of  April  30th,  1908,  Lt.-Col.  Allan  Gxtnninohax,  R.E.,  reported  a  new 
divisor  of  a  Mersenne's  number,  viz.,  2**'— 1  =  0  (mod  160287),  whereby  only  eighteen  Mer- 
senne*s  numbers  remain  unverified  ;  and  that  these  eighteen  contain  no  divisor  <  200,000.  He 
also  showed  how  to  construct  Quartans  y  z^  {x*  +  y*)  containing  any  desired  number  of  algebraic 
factors  of  this  same  form. 
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Dr.  W.  H.  TouNo  sends  the  following  corrections  of  his  paper  (p.  29 
of  this  volume)  : — 

P.  50,  line  8,   /or  "  _  J!!f±'?_  '»  rtad  **        "''"'•     ,." 
P.  60,  line  12,  for  **  unity  "  vMd  "  negative  unity." 

P.  50,  line  14,/or  -      "V^  .    ''  ^  ''  -^i?^l^?;)  .- 
l  +  (nlx->|i)«  l-».(»i*x-«i)' 

Mr.  A.  E.  Western  sends    the   following  corrections  of    his  papers 
(pp.  16  and  265  of  this  volume) : — 

P.  20,  on  right  side  of  (4),  /or  **  F{(Y  "  read  ••/'((*)." 

P.  22,  on  right  side  of  (11), /or  **^r.i"  read  "[yr_,]." 

P.  23.  line  6,  for  »*  bt  "  read  ♦*  *f  .»' 

P.  26,  last  line  of  {  18,  for  *»  *.., '»  rfa<<  •*  *i.,." 

P.  278,  line  6,  for  ••  p\^  "  rMif  •*  p\^^r 


PAPERS 


PUBLISHED  IN  THE 


PROCEEDINGS  OF  THE  LONDON  MATHEMATICAL  SOCIETY 


NOTE    ON   A    SET    OF    SPECIAL    CLASSES    OF    PARTIAL 
DIFFERENTIAL  EQUATIONS  OF  THE  SECOND  ORDER 

By  A.  R.  Forsyth. 

[Beceived  June  11th,  1907.— Bead  June  13th,  1907.] 

In  a  recent  paper/  dealing  with  partial  differential  equations  of  the 
second  order  which  admit  of  formal  integration  in  finite  terms,  I  have 
given  three  classes  of  such  equations,  possessing  primitives  of  the  type 

X,  y,  z  =  function  ot  u  +  function  of  v. 

The  functions  of  u  and  of  v  in  the  expression  of  the  primitive  may  involve 
an  arbitrary  function  of  u,  say  U,  as  well  as  its  derivatives  up  to  a  finite 
order,  and  an  arbitrary  function  of  v,  say  F,  as  well  as  its  derivatives  up 
to  a  finite  order :  and  the  two  arbitrary  functions  (together  with  possible 
derivatives)  must  occur  in  the  combined  expression  of  the  primitive. 
The  partial  equations  are  of  the  form 

ar+bs+ct  =  0, 

where  a,  6,  c  involve  no  derivatives  of  order  higher  than  the  first,  and  are 
not  necessarily  rational  functions  of  x,  y,  z,  p,  q;  and  certain  relations 
(§  20)  must  be  satisfied  by  the  ratios  of  a,  6,  c,  in  order  that  the  primitive 
may  be  of  the  form  stated.      The  classes  of  equations  obtained  in  the 
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paper  which  has  been  quoted  are  three  ;  they  are  as  follows : — 

(A)  When  6  is  zero,  then  a/c  must  be  a  pure  constant :  the  equation 
is  simply  transformable  to 

r+t  =  0, 

and  (as  is  well  known)  the  primitive  is  given  by 

X  =  u+v, 
y  =  i  (— w+v), 

where  *  and  ^  are  arbitrary  functions. 

When  b  is  not  zero,  the  partial  equation  can  be  divided  throughout  by 

b,  so  that  it  takes  the  form  ,     ,    ^      /> 

ar-i-s-irct  =  0; 

and  then  a,  c  must  satisfy  relations  in  order  that  the  primitive  may  be  of 
the  form  stated.  The  two  remaining  classes  of  equations  obtained  in  the 
paper  are : — 

(B)  The  quantities  a  and  c  can  be  functions  of  x  and  y  alone.  In  that 
case,  we  denote  two  variable  quantities  by  u  and  v ;  and  we  express  x  and 
y  in  terms  of  u  and  v  by  the  relations 

X  =f{u)+g'(v),      y  =  uf{u)-f{n)+vg'{v)'-g(v), 

where  /  and  g  are  any  two  functions  of  their  arguments.  The  partial 
differential  equation  is 

r+{u+v)8+uvt  =  0 ; 

and  its  primitive  is  z  =  ^  (u)  +'^{v)f 

where  *  and  ^  are  arbitrary  functions. 

It  is  easy  to  verify  that  the  partial  equation  can  be  expressed  in  the 
form  ^^  ^  ^ 

dudv 
It  may,  however,  be  remarked  that  an  equation 

r+se(x,y)  +  t</>(x,y)  =  0 
is  reducible  to  this  form,  only  if  0  and  </>  are  subject  to  the  relations 

Avhere        a;  =/'(«)+(/' (v). 

y  =  u/'(u)-f(:u)+vg'{v)-g(v), 

-l/r  =  My"(«)-2M/'(«)  +  2/(tt)  +  pV'(l')-2P9'(«)  +  ?(0). 


1907.]     Partial  differential  equations  of  the  second  order.  S 

(G)  The  quantities  a  and  c  can  be  functions  of  p  and  q  alone.  In  that 
case,  we  denote  two  variable  quantities  by  X  and  /a,  and  we  express  them 
in  terms  of  p  and  q  by  the  relations 

q--\p  =  F{\\         q—fip  =  G(m), 

where  F  and  G  are  any  two  functions  of  their  arguments.  The  partial 
differential  equation  is 

X/xr— (X+m)s+^  =  0; 

and  the  primitive  is  given  by  the  three  equations 

-y  =  X*'(X)+*(X)+M^'(At)+^(At), 

-^  =  I  |X*"(X)+2*'(X)}  F(X)  dX+J  {m^'»+2S[^V)[  G(nL)dfi, 

where  *  and  "¥  are  arbitrary  functions. 

It  is  further  proved  that  the  coefficients  a  and  c  in  the  equation 

ar+s-^-ct  =  0, 

when  the  primitive  is  of  the  specified  type,  cannot  involve  x,  y,  p^  q 
simultaneously  and  alone.  The  case  when  these  coefficients  may  involve 
^j  Vf  ^9  Pt  q  simultaneously  was  not  discussed  ;  and  certain  special  cases, 
associated  with  zero  values  of  the  quantities  denoted  (§  6)  by  A  and  B, 
also  were  not  discussed.     The  aim  of  this  note  is  to  supply  the  omissions. 

1.  When  we  deal  with  the  general  case  of  the  equation 

ar+s+ct  =  0, 
which  has  a  primitive  of  the  form 

x^  y,  z  =  function  of  t^  +  function  of  v, 
the  coefficients  a  and  c  are  subject  to  the  four  conditions 

i^(i)+i-:(f)=». 

c^TT ac->:^  +a7r-=  0, 

cp  dp        vq 

o  3c  3a  ,    3a      ^ 

B    2 
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^^^'^  W^^^+^Wz'      3v  =  3^+^s;- 

In  the  third  and  the  fourth  of  the  conditions,  x,  y,  z  are  parametric ; 
hence,  by  the  results  of  (C),  we  may  take 

gr— Xp  =  i^(X,  X,  y,  z), 

q—fip  =  G(jjL,x,  y,  z)y 

where,  so  far  as  these  two  conditions  are  concerned,  the  functions  F  and  G 
are  unlimited,  the  values  of  a  and  c  being  given  by 

a  \        /J.  ^         c  *         c 

The  values  of  X  and  /x  must  be  such  as  to  allow  the  first  two  conditions  to 
be  satisfied :  substituting  the  values  of  a  and  c,  we  find 

1  ?/x  ,    1   av  _  JL  3'^  _  1    ^V  _  0 
X^  S^  "^7?  O'x      XV  3^      Xi^^J 

O'x  , .  8v  a'x         sv  _  rt 

c'x         d'a;  3'y  c'y 

and  therefore         ^^  -;.  ^  =  0,        ^  -X  ^^  =  0. 
Now,  from  the  equation      q—Xp  =  F(X,  a;,  y,  -?), 
we  have  _(^+|)|^  =  ||, 


/    ,  3F\  3'X  _  3'F 
~VP+5JrJS^-3V' 


and  therefore 

3'^        S'F      ^ 
d'y     '*3'x=^' 

that  is, 

dF        dF,^dF_f. 
Ty     '^■S^+^3.-^- 

Similarly, 

cy         ox           vz 

These  are  the  two  equations  for  the  determination  of  the  forms  of  F  and 
G,  where  p  =  F(X, x, y, ^),         G  =  G(^,x,y,z). 
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As  F  does  not  involve  /x*  we  have,  by  diifferentiating  the  equatioa 

dF  _    dF^^dF^^ 
^  9a:  ^ 

twice  with  respect  to  /a,  the  two  equations 

dF  ,hG  dF  _  ^  d'G  vF  _  ^ 

Hence  either  y-^  =  0, 

that  is,  G  =  P'\'(rtJLy 

where  j8  and  <r  are  functions  of  x,  y,  z  only ;  or  else 

and  then  '^  =  0,         t^  =  0, 

ex  cy 

that  is,  F  is  a  function  of  X  only. 

Similarly,  from  the  other  equation,  we  find  that  either 

F  =  a+p\ 

where  a  and  p  are  functions  of  x,  y,  z  only ;  or  else  that  G  is  a  function 
of  /x  only. 

The  combination 

F  =  function  of  X  only,         G  =  function  of  m  only, 

has  already  occurred :  it  is  case  (C).     We  therefore  have  to  consider  the 
other  possible  combinations  :  these  are 

(i.)  F  =  a  function  of  X  only,  and  G  has  to  be  obtained  ; 

(ii.)  G  =  a  function  of  fi  only,  and  F  has  to  be  obtained ; 

(iii.)  F  =  a+pXy    G  =  B+ct/jl,  where  a,  p,  j8,  <r  are  functions  of 
^9  yy  Zy  which  have  to  be  obtained. 

2.  In  the  case  (i.),  the  second  of  the  equations  for  F  and  G  is 

Oy         Oa;  S-? 

As  F  is  a  function  of  X  only,  and  as  G  does  not  involve  X,  we  must  have 

F=a\—b, 
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M  here  a  and  b  are  constants  ;  and  then 

G=:  Gi(jjL,  z+ax+by), 
where  now  Gi  can  be  any  function  of  its  two  arguments.     Thus 

g— Xp  =  aX— 6, 

ff—AfP  =  GiOx,  z+ax+by), 
and  the  diiBferential  equation  is 

\/uLr—(\+/j)  $+t  =  0. 

'When  we  take  z'  =  z+ax+by, 

G(jjL,  z')  =  GiOiA,  z+ax+by)— afi+b, 

there  is  no  organic  change,  either  in  the  form  of  the  primitive,  or  in  the 
form  of  the  equation:  and,  as  will  be  seen  hereafter  (§  7),  linear  trans- 
formations of  each  of  the  variables  are  admissible.  Hence,  now  writing 
z  in  place  of  the  new  z\  the  values  of  X  and  ix  are  given  by 

X  =  ^,  q—fip^  G{jJL,z). 

P 

The  differential  equation,  being 

XMr-(X+M)s+^  =  0, 
becomes  ?M^— (?  +/fP)  s+pt  =  0, 

that  is,  (qr—ps)ix  =  qs—pt. 

We  can  state  the  new  class  of  equations  as  follows : — 

(D)  The  differential  equation  is 

qr—ps  \qr—ps*    /* 

where  G  is  any  specific  function  of  its  two  arguments.  Its  primitive, 
obtained  by  Ampere's  method,  is 

X  =  a*"(a)-*'(a)+i8^'(/3)-^(/3), 

y  =  *"(a)+^'08), 

dz  =  G{-a,z)^'"{a)da. 

Thus,  as  a  particular  example,  the  third  equation  in  the  primitive  of 

iqr--ps){q^r'-'2pqs+pH)  =  ziqs—ptf 
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In  the  case  (ii.),  the  first  of  the  equations  for  F  and  G  is 

^        ^  dz  ' 

As  G  is  a  function  of  /i  only,  and  as  F  does  not  involve  m,  we  must  have 

G  =  ajuL—b, 

where  a  and  b  are  constants  ;  and  then 

F=F{\z+ax+by), 

where  F  now  is  any  specific  function  of  its  arguments.  We  thus  have  the 
preceding  case,  provided  X  and  fi  are  interchanged ;  but  the  partial  equa- 
tion is  symmetric  in  X  and  /a,  and  so  case  (ii.)  provides  no  new  set  of 
equations. 


8.  In  the  case  (iii.),  we  have 

F  =  a+pX,         G  =  iS+o-M, 

where  a,  p,  j3,  a-  are  functions  of  x,  y,  z  only,  such  as  to  allow  the  two 
equations  in  F  and  G  to  be  satisfied.  When  these  values  of  F  and  G  are 
substituted,  it  is  necessary  and  sufficient  (to  secure  this  property)  that 

9a 9a  9a q  9a 

dp 9/>  9/> Q  dp 

ox  T5i '  9y  ^ ' 

9(7 9<r  9<r 9(7 

^  Sz  *  Sy  9^  * 

A  number  of  sub-cases  will  have  to  be  considered :  of  these,  the  most 
extensive  is  that  in  which  all  the  quantities  a,  />,  )3,  <r  are  actually  func- 
tions of  the  variables  and  are  not  merely  constants.     We  then  have 

9(a,p)  __  ^  9(a,  p)  _  r.  9(a,  p)  _  ^ . 

^(^""     '         9(0:,^)-"'''        SCy,^)"""' 

so  that  a  functional  relation  exists,  involving  p  and  a  alone  and  otherwise 
none  of  the  variables :  let  it  be 

P  =  /(a), 
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where  /  denotes  some  specific  function.     Similarly,  there  is  a  functional 
relation  of  the  form  ,o\ 

where  again  g  denotes  some  specific  function. 

From  the  first  equation  in  the  first  column,  we  have 

^a        d^a  da-  da 


(T 


S?"      dxdz  dz  dz ' 


DiiBferentiating  the  first  equation  in  the  first  column  with  respect  to  y,  and 
the  first  equation  in  the  second  column  with  respect  to  a;,  and  subtracting, 
we  have 


dydz         dxdz  dy  dz       dx  dz 

da  d/S   ,      da  da- 

SJ  ^  dz  cz' 

From  the  first  equation  in  the  second  column,  we  have 

3^a     ,  r>  3^a  da  dfi 

rill  7)9.  r)»*  7^9     f)9 


api"^^s?"    aj 


Cz 


When  these  three  deduced  equations  are  multiplied  by  j8,  1,  —  (t,  respect- 
ively, and  when  addition  takes  place,  we  find 


f        Q.da  da-      .  \da  d/S  _ ,. 


dz  dz  dz   cz 

Similarly,  from  the  two  second  equations,  we  find 

cz  cz       '^         cz   cz 
from  the  two  third  equations, 

tind  from  the  two  fourth  equations, 

.        r..da-  dp  da-  da        ^ 


dz  dz      ^         dz 


cz 


Excluding  temporarily  all  the  sub-cases  in  which  one  or  more  of  the 
quantities  a,  p,  yS,  a-  can  be  constant,  we  see  that  there  are  two  ways  in 
which  these  equations  can  be  satisfied.     In  one  of  these  ways,  we  have 

a  =  8,  p  =  a- : 
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to  the  sub-case  thus  given  we  shall  return.     In  the  other  of  the  ways,  we 
have  (from  the  aggregate  of  equations) 


9«  /       o\ 


dy 

&=  V(p-<T) 


^  =  -M«(a-/8) 

9(7  /  V 

^=         Up{p-<T) 


=  —  ua(p — (t)   ' 


9(7  /  V 


where  u  and  v  are  two  quantities  unspecified  by  the  equations  thus  far 
considered.     Hence 

9  r) 

^log(a-^  =  j^logO>-^). 
^  log  (a-/3)  =  ^  log  (p—a), 


and  therefore 


5-=^=  A' 
a-fi       ^' 


-where  ^'  is  a  pure  constant.     Also 

P=f{a), 


80  that 
that  is, 


da 


'£=f<.-' 


/'w=^  =  ^'- 


a—p 


Similarly, 

Consequently,    p=/{a)  =  A'a+B',    a- =  g(fi)  =  A'fi+B'. 
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where  B'  is  a  pure  constant ;  and  therefore 

q-\p  =  F(\)  =  a+\{A'a+B'), 
q-^p  =  G{fi)  =  fi+n(A'fi+B'), 

'°*^**  ^=p+A~a+B"       ''=p+A~f+B'- 

The  partial  differential  equation  is 

\/xr—(K+/j)  s+t  =  0  ; 

when  we  take  new  variables 

z'  =z+B'x,        x'  =  —A'x, 

(which  changes  do  not  affect  the  character  of  the  integral  system),  the 
equation  is  unaltered  in  forro,  and  the  new  values  of  X  and  jm  are 

X  =  i=^  a  =  ?^- 

p  —  a  p — p 

Hence,  without    loss   of  generality  in   character,  we  can  take    B'  =  0, 

-4'  =  —  1 ;  and  then  ^ 

p  =  —  a,         <r  =  —  p. 

The  equations  for  the  determination  of  a  and  )8  now  are 

"Sx  dz*        ^  5J  * 

it  is  not  difficult  to  obtain  the  equations 

z  =  a0'(a)-0(a)+^x'(i8)-X(i8)> 

a:+y  =  0'(a)+x'(/8), 

(where  <p  and  x  are  any  functions),  as  giving  a  and  13. 

The  partial  differential  equation  is  thus  determinate  in    form  :     its 
primitive  can  be  obtained  by  Ampere's  method,  with  the  result : 

(E)  The  primitive  of  the  equation 

{q-'a){q'-l3)r-\2pq--{p  +  q)ia+^  +  2al3\s+{p-'a){p-8)t  =  0, 
where  a  and  ^  are  given  in  terms  of  x,  y,  z  by  the  relations 

z  =  a0'(a)-^(a)+i8x'(/})~x(i8),  x+ij  =  ^'(a)+x'08), 


1907.]     Partial  dippbrbntial  equations  of  the  second  order.  11 

^  and  X  being  any  specific  functions,  is 

y  =  ^'(u)-*(u)+x'W-^  W. 

where  *  and  '^  are  arbitrary  functions. 

4.  We  return  now  to  the  other  of  the  ways  in  which  the  equations  for 
F  and  G  can  be  satisfied.     We  then  have 

a  =  )8,        p=(r  =  --T, 

say.     The  values  of  X  and  /x  are  equal,  being 


X  =  M 

P-T 

armiiii 

ing  a  and 

T  are 

da 

da 

da               da 

St 

^  =  -a^ 

It  is  not  difficult  to  obtain  the  equations 

T  =  d(a)y  z—XT—ya  =  \/r(a), 

where  ^  and  \/r  are  any  functions),  as  giving  a  and  t. 
The  partial  equation  thus  has  the  form 

(g_a)2  ;.-2  (g-a)(p-T)  8+{p-rf  t  =  0; 

its  primitive,  obtained  by  Ampere's  method,  is  given  by  the  elimination 
of  V  between  the  equations 

y+x^(v)  =  "^  {v)y         z  =  x6  {v)+yv+\lr{v). 

But  this  primitive  does  not  possess  the  postulated  form ;  and  therefore  we 
do  not  include  this  seb  of  equations  among  the  classes  that  have  been 
obtained.* 


*  The  form  of  the  equation  shews  that  the  two  sets  of  oharaoteristics  are  coincident,  and 
that  therefore,  when  it  is  of  the  first  class  as  defined  hy  Amp^e  (and  this  has  been  secured 
through  the  values  of  a  and  ;S),  the  two  arbitrary  functions  in  the  primitive  have  the  same  argu- 
ment. Consequently,  the  primitive  is  not  expressible  by  means  of  two  quantities  u  and  v,  such 
that  arbitrary  functions  of  these  quantities  should  appear. 


12  Prof.  A.  R.  Forsyth  [June  18, 

It  may  be  added  that  a  very  special  set  of  cases,  to  be  similarly 
omitted  from  the  final  enumeration,  and  actually  omitted  in  the  construc- 
tion of  the  preceding  equation,  is  given  by 

a  =  constant  =  6,         t  =  constant  =  a : 

the  primitive  is  known,  being 

z  =  x^  (ax  +  by+z)+'¥  (ax+by+z), 

where  *  and  "¥  are  arbitrary  functions  :  the  primitive  is  not,  and  cannot 
be  made,  of  the  required  type. 

5.  It  remains  to  state  the  results  when  one,  or  more  than  one,  of  the 
quantities  a,  p,  )8,  a-  can  be  constant. 

When  a  and  p  are  constants,  then  either  (i.)  )8  and  a-  are  constants,  and 
the  equation  belongs  to  class  (C) ;  or  (ii.)  one  of  the  two  quantities  j8  and  <r 
is  a  constant  while  the  other  is  any  function  of  z+px—ay,  and  the  equa- 
tion belongs  to  class  (D) ;  or  (iii.)  /S  and  a-  are  any  functions  of  z-^px—ay^ 
and  again  the  equation  belongs  to  class  (D).  Similarly  for  the  various 
alternatives  as  to  a  and  />,  when  ^  and  cr  are  constants. 

When  a  and  j8  are  constant,  then  either  (i.), 

p  =  constant,      a-  =  any  function  of  z+px—ay ; 

or  (ii.),  a-  =  constant,      p  =  any  function  of  z+a-x—'/Sy, 

and  in  each  of  these  cases  the  equation  belongs  to  class  (D) ;  or  a  =  ^  =  A, 
where  A  is  a  constant.  Owing  to  the  transformations  (§  7)  which  are 
admissible,  we  can  take  z—ky  as  a  new  dependent  variable,  thus  eflfect- 
ively  making  k  zero.  We  now  have  an  apparently  new  set  of  equations, 
as  follows.     The  equation 

gV-g  (ip+p+cr)  s+ip+pKp+cr)  t  =  0, 

where  p  and  er  are  functions  of  x  and  Zy  such  that 

yp-  and  x  being  specific  functions,  has 
^=     *(u)+^W, 
-j.=    V^'(zt)+x'W» 

Z  =  Wl/r'(w)  — \/r(w)-|-rx'(ij)— X  W. 
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for  its  primitive,  *  and  ^  being  arbitrary  functions.  But  by  interchange 
of  the  variables  y  and  z,  so  as  to  have  y  for  the  dependent  variable  (and 
this  interchange  is  only  one  of  the  transformations  of  §  7  which  are 
admissible),  the  equation  becomes  equation  (B) :  it  thus  does  not  provide 
any  actually  new  set. 

In  all  other  alternatives  as  to  possible  constant  values  of  some  of  the 
quantities  a,  p,  /8,  er,  it  is  found  that  the  equations,  which  emerge,  belong 
to  one  or  other  of  the  classes  already  settled. 

6.  All  the  preceding  results  are  obtained  on  the  supposition  that  the 
quantities  denoted  (in  §  6  of  the  former  paper)  by  A  and  B  do  not  vanish. 
The  results,  when  the  supposition  is  not  justified  by  fact,  can  be  stated 
briefly. 

(i.)  Suppose  that  A  =  0  and  that  B  is  not  zero :  we  then  have 

If  these  are  independent  equations,  p  and  q  are  functions  of  u  alone : 
the  integral  equations  then  lead  to  a  couple  of  differential  equations 

r+ks  =  0,         s+kt  =  0, 

where  A:  is  a  pure  constant. 

If  they  are  effectively  only  a  single  equation,  then 

^'=^w„'   ^'=^M-j   ^^=^^' 

where  d  is  a  function  of  u  only,  and  involves  no  quantities  that  do  not 
occur  in  x,  y,  z:  and  the  case,  when  the  second  equation  is  evanescent,  is 
covered  by  a  zero  value  of  6.     We  have 

/i  =  (U^n^i+O)  ^,        g,  =  iU^^i+O)  ^ : 

the  factor  Um+i+O,  which  cannot  vanish,  divides  out  from  the  equation 

rfif2+sifig2+f2gi)+tgig2  =  0, 
and  the  analysis  in  the  former  paper  applies. 

(ii.)  The  results  are  similar  when  B  =  0  and  when  A  is  not  zero :  and 
they  are  similar,  and  more  special,  when  ^  =  0,  B  =  0. 

Under  no  one  of  the  alternatives  is  a  set  of  equations  provided  that  is 
not  mcluded  within  the  sets  already  retained. 
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7.  Transformations  of  the  variables  are  possible :  and  the  diflferential 

equations,  after  such  transformations,  still  admit  of  formal  integration. 

But  the  only  transformations  which  leave  the  primitive  of  the  desired  type, 

viz* 

''  X,  y,  z  =  function  of  it  +  function  of  v, 

are  included  in  the  set 

X  =  Uix'+biy'+c^z'  \ 

y  :=a^x'  +  b2y'+C2z'  i'  , 
z  =  (hx'+bQy'+CQz'  f 
where  the  coefficients  a,  /;,  c  are  constant. 

If  equations  thus  transformable  into  one  another  are  to  be  regarded  as 
not  independent  of  one  another,  then  equation  (A)  at  the  beginning  of  this 
note  is  to  be  regarded  as  a  special  example  of  (G).  When  the  preceding 
transformations  are  applied  to  equation  (A),  viz.,  r+t  =  0,  it  becomes 

Lr'-'2Ms'+Nt'  =  0, 
where  L  =  {b,+c,q')^+{ba+c.2q')\ 

M  =  {ai+Cip'){bi+Ciq')+ia^+C2p'){b2+c^q'), 

the  special  forms  of  F{X)  and  G(/x),  for  inclusion  in  (C),  are 
F{\)  =  X?tLp^^h±$2^ 

and  the  known  primitives  of  the  tvo  equations  can  be  constructed  from 
each  other. 

It  may  be  added,  for  the  sake  of  general  reference,  that  the  formulae 
of  transformation  for  the  derivatives  p,  q,  r,  s,  t  are : — 

P  <f  - :zl . 

Aip'+Biq'-C,       A^p'+B^q'-C,       Asp'+B^q'-Ca* 
"  ~  (J-^r:p£-77Il^8[-(^a+C2?OV'H-2(aa+Cay)(6i+C2gO^ 

-(o!,+c,i»r<']. 

*  =  (J^7:fp-T73^[(NH-Ci3')(62+C23')»"+(ai+Cii)')(aa+C2i)')<' 

-  |(6i+Ci3')(Oj+Ca2)')+(ai+c,iJ')(6a+Ca?')}s'] , 

-(ai+CiiJ')V], 
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where  A  denotes  the  noD -evanescent  determinant 


«!, 

bu 

Cl 
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Ca 

1  (h' 

\, 
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and  the  quantities  A,  B,  C  are  the  customary  minors  of  a,  6,  c  in  A. 

The  applications  of  the  transformations  to  the  sets  of  equations  re- 
tained provide  a  great  variety  of  different  forms,  and,  in  particular,  they 
allow  for  all  appropriate  changes  of  the  dependent  variable. 

8.  There   is  one  specialised  form  of  primitive,  not  included  in  the 

preceding  discussion :  it  can,  after  the  transformations  just  indicated,  be 

represented  by  r      i.-        *         i 

^  '^  a:  =  function  of  u  only, 

y,  z  =^  function  of  t^  +  function  of  v, 

arbitrary  functions  of  u  and  of  v  occurring  in  these  equations.  Manifestly, 
the  primitive  does  not  change  its  character  by  any  additional  transforma- 
tion  of  the  type  ^,  ^  j^^^^j^^  ^j  ^^ 

y'  =  a'x+l3'y+y% 
z^  =  a"x+i8"y+y-2r, 

where  the  quantities  a,  /8,  y  are  constants.  Having  regard  to  this 
property,  it  is  easy  to  prove  that  the  partial  equation  can  be  reduced  to 
the  form  «i/  — n 

the  primitive  of  which  is  obvious. 

9.  Finally,  the  case  when  the  primitive  is  of  the  type 

X  =  function  of  it,     y  =  function  of  v,     ^  =  function  of  «t+function  of  t?, 

is  a  very  special  instance  of  the  case  mentioned  in  §  33  of  the  former 
paper :  it  merely  leads  to  the  partial  equation  s  =  0. 
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1907.] 

1.  Eisenstein's  Law  of  Reciprocity*  is  as  follows,  f  is  a  primitive 
Z-th  root  of  unity,  where  Z  is  a  rational  prime  other  than  2.  If  p  is  a 
prime  ideal  of  the  cyclotomic  field  t  Zr(f),  P  is  its  norm,  and  a  is  any 
number  of  A;(f),  then  |a/p}  denotes  that  power  of  f  which  is  congruent 
to  a^^"^^'  (mod  p).  And,  if  p  is  composite,  and  its  prime  factors  are  q,  q', ..., 
then  {a/p}  =  |a/q[{a/q'}.... 

A  number  v  of  A:(f)  is  called  semi-primary  when  it  is  prime  to  1— f 
and  congruent  to  a  rational  number,  mod(l--f)^.  Then,  v  being  a  semi- 
primary  number  and  a  being  a  rational  number,  prime  both  to  I  and  i/, 

the  law  is  (/)(/) 

[alv]  =  [via]. 

The  object  of  the  present  paper  is  to  prove  a  similar  law  of  reciprocity 
in  the  field  k{^),  where  f  is  a  primitive  P*-th  root  of  1,  and  Z  is  a  rational 
prime  number  other  than  2. 

For  the  laws  of  divisibility  in  this  field  I  refer  to  Hilbert's  invaluable 
Report  on  Algebraic  Numbers  (already  referred  to),  and  in  particular 
to  §§  94-99  thereof,  which  relate  to  the  cyclotomic  field  of  P*-th  roots 
of  unity. 

2.  Notation. — Rational  numbers  will  be  denoted  by  italic  letters, 
complex  numbers  of  the  field  A(f)  by  Greek  letters,  and  ideals  of  the 
field  A(f)  by  German  letters.  Throughout,  "  number  "  means  "  whole 
number." 

p  =  mZ'^+l,  Tp*  =  m'Z'^+l,  ...  are  rational  primes. 

iJ,  B\  ...  are  primitive  roots  to  mod^,  jp',  ...  respectively. 

p  =  (i?,  f-JJ-),     p' =  (p',  f-i?'-'**),     ... 


•  Berlin  Monattberiehte  (1850),  p.  189.  See  also  H.  J.  S.  Smith,  **  Report  on  the  Theory  of 
Numbers,"  Art.  66  {Collected  Papers,  Vol.  i.,  p.  123),  and  D.  Hilbert,  Berieht,  **  Die  Theorie  der 
Algebraischen  Zahlkurper,''  ^^  113-115  {Deutsehen  Math.  Verein,  Bd.  4,  1897). 

t  German,  Kreiskorper, 
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are  prime  ideal  factors  of  _p,  2>'>  •  •  •  respectively.  These  ideals  are  of  the 
first  grade,  and  each  of  p,  p\  ...  has  P'""H^— 1)  different  prime  ideal 
factors. 

r  is  any  primitive  root  mod  Z*. 

The  substitution  .«  changes  f  into  f^. 

The  prime  ideal  factors  of  p  are  p,  pi,  ...,  p«»  ...   where 

Pi«  =  s^'p  =  p(r")- 

If  f(s)  =  lats\  f{s)9  denotes  n(s^p)\» 

{x)  denotes  the  least  positive  residue  of  x  (mod  P) ;  and  j't  =  (r^. 

[jc]  denotes  the  greatest  number  not  greater  than  xl'^,  so  that 

X  =  MP+W. 

^,  ^,  ...  are  ^-th, ^-th,  ...  roots  of  1. 

F(^),  sometimes  written  F{^,i),  i^'(^),  .••  are  the  corresponding 
Lagrangian  resolvents,  viz., 

In  particular,  F{1,  ^)  =  —  1. 

yJTg,  yf/g,  ...  are  corresponding  reciprocal  factors  oipyp\  ...,  viz., 

^^         2r(f^+i)       (fl'  —  A,  A  ...,  I  — Z). 

It  is  well  known  +  that  yj/'g  is  a  function  of  f  only  and  does  not  con- 
tain ^,  and  that  i^g-i^gi^'^)  =  2>.  On  account  of  this  property  I  call 
y/rg  a  reciprocal  factor  of  p. 

Then  yjrg  contains  il^~^{l—l)  different  prime  ideal  factors  of  p,  and 
no  other  prime  ideals. 

It  will  be  found  convenient  to  use  the  above  definitions  of  \/r^  for  all 
values  of  g.  We  thus  obtain  \Jri'*_^  ^—p,  \/ri»»=— 1,  and  x/r^^  =  ^^i, 
when  g  =  h  (mod  Z*). 

In  the  first  instance  we  take  i/  to  be  a  number  of  k{^)  containing  only 
factors  of  p,p\  ...,  so  that  v  = /(5)p./(5)p'  — 

N  is  the  norm  of  v  in  the  field  k{^). 


•  Hilbert'8  notation  for/(*)p  ifl  ipf^*\ 

t  H.  J.  S.  Smith,  op.  eit.,  Art.  30,  p.  78.  P.  Baohmann,  Die  Lehre  von  der  Kreiitheilung^ 
cap.  8  (Leipzig,  1872).  H.  Wober,  Lehrbuch  der  Algebra,  Second  Edition,  1898,  Bd.  i.,  pp. 
610-621. 

8BR.  2.    VOL.  6.    vo.  976.  C 
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%  =  f{8)ylrg.f(s)ylr;,„. 

Then  %.%{^-'^)  =  N,  and  %  contains  ^P"^{1—1)  different  con- 
jugates  of  V  and  no  additional  factors. 

g  is  a  rational  prime,  different  from  I,  p,  p\  ...;  e  is  the  exponent  to 
which  q  appertains,  mod  Z*,  so  that  g*  =  1  (mod  Z"). 

Without  loss  of  generality,  r  may  be  so  chosen  that  g  =  r^=L  r/  (mod  Z"), 
where  g/=  Z^^-^Z-l). 

%Q  is  any  one  of  the  f  prime  ideal  factors  of  g.     The  others  are 

q«  =  s^'qo     (^  =  1»  2,  ...,/— 1). 

It  is  convenient  to  allow  the  suflBx  u  in  p„,  q^,  ...  to  have  any  integral 
values,  defining  ptt,  q„,  ...  as  before.     Then  p^  =  py,  if 

x  =  y     [modZ*-UZ-l)], 
and  qx  =  qy,  if  x'=y     (mod  /). 

The  symbol  [ajv]  has  the  same  meaning  as  in  §  1,  except  that  Z"  is 
substituted  for  Z. 

8.  I  define  a  semi-primary  number  as  in  §  1,  namely  :  v  is  semi- 
primary  if  it  is  prime  to  1  — f  and  satisfies 

;(1)  =  ^^  =  0     (modZ), 

where  1  is  put  for  f  after  differentiation. 

Since  the  irreducible  equation  satisfied  by  f  is 

the  number  v-\-(f>Zy  where  (j>  is  any  number  of  the  field,  is  the  same 
number  as  i/  in  a  different  form.  As  Z{\)  =  Z  and  Z{1)  =  JZ''(Z— 1), 
the  semi-primary  property  is  an  essential  property  of  i/  as  a  number,  and 
not  merely  a  property  of  a  particular  form  of  i/.  It  follows  at  once  that, 
if  V  is  semi-primary,  v  =  n^  [mod  (1-^f)^],  where  n^  is  i/ (1),  that  is, 
the  sum  of  the  coefficients  of  v.  And,  since  v  is  prime  to  1  — f,  n^  is 
prime  to  Z. 
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Among  the  set  ^v  {h  =  0, 1, ...,  /—I),  one  only  is  semi- primary ;  for 
the  condition  that  ^v  should  be  semi-primary  is 

hiio+v{l)  =  0     (mod  t). 

Henceforth  v  is  supposed  to  be  semi-primary.  It  is  easily  proved 
that  the  conjugates  of  a  semi-primary  number  are  all  semi-primary,  and 
that  the  product  of  semi-primary  numbers  is  semi-primary. 

4.  All  the  numbers  f*'i/  (A  =  0, 1,  ...,  Z**"^  — 1)  are  semi-primary.  For 
the  present  purpose  it  is  necessary  that  some  test  should  be  discovered, 
by  which  one  of  the  set  ^v  should  be  picked  out  as  the  standard,  and 
called  "  primary  '* ;  and,  at  first  sight,  it  is  tempting  to  adopt  the  simple 
rule  that  v  is  primary  when  v(l)  =  0  (mod  f*),  a  condition  which  is 
satisfied  by  one  only  of  the  set. 

This,  however,  is  open  to  the  objection  that,  if  v  is  primary,  v+<pZ 
is  not  in  general  primary ;  so  that  primariness  is  a  property  merely  of 
a  form  of  p.  And  this  leads  to  a  further  difl&culty ;  if  i/'  =  w\  where 
V  and  I/'  are  primary,  i/'  is  primary  only  when 

is  an  algebraical  identity  in  f.     When  this  identity  holds,  I  shall  call  i/' 
the  unreduced  prodtcct  of  v  and  v\ 

The  suggested  definition  of  primariness  must  therefore  be  abandoned. 
For  the  present,  I  postpone  dealing  with  this  diflBculty ;  and  meanwhile 
it  must  be  remembered  that  v,  when  given  as  the  product  of  given  prime 
ideals,  is  undetermined  as  regards  the  unit  ^  multiplying  it. 

5.  From  the  definition  of  {vlq],  we  have  {vlq-t}  ^  v^  (mod  q_t),  where 
Q  =  {q'—l)l~\  Applying  the  substitution  s^  and  remembering  that 
{pj^^t}  is  a  power  of  f,  we  obtain 

>/,_,}'' =  ^?  (modqo), 
and  then,  raising  both  sides  to  the  power  r.f , 

|./,_a  =  .r-    (mod  do). 

Therefore  [ulq]  =  IIv*'-'    (mod  Hp),  H  =  0,  1,  . ..,/-!). 

Now,  applying  s",  and  then  raising  to  the  power  r.,  as  before,  we  find 
that  the  last  congruence  is  true  with  any  prime  factor  of  q  as  modulus, 

c  2 


20  Mr.  a.  E.  Western  [June  13, 

and  therefore  also  with  q  as  modulus  ;   that  is, 

[vlq]  =  m^'-*     (modg),  (t  =  0,  1,  . ..,/-!).    (2) 

Instead  of  using  the  substitution  s\  we  could  use  s'^^,  where  h  is 
any  number.  Thus,  on  the  right  side  of  (2),  t  may  represent  any  com- 
plete set  of  residues  mod  /. 

Applying  s-^  to  the  congruence  (2),  we  get 

{i//gl«  =  ni/f;/     (mod  (7).  (8) 

We  have  hitherto  supposed  that  r  was  so  chosen  that  q  =  r^  (mod  /*). 
If,  however,  r  is  any  primitive  root  mod  Z*,  and  q  =  r^  (mod  D,  (2)  becomes 

{vlq]  =  ni/f'-*'     (mod  9). 

6.  Let  K  =  R^        (mod  p). 
Then                                 .P(^  r)  =  t^'Fit",  ^. 

But  f-*  =  J?*"^  =  IP*  =  I  Kip  \     (mod  p), 

and  so  r*  =  {Z/p \     and     F(^\  i^)  =  {Kip] ' F{^\  i). 

Therefore  F{^f  =  ^''+f ''f ^''+ . . .     (mod  q) 

=  F(^",  ^  (mod  q\ 

that  is,  F{^y  =  { qlp  ] «  Fi^T        (mod  q).  (4) 

It  may  be  noted  here  that  it  is  at  this  point  that  the  proof  of  the 
law  of  reciprocity  in  the  present  case  becomes  essentially  different  from 
that  used  by  Eisenstein.  If  we  try  to  follow  his  method,  we  get,  by 
repetition  of  the  process  by  which  (4)  was  obtained, 

FiO''^' =  {qlv]'     imoAq). 

But,  in  the  present  case,  e  in  general  is  divisible  by  some  power  of  ?, 
which  may  be  P*~\  and  this  congruence  is  therefore  in  general  useless. 
If,  however,  q  is  such  that  e  is  prime  to  I,  then  the  law  of  reciprocity 
may  be  proved  easily  by  Eisenstein's  method. 

7.  Now  it  follows  immediately  from  the  definition  of  \frg  that 

FiO'  =  F{^  >Ai>A2 . . .  i^g-i     (for  all  values  of  g).*     (6) 


•  This  was  disoovered  by  Gams,  *  *  Disquisitionum  circa  .^uationea  Puras  Ulterior  Evolutio," 
Werke,  Bd.  n.,  p.  266. 
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And,  in  particular,  that 

So  F(f)^  =  F(^^i...^,_i,  (6) 

and  F(ff  =  -^i...^i-_i; 

(4)  therefore  becomes  {g/p;«  =  ^/r^ ...  xf^^^^i     (inod  q). 

And  multiplying  together  the  congruences  corresponding  to  this  for  all 
the  prime  factors  of  v,  we  obtain 

{qlpy^  =  <ir,...%.i     (mod?).  (7) 

Comparing  this  with  (3),  we  wish  to  prove  that 

%..,%,^  =  Up^,ly     (modq).  (8) 

Now  the  left  side  of  this  is  equal  to  the  product  of  some  unit  and 
powers  of  v  and  its  conjugates.  The  congruence  will  be  proved  in  two 
stages ;  first,  so  far  as  regards  v  and  its  conjugates ;  and  secondly,  I 
shall  show  that  the  unit  of  "4^1  ..."iTq^i  becomes  1,  if  v  is  "primary," 
according  to  a  suitable  definition  of  primariness. 

8.  Kummer*  has  determined  the  factorisation  of  reciprocal  factors  into 
prime  ideal  factors  of  p.     His  result  is  that  yj^g  contains  p^  if »  and  only  if, 

r^t+igr-d  >  f*.  (9) 

Since  r.t  and  {gr^d  cti^e  both  less  than  P^,  this  condition  may  be  written 
2?*  >  r.t+igr-d  >  P. 
Now  gr^t  =  [>r-J  P'+igr^;}, 

so  the  condition  becomes 

(|>r_J+2)  l^  >  ig+l)  r.,  >  ([gr^t]+l)l\ 
that  is,  [(g+1)  r.J  =  [(/r-J+l. 

Similarly,  if  the  condition  be  not  satisfied,  we  get 


*  **  Theorie  der  idealen  Primfactoren,'*  &o.,  Berlin  Ahhandlungen^  1856,  pp.  42-46.    H.  J.  S. 
Smith,  op.  eit,.  Art.  60,  p.  130.    Hilbert,  op,  eit.f  ^  108. 
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Therefore  the  index  of  pi  (either  0  or  1)  in  \frg  is 

[(?+!)  r-i]-G7r.  J.  (10) 

It  is  easily  proved  that 

[(r'-l)r_J  =  r-i-l,    [?*r.J  =  r«„    and    [(P*+l)  r.J  =  r., ; 

so  (10)  remains  true  for  g  =  P*— 1,  or  Z*.  Therefore,  for  every  value  of  g^ 
the  index  of  p^  in  V^i ...  yjrg^i  is  [g'r-i],  since  [r-J  =  0. 

Now,  the  index  of  i/j  in  ^g  is  the  same  as  that  of  p«  in  \/rg,  and  so 

^1 ...  ^I^,_i  =  eUvr-'.         Lt  =  0,  1,  ....  i*-^  (Z-l)-l],         (11) 
where  e  is  a  unit. 

9.  It  is  well  known  that  i/J  =  Pt+/     (mod  g), 
and  hence  that  vf  =  vt+^f   (mod  q). 

Consequently  each  of  the  factors  on  the  right  side  of  (11)  whose  suffixes 
are  =  t  (mod  f)  may  be  expressed  as  a  power  of  vt+f  (mod  q).  Having 
done  this,  the  index  of  v<+/in  (11)  is     • 

2[gr.,+,/]g-'-^     {X  =  0,  1,  ...,  e-1). 

Now  [qr-,t+xA  g*"''"^P*  =  r_t+x/  g*"'— r_t+(x+i)/g'"'^"\ 

flo  2[gr_,+^]g-^-^  =  (g*-l)r.,Z-~  =  Qr^t. 

Therefore  ^i  ...^^-i  =  eHi/f;;'    (mod  g),  (12) 

and  the  first  istage  in  the  proof  of  (8)  is  accomplished. 

10.  For  the  second  stage  of  the  proof  of  (8),  we  must  establish  some 
further  properties  of  reciprocal  factors.     It  is  known*  that 

where  the  summation  is  taken  over  all  solutions  of 

R'+Bv  =  1     (mod  p).  (18) 

Henceforth  reciprocal  factors  of  p  are  supposed  to  remain  in  this  form  ; 
that  is,  the  identity  Z  must  not  be  used  to  alter  their  form ;  and  all  pro- 
ducts of  reciprocal  factors  of  p,  p\  ...  are  supposed  to  be  unreduced 
products. 


*  See  leferenoee  in  the  footnote  to  }  2.    And  H.  J.  S.  Smith,  op.  eit.,  footnote  to  Art.  60, 
p.  131. 
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Writing*  ^,  =  2aff'    (f  =  0,  1,  ...,  P^l) ;  • 

af  is  the  number  of  solutions  of  (18)  satisfying 

x+gy  =  4     (mod  f). 
Similarly,  let  .^.(^  =  26f  f«     {t  =  0;  1,  ...,  p-^-1) ; 

b^  is  the  number  of  solutions  of  (18)  satisfying 

x+gy  =  t     (mod  V"\ 
and  so  6f  =  2af^^»-,     (A  =i  0,  1,  ...,  i-1).       (14) 

yf/'iS)  is  the  y-th  reciprocal  factor  of  p  of  degree  ^'~^  So  we  have  the 
remarkable  fact  that  the  ^-th  reciprocal  factor  of  degree  f*"^  can  be 
derived  from  the  ^-th  reciprocal  factor  of  degree  T  by  changing  ^  into  ^ 
in  the  latter. 

11.  Now+  yl^giX)  =  - 1,     and     ^^^(1)  =  0     (mod  /»). 

So  ^^  is  semi-primary,  and  ^^  =  —  1     [mod  (1— f)^  • 

So  also  "i^g  is  semi-primary,  and  is  =  (—1)'     [mod  (1— f)^ , 

where  v  is  the  number  of  prime  ideal  factors  of  v.  Further,  since  the 
P^P^'^y  t^(l)  =  0     (modi-) 

is  invariant  for  unreduced  multiplication  (see  §  4),  it  holds  for  each  ^ 
and  for  any  product  thereof. 

V-^V-^.!  ■••  ^*.»-i  =  -%^  =  1^^'^^  =  ^»  •••  V'.-.V'.(^.  (15) 

for  all  values  of  t  and  g. 

This  relation  between  the  reciprocal  factors  does  not  appear  to  have 
been  previously  noticed,  though  the  particular  case  of  it  for  ^  =  2  is 
given  by  Weber, «  who  mentions  it  as  known  to  Jacobi. 


*  The  ^  in  «f  is  not  an  index,  bot  a  mffix. 

t  H.  J.  S.  Smith,  •p.  eii.^  footnote  to  Art.  60,  p.  131  :    dealing  onlj  with  the  Bodnl«a  /, 
hut  the  proof  ii  applicaUe  to  the  modnlos  /**. 

X  Lekrhmek  ier  Al^eirm,  2nd  ed.,  1898,  Bd.  i.,  p.  611. 
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12.  Kronecker  has  shewn  that  every  unit  of  k(^)  is  equal  to  the 
product  of  a  power  of  f  and  a  real  unit.* 

So,  when  y  is  not  =  —  1  or  0  (mod  i*), 

%  =  E^Upu  t  satisfying  (9), 

and  ^^(f"*;  =  E^'HVvt,  t  not  satisfying  (9), 

where  iJ  is  a  real  unit.     Then,  since 

%.'^g{t''^)  =  N  =  Jlvt.Wvu 

E^=h  that  is,  iJ  =  ±  1. 

Since  "ifg  and  EUvt  are  semi-primary,  so  also  is  ^,  that  is, 

k  =  0    (modZ). 
Writing  kl  for  k,  %  =  E^^Ilpt. 

Since  vt  =  ^o    [j^od  (1— f)^], 

Hf,  =  n»/"'<'-^>    [mod(l-f)']- 
But  wjc*-i)  =  (no/Z)     (modO, 

so  Hi/,  =  (no/0     [mod(l-f)']. 

Also  ^^=1     and     ^^  =  (-1^     [mod  (1-f)^, 

so  E  =  {-iy(}i^lD.  (16) 

The  units  of  "^jh^i  and  "^^p.  are  each  —1. 

18.  Here  it  may  be  noticed  that  this  method  of  determining  the  sign 
of  the  unit  of  "^g  breaks  down  in  the  case  2  =  2.  For,  in  that  case 
(1  — D^  is  a  factor  of  2,  and  so 

ylrg=-l  =  l     [mod(l-^^, 

which  congruence  is  of  course  useless  for  determining  the  sign  of  ^^. 
There  is  consequently  in  the  case  Z  =  2  considerable  difficulty  in 
determining  the  unit  in  '4^^,  and  a  separate  investigation  for  each  value 
of  n  appears  to  be  necessary.  It  will  be  found  that  this  sign  is  different 
for  different  values  of  g. 

14.  When  q  is  odd,  E  occurs  in  "^^i ...  "^^^.i  to  an  even  power  ;  and 
when  gr  is  2,    E  =  1    (mod  q).      In    either    case    E    disappears    from 


•  **  Ueber  complexe  Einheiten,"  Wtrke^  Bd.  i.,  p.  109.     Hilbert,  op,  eit.,  p.  336. 
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"^^1 . . .  "iTq^i,  and  the  unit  of  this  expression  is  some  power  of  ^.  The 
sign  of  the  unit  of  any  '^  being  therefore  immaterial,  it  may  hereafter 
be  Ignored,  and  the  unit  of  a  ^  or  of  a  product  thereof  will  mean  a 
power  of  ^.  ,; 

15.  The  unit  o/  F(ff .     We  obtain  from  (5), 
Raising  this  to  the  P""^-th  power, 

The  unit  of  (^i ...  ^j-iy""'  is  1,  so  F(Cf  and  F(^f''  have  the  same 
units.  But  the  unit  of  F(^""Vi8  1,  so  by  induction  the  unit  of  F(fy'* 
is  1.     That  is,  the  unit  of  "ifi .,,  "^in^i,  is  1. 

It  is  easy  to  prove  similarly  that  the  unit  of  '*'i ... '*'„/*_i,  where 
A  <  n,  is  a  power  of  ^  .  This  result  is  not  needed  for  the  present 
purpose. 

16.  Since  g  =  /  (mod  Z*),  it  follows  from  the  last  paragraph  that 
'^'i ...  ^q^i  has  the  same  unit  as  ^j ...  "if^rf-i-     Writing 

we  obtain  from  (5), 

F(f/  =  X(f/-'F(f)^-' 

=  X(f/"X(D^-'F(rr'" 

=  X  (0^"'  X  (fO^"  ...  X  (^^- )  F  (C\ 

that  is,  ^1  ...  %f_,  =  X(f)'^-'X(n'^"' ...  X{^-).  (17) 

The  results  of  this  and  the  last  paragraph  may  also  be  proved  from  (15), 
without  introducing  F  (f). 

If,  then,  the  unit  of  X  is  1,  the  unit  of  "^i...  "ir^^i  is  also  1. 

The  proper  definition  of  primariness  accordingly  is :  v  is  primary 
when  (1)  it  is  semi-primary,  and  (2)  it  is  such  that  X  has  the  unit  1. 

17.  It  only  remains  to  show  that,  given  a  number  i/,  the  proper  power 
of  ^,  by  which  v  must  be  multiplied  in  order  to  make  the  unit  of  X 
become  1,  can  be  determined. 
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We  have,  by  (11), 

X  =  e^'Tl^r-'^      [t  =  0,  1,  ...,  ?*-i(Z^l)-l],     (18) 
where  e  =  E'"'^. 

Putting  V*  =i  I'^v  in  place  of  v,  the  unit  of  X  becomes 

Now  r^\rr^^V'  =  ^''^^r-t— r^r-m, 

so  Sr'Crr-i]  =  r  (/'■'<'-^>-l)  l-\ 

This  expression  is  prime  to  Z.*     Therefore  when  A:  is  known,  x  may  be 
so  chosen  as  to  make  the  unit  of  X  become  1. 

18.  Lcwma.— Let  <j>  =  Sa^f',  and  ^'  =  2a;f'  {t  =  0,  1,  ...,  Z*— 1) 
be  any  two  numbers.     And  let  their  unreduced  product 

so  that  At  =  ^atav-ti 

wherein  a{  =  a^  when  ^  =  f     (mod  Z*). 

Then  writing,  as  in  §  10,  bt  =  Sa^^^H-i     (A  =  0,  1,  ...,  Z— 1), 

=  2,2fcaj+M-i  2jka„_^+fc,«-i  (^  =  0,  1,  ...,  Z*"^— 1) 

19.  We  assume  that  each  yjr  and  "4^  of  degree  l^~^  is  known.  Then, 
from  (14),  2^af^^H-i  is  known  for  each  y]r  of  degree  Z".  And  so,  by  the 
lemma,  the  similar  sums  of  the  coefficients  of  each  "i^g  and  of  X  are 
known. 

Now  multiply  out  the  product  IIi/p''-'^,  and  call  the  result  11;  this 
need  not  be  unreduced  multiplication.  Then  add  to  11  such  multiples  of 
Z,  ^Zy  ...  as  to  make  each  ^hdi+iw*-^  ^^  ^^  equal  to  the  corresponding 
sum  of  the  coefficients  of  X,     Then,  with  11  in  this  form, 

ex  =  f«n+^(r-i) 

must  be  an  identity  in  ^. 

•  Mathews,  Theory  of  Number »,  Part  1,  p.  27. 
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Now  differentiating,  and  then  putting  ^  =  1,  we  obtam 

ex{i)  =  kma)+ua)  (mod  n 

but  X(1)  =  0  (mod?*), 

BO  m(l)+Z-*ri(l)  =  0       (mod  P-^), 

which  determines  k. 

So,  beginning  with  the  degree  Z,  for  which  each  xfr  is  already  known, 
we  can  proceed  to  the  degree  ?,  and  so  on,  up  to  P.  Therefore  the  power 
of  ^  by  which  p  must  be  multiplied  to  make  it  primary,  can  be  found. 
Henceforth  v  is  supposed  to  be  primary. 

We  have  now  proved  the  truth  of  (8),  and  therefore  that 

{vlq}'^={qlv}^     (modg), 

that  is,  {ulq\  =  [qlv]. 

The  law  of  reciprocity  is  therefore  proved  with  these  limitations,  that 
V  contains  only  prime  ideals  of  the  first  grade,  and  that  j  is  a  rational 
prime. 

20.  The  law  may  be  extended  to  any  v  and  any  rational  number  a,  in 
a  similar  manner  to  that  employed  by  Hilbert*  for  the  case  of  Z-th  roots 
of  unity. 

Thus,  finally,  we  have  the  law  of  reciprocity  : — 

If  V  is  any  primary  number  of  the  field  A(f)  of  V^-th  roots  of  unity, 
and  a  is  any  rational  number  prime  to  v  and  Z,  then 

[alv]  =  \vla]. 

21.  Consider  now  whether  the  requirement  that  v  should  be  primary 
may  be  relaxed.     Let  v'  =  f^V  ;  then 

\qlv'\  =  {qlv\,     and      {v'lq\  =  K^/jM"/?}- 

We  find  from  (2)  that 

If^/?;  =n^'^"''--'   «  =  o,  1, ...,/- 1) 

So,  if  Qf  contains  Z*,  but  no  higher  power  of  Z,  the  law  holds  between  q 

and  I/',  provided  that  .      ,      ,  7«_«-ix 

^  x=lO     (mod  Z**  *'  ^). 


♦  Hilbert.  0/?.  eit,,  {115. 
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In  this  case,  it  suffices  that  the  process  of  §  19  for  determining  the  unit 
of  X  should  be  carried  up  to  the  degree  Z*""*'.     In  particular,  if 

/=0     (modZ'*-^), 

the  law  holds  whenever  v  is  semi-primary,  as  we  saw  in  §  6. 

22.  It  must  be  admitted  that  the  process  above  given  for  making  v 
primary  would  be  laborious  in  actual  practice ;  and  it  is  much  to  be 
desired  that  some  process  should  be  found  applicable  directly  to  v  itself, 
instead  of  to  the  reciprocal  factors.  I  have  discovered  such  a  process  for 
the  field  of  ninth  roots  of  unity;  and  it  is  possible  that  this  may  be 
capable  of  general  isation,  though  up  to  the  present  I  have  failed  in 
this  aim. 
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ON  UNIFORM  AND  NON-UNIFORM  CONVERGENCE  AND  DIVER- 
GENCE OF  A  SERIES  OF  CONTINUOUS  FUNCTIONS  AND 
THE  DISTINCTION  OF  RIGHT  AND  LEFT* 

Brj  W.  H.  Young,  Sc.D.,  F.R.S. 

[Received  August  3l8t,  1907.— Read  November  14th,  1907.] 

1.  Writers  on  uniform  and  non-uni-orm  convergence  have  for  the 
most  part  contented  themselves  hitherto  with  determining  the  mode  of 
distribution  of  the  points  of  uniform  and  non-uniform  convergence, 
without  occupying  themselves  with  the  various  types  of  non-uniform  con- 
vergence at  a  point  that  may  occur,  and  how  far  such  types  are  to  be 
regarded  as  normal  or  exceptional.  In  particular,  the  question  whether 
the  character  of  the  non-uniform  convergence  may  be  different  on  the 
left  and  on  the  right  has  been  barely  mooted,  and  the  distribution  of 
points  at  which  this  is  the  case  has  not  been  discussed  at  all.  For 
some  time  the  idea  of  a  point  of  uniform  convergence  itself  was  only 
imperfectly  grasped,  uniform  convergence  being  thought  of  as  something 
pertaining  to  an  interval  alone ;  it  was  not  realised  that  a  series  could 
be  uniformly  convergent  at  a  point,  without  being  uniformly  convergent 
in  any  interval  containing  the  point ;  in  other  words,  that  a  point  of 
uniform  convergence  may  be  a  limiting  point  on  both  sides  of  points 
of  non-uniform  convergence,  and  this  even  though  all  the  functions  con- 
cerned are  continuous.  Still  less  was  it  realised  that,  when  the  functions 
whose  sum  is  considered  are  discontinuous  functions,  a  point  of  uniform 
convergence  may  be  absolutely  isolated.! 

In  the  present  paper  I  take  as  fundamental  the  definition!  of  uniform 
convergence  at  a  point  I  have  already  employed  in  previous  papers,  one 
which  is  now  coming  into  general  use.§ 

*  A  brief  account  of  the  results  of  this  paper  was  communicated  to  the  British  Association 
at  Leicester  on  Monday,  August  5th. 

t  W.  H.  Young,  "  Points  of  Uniform  Convergence  .  .  .,"  Proc.  London  Math.  Soe.,  8er.  2, 
Vol.  l,pp.  358-360. 

X  W.  H.  Young,  *'  On  non-Uniform  Convergence  ...,*'  Proe.  Londm  Math,  Soe,,  Ser.  2, 
Vol.  1,  p.  90. 

f  I  am  not  sure  who  was  the  first  to  actuaUy  formulate  the  definition.  In  Osgood^s  original 
paper  in  the  American  Journal,  Vol.  xix.,  and  in  Schoenflies's  account  of  it  in  his  Bericht,  I  can 
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Inevitable  as  this  definition  appears,  it  has  several  disadvantages : — 

(1)  It  involves  the  remainder  function  B^ix),  and  therefore  the 
possibly  unknown  sum,  or  limiting  function  /(«),  which  may  be  discon- 
tinuous even  when  the  functions /^(x)  are  all  continuous. 

(2)  It  is  an  "  e-definition." 

(8)  It  affords  us  no  means  of  classifying  points  of  non-uniform  con- 
vergence. 

The  close  connection,  or  analogy,  between  the  uniform  convergence  of 
a  series  and  the  continuity  of  a  function  is  well  known.  As  regards  the 
continuity  of  a  function  we  may  avoid  the  e-method  by  introducing* 
the    associated    upper    and    lower    right-hand    and  left-hand    limiting 


find  no  suoh  formulation.  In  Townsend's  dissertation,  '^Doppellimes,'*  Gotdngen,  190U,  I  find 
the  following  statements : — '*  Also  gleichmassige  Convergenz  bezieht  sich  auf  das  ganze  IntervBll, 
dageg^  hat  der  einf  ache  Limes 

if=yo 

nur  mit  einem  einzelnen  Ponkte  dee  Intervalls  zu  than,"  (p.  29) ;  again,  on  p.  65,  <<So  weit  let 
diese  Bedingping  ganz  dasselbe  wie  obige  Bedingung  fiir  die  Stetigkeit  von  /(').  Sie  onter- 
scheidet  sich  aber  davon,  indem  bei  gleichmassiger  Convergenz  das  fiir  jedes  n  definierte  Intenrall 
eine  untere  Grenze  grosser  als  Null  haben  muss,  wenn  n  iiber  alle  Grenzen  wachst.  Dagegen 
brauoht  bei  der  Stetigkdtsbedingung  .  .  . ,  dieses  Intervall  keine  untere  Grenze  g^rosser  als  Null  zn 
haben."  These  statements  sugpgest  that  even  in  1900  in  Gottingen  a  precise  formulation  of  uni- 
form convergence  at  a  point  had  not  been  made.  Of  course  points  of  uniform  convergence  play 
an  important  part,  none  the  less,  in  Townsend's  dissertation,  and  Arzel&*s  paper,  which 
preceded  it  (**  Sulle  Serie  di  Funzioni,"  Parte  I,  Mem,  di  Bologna^  Seried,  Vol.  vni.,  pp.  131-186, 
1899).  The  phraseology  adopted  for  these  points  by  Townsend  is  '*  points  at  which  the  series 
converges  regularly,"  regular  converg^ce  being  expressed  in  terms  of,  and  thought  of  in  oon- 
nection  with,  the  behaviour  of  the  allied  functions  of  two  variables  introduced  by  Du  Bois 
Reymond  (**  Ueber  die  Integ^ration  der  Reihen,"  S'Uzungaberieht  d.  Berliner  Akademiey  1886, 
pp.  359-371),  and  used  also  by  Arzel&.  This  definition  only  applies  in  the  case  considered  by 
Townsend,  which  is  also  that  considered  in  the  present  paper,  when  the  functions  to  be  summed 
are  continuous. 

In  Osgood's  paper,  although  the  statement  is  made  that  *'  Uniform  and  non-uniform  con- 
vergence are  conceptions  that  relate  to  the  behaviour  of  the  variable  function  throughout  an 
interval,"  p.  166,  the  points  in  question  are  used,  and  called  (-points;  their  definition  as  gfiven 
by  Osgood  is  clear  and  precise  though  somewhat  complicated  (pp.  163-165). 

In  Hobson's  paper  (**0n  Non-Uniform  Convergence  .  .  . ,"  Froe,  London  Math,  Soe., 
Vol.  xxziv.,  pp.  254  el  aq,,  Jan.,  1902),  uniform  convergence  is  defined  only  for  an  interval. 
In  his  recent  book  Function*  of  a  Beal  Variable  (1907),  the  definition  for  a  point  is  implicitly  given. 

Van  Vleck,  in  a  recent  paper,  *■  *  A  Proof  of  some  Theorems  on  Pointwise  Discontinuous 
Functions,"  Tram,  Ainer,  Math,  Soe.,  Vol.  vui.,  April,  1907,  p.  204,  footnote,  gives  the  defini- 
tion in  the  form  adopted  by  myself ;  and  I  understand  that  Hilbert  has  now  done  the  same  for 
some  time  in  his  lectures. 

*  W.  H.  Young,  "  On  the  Distinction  of  Right  and  Left  at  Points  of  Discontinuity,"  Aug., 
1907,  Quarterly  Journal  of  Math.,  Vol.  zxziz.,  pp.  67-83. 
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functions  <l>Rf  <t>Lj  i^R*  i^i*  We  are  thus  naturally  led  to  devise  similar 
functions  in  the  case  of  convergence  of  series. 

This  idea  is  in  embryo  in  Osgood's  paper,  above  cited,  in  which  he 
introduces  the  word  "  peak  "  and  the  term  "  indices  at  a  point."  Osgood 
deals,  however,  only  with  those  series  of  continuous  functions  whose  sum 
is  a  continuous  function,  and  his  indices  have  relation  to  the  remainder 
function  ;  in  the  case  when  the  sum  is  zero,  his  indices  are  closely  con- 
nected with  the  X  and  tt  of  the  present  paper.  The  case  which  usually 
arises  in  practice  is  that  where  the  functions  of  which  the  sum  is  considered 
are  continuous,  but  it  is  an  unnecessary  and  an  undesirable  restriction  to 
suppose  that  their  sum  is  continuous.  In  what  follows  I  begin  by  defining 
four  functions  ttl,  ttr,  xl^  XRy  which  I  call  peak  and  chasm  functions,  and 
which  are  strictly  analogous  to  the  associated  functions  (f>u  </>Ry  V^l»  V^i?> 
above  referred  to,  and  I  shew  that,  in  the  case  considered,  tJie  equality  of 
these  functions  at  a  point  is  the  necessary  and  sufficient  condition  for 
uniform  convergence  at  the  point,  so  that  we  may,  if  we  please,  give  this 
equality  as  a  new  definition  of  uniform  convergence  at  a  point.  This 
definition  is  precisely  analogous  to  that  referred  to  of  continuity  at  a 
point ;  it  is  not,  however,  intended  to  replace  the  other,  which  is  indeed 
fundamental  in  character,  and  cannot  easily  be  dispensed  with  when 
the  functions  to  be  summed  are  not  continuous.  It  has,  however,  the 
advantage  of  being  free  from  the  objections  pointed  out  as  inherent  in 
the  other.  I  take  occasion  to  shew  how  this  second  definition  may  be 
used  directly  to  obtain  the  well  known  distribution  of  the  points  of  non- 
uniform convergence,  viz.,  that  they  form  an  ordinary  outer  limiting  set 
of  the  first  category.* 

The  main  use,  however,  that  I  make  of  the  new  definition  is  to 
examine  the  character  of  the  types  of  non-uniform  convergence  that  may 
arise,  more  especially  with  respect  to  the  distinction  of  right  and  left.  I 
shew  that  only  at  a  countable  number  of  points,  which  may,  however,  be 
dense  everywhere,  can  the  behuviour  of  a  series,  as  regards  non-uniform 
convergence,  be  different  on  the  right  and  on  the  left  of  a  point.  In 
particular  the  points  at  which  the  series  is  uniformly  convergent  on  one 
side  and  non-uniformly  convergent  on  the  other  side  of  a  point,  can  be,  at 
most,  countably  infinite. 

This  discussion  would  appear    to    complete  the  qualitative  study  of 


*  Proofs  of  this  result  have  been  gfiven  by  Townsend  and  Hobson,  loe,  eit.  Both  of  these 
authors  deduce  it  from  considerations  connected  with  the  theory  of  functions  of  two  variables. 
I  myself  have  given  a  proof  of  a  more  general  result,  including  this  as  a  special  case,  by  a 
method  more  on  the  lines  of  Osgood's  classical  paper.  The  proof  in  the  text  thus  constitutes  a 
fourth  proof  of  the  result. 
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points  of  non-uniform  convergence,  in  the  case  when  the  functions  to  be 
summed  are  all  continuous.  It  should  be  noted,  however,  that  though 
many  of  the  theorems  obtained  apply  as  they  stand,  or  with  slight  modi- 
fications, to  the  more  general  case,  the  information  afforded  by  the 
investigations  of  the  paper  is  not  adequate  for  a  complete  analysis  of  the 
facts  of  non-uniform  convergence  except  when  the  functions  to  be  summed 
are  continuous. 

It  remains  to  be  added  that  throughout  the  paper  all  that  has  been 
required  from  the  series  of  functions  is  that  it  should  have  a  definite  sum. 
The  possibility  of  that  sum  having  the  value  oo  (+  oo ,  or  —  oo ,  as  the 
case  may  be),  is  not  excluded.  In  other  words,  divergence  is  allowed, 
provided  it  be  not  an  oscillatory  divergence.  Moreover  the  functions 
whose  sum,  or  limit,  is  considered,  are  not  necessarily  bounded  functions  ; 
in  other  words,  their  continuity  is  of  the  generalised  character,  in  which 
infinite  values  are  allowed.  Thus  the  new  proof,  above  referred  to, 
relating  to  the  distribution  of  points  of  non-uniform  convergence,  is  really 
wider  in  scope  than  any  of  its  predecessors,  and  the  result  obtained  is  of 
a  more  general  character,  having  reference  moreover  to  points  of  "  uniform 
divergence,'*  as  we  may  conveniently  call  them,  as  well  as  to  points  of 
uniform  convergence. 


2.  It  will  be  convenient  to  repeat  here  the  definitions,  already  referred 
to,  of  the  associated  left-  and  right-hand  upper  and  lower  limiting 
functions  ^i,  ^/j,  yjriy  yjru  of  a  discontinuous  function. 

Let  P  be  any  internal  point  of  a  segment  throughout  which  a  function 
f{x)  is  defined.  Take  any  interval  with  P  as  right-hand  end-point,  then 
f{x)  has,  for  the  points  internal  to  this  interval,  an  upper  limit ;  as  this 
interval  diminishes,  this  upper  limit  cannot  increase,  and  therefore  has  a 
limit,  which  is,  at  the  same  time,  its  lower  limit ;    denote  this  limit  by 

^/.(P). 

We  thus  get  for  every  point  P  of  the  segment  a  function  ^^W,  or 
shortly  (f>u  which  may  be  called  the  upper  left-hand  limiting  function 
off(x). 

Similarly,  changing  left  into  right,  we  define  a  function  <pRy  the  upper 
right-hand  limiting  function  of  /.  Further,  interchanging  the  words 
"  upper  '*  and  "  lower,"  "  increase  "  and  **  decrease,"  in  the  definition,  we 
define  corresponding  loiver  limiting  functions  which  we  shall  denote  by 
\fri  and  rl^R. 

If  at  each  point  P  we  choose  that  one  of  the  two  upper  limiting 
functions  which  is  not  less  than  the  other,  we  get  a  new  function,  which 
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may  be  called  the  (modified)  upper  limiting  fnnctiorij  and  be  denoted  by  0. 
Similarly  we  define  the  (modified)  lower  limiting  function  yjr,  by  taking  that 
one  of  the  two  lower  limiting'  functions  which  is  not  less  than  the  other. 

8.  Let  /i,/a,  ...  be  a  series  of  functions,  having  a  definite  limiting 
function/;  in  other  words,  at  any  point  P,  we  have 

UMP)  =f{P).  (1) 

We  now  define  auxiliary  numbers  at  P  precisely  analogous  to  the  upper 
and  lower  left-  and  right-hand  limiting  functions  of  a  discontinuous 
function ;  these  we  shall  call  the  left-  and  right-hand  peak  a)id  chasm 
functions,  and  denote  them  by  ttl,  ttr,  xi»  X«- 

We  take  an  interval  PQ  with  P  as  right-hand  end-point,  and  denote 
the  upper  limit  of /»  for  points  x  inside  this  open  interval  by  Jlf»,g.  Then 
for  all  such  points «,  /  /  x  ^  iir  /ov 

fn(x)  ^Mn,Q,  (2> 

while  either  there  is  such  a  point  x  at  which 

/a  (X)  =  Mn^  g, 

or  else  there  is  at  least  a  sequence  of  points  passing  along  which  fn(x)  has 
the  limit  Mn,  q. 

These  numbers  Mn,  q  for  the  successive  integers  n,  may  be  conveniently 
plotted  off  on  the  axis  of  y  ;  they  form  a  countably  infinite  set*  which  has 
therefore  at  least  one  limiting  point,  and,  in  any  case  will  have  a  first 
derived  set  which  may  be  countable  or  of  potency  c.  Let  the  highest  of 
these  derived  points,  or  corresponding  numbers,  be  denoted  by  Mq,  and, 
though  this  will  be  less  used  in  the  sequel,  the  lowest  of  these  derived 
points,  or  numbers,  be  denoted  by  Mq. 

Now,  if  Qi  and  Q2  are  two  positions  of  Q  of  which  Q^  lies  between 
P  and  Qi,  it  follows  from  the  definitions  that 

Hence  any  limiting  point  of  the  points  Mn.q,,  for  successive  values  of  n^ 
will  determine  one  or  more  limiting  points  of  the  points  Afn,  q,,  none  of 
which  will  lie  below  the  former  limiting  point.     It  follows  that 

and  also  Mq,  ^  Mq,. 

Therefore,  if  we  make  the  point  Q  approach  P  as  limit,  moving  along  a 


•  Counting  two  of  the  points  as  distinct  whether  or  no  they  ooinoide  in  position.  If  there 
is  only  s  finite  nmnber  of  positions,  the  highest  deriTed  point  is,  of  coarse,  the  highest  of  the 
points  which  is  repeated  an  infinite  number  of  times. 

SBK.  2.     TOL.  6.     NO    977.  ^ 
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sequence,  or  continuously,  or  in  any  manner,  the  quantities  Mq  will  have 
a  definite  limit,  which  will  be  at  the  same  time  their  lower  limit,  and 
which  will  be  denoted  by  iriiP),  and,  for  all  positions  of  P,  be  called  the 
left-hand  peak  function.  Similarly,  the  quantities  Mq  have  a  definite 
limit,  which  is  their  lower  limit,  and  may  be  denoted  by  tt'l  (P). 

Here,  of  course,  ttl  <  ttl. 

Working  in  like  manner  on  the  right  of  P  we  obtain  the  corresponding 
right-hand  quantities,  denoted  by  the  subscript  R  instead  of  L.  Again, 
interchanging  "upper"  and  "lower,"  we  get  the  left-  and  right-hand 
chusm  functions  xl  and  XRf  as  ^©11  as  the  quantities  xi.  and  xi»  where 

XL>XL     and     XR>XR' 

4.  Thborbm  1. — 

XiiP)  <  XLiP)  <  ^l{P)  <  4>L  (P)  <  ttKP)  <  irdP). 

(A  similar  inequality  holds,  of  course,  for  the  right-hand  functions.) 
For,  if  X  be  any  point  inside  the  interval  PQ,  we  had  as  equation  (2) 

""*  ^  ^'  fn{x)  <  M..g.  (2) 

Making  n  increase  indefinitely,  /» {x)  has  the  single  limit  f{x) ,  which,  there- 
fore, cannot  lie  above  any  limit  of  the  quantities  Jlfn,  q ;  therefore 

f{x)  <  Mq. 

Now  letting  x  describe  a  suitable  sequence  with  P  as  limit,  we  obtain  for 
/(«)  the  limit  i^hiP),  therefore,  Q  being  still  fixed, 

0j:(P)<Arg. 
Since  this  is  true  for  all  positions  of  Q, 

^l(P)<^1(P). 
Similarly  V^l(P)  >xi(J^). 

which  proves  the  theorem. 

Theorem  2. — If  the  functions  fn  are  continuous  at  P,* 

XL  iP)  <  Xl(P)  </(P)  <  ^KP)  <  ^z(P). 
(A  similar  inequality  holds,  of  course,  on  the  right.) 
For,  since /n(a;)  is  continuous  at  P,  it  has  the  definite  limit  fniP),  so 


*  It  follows  fnnn  Theoi^m  1,  URing  the  renultfi  of  my  paper  quoted  on  p.  30  that  this  in- 
equality holds  whatever  ihe/'s  are,  except  at  most  at  a  countahle  set  of  points. 
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that,  by  equation  (2)  of  §  8  or  §  4, 

Since  this  is  true  for  all  values  of  n,  the  single  limit  /(P)  approached  by 
the  left-hand  side  of  the  inequality  cannot  be  higher  than  any  limit 
approached  by  the  right-hand  side  ;  therefore 

Since  this  holds  for  all  positions  of  Q^ 

/(P)<7rl(P). 

Similarly  /(P)>xi(^). 

which  proves  the  theorem. 


5.  From  Theorem  1  it  follows  that,  if  the  peak  and  chasm  functions 
are  equal  at  P,  they  are  equal  to  the  upper  and  lower  associated  limiting 
functions,  and  therefore,  with  the  possible  exception  of  a  countable  set  of 
points,*  they  are  all  equal  to  f(P) ;  if,  however,  the  fnS  are  continuous, 
there  are  no  such  exceptional  points,  by  Theorem  2. 

In  other  words,  at  a  point  where 

x(P)  =  ir{P)=zf{P), 

f  is  continuous ;  if  the  f^s  are  continuaus,  we  may  drop  the  f{P)  from 
this  equation. 

We  see,  however,  from  the  enunciations  of  Theorems  1  and  2  that, 
though  this  condition  is  sufficient  for  continuity  it  is  not  necessary ;  it  is 
still  sufficient  if 

X'(P)=V(P)=/(P), 

but  this  condition  also  is  not  necessary  ;  anyone  familiar  with  examples  of 
non-uniform  convergence  will  recognise  that  this  is  so,  and  that  thereby 
hangs  a  tale. 

6.  The  definition  of  uniform  convergence  at  a  point  P  is  as  follows  : — 


•  Loe.  eii,,  p.  30. 

D    2 
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"  The  series  of  functions  /i,  /a,  ...  is  said  to  *  converge  uniformly  to  the 
function  /  at  the  point  P,'  if,  given  any  positive  quantity  e,  however 
small,  an  interval  d  can  be  described,  having  P  as  internal  point,  so  that, 
for  all  points  x  within  the  interval  d, 

\f(x)-Mx)\<€ 

for  all  values  of  n  ^  m,  where  m  is  an  integer,  independent  of  Xy  which 
can  always  be  determined. 

"  Similarly  we  may  define  the  expressions  right-handed  and  left- 
handed  uniform  convergence*  at  P ;  in  this  case  the  interval  d  will  have  P 
as  end-point." 

This  definition  may  easily  be  adapted  so  as  to  give  what  we  may  call 
"  uniform  divergence "  at  P,  when  the  value  /(P)  is  infinite  with 
determinate  sign  ;  we  merely  have  instead  of  the  above  inequality, 

Mx)>A     or    fn(x)<-A, 

according  as  the  sign  of /is  +  or  — ,  A  being,  like  €,  preassigned,  and 
being,  of  course,  not  "  however  small  "  but  "  however  large." 

7.  The  connection  of  the  peak  and  chasm  functions  with  these  defini- 
tions is  determined  by  the  following  theorems. 

Theorem  3. — If  the  fnS  are  continuous  functions,  and  P  a  point  at 

^^'^"'^^  XLiP)  =  ^i(P), 

the  series  f I,  f^j  ,..  is  uniformly  co7ivergent  or  divergent,  at  P  on  the  left. 

Case  1. — Let  irLiP)  be  finite,  then,  since  ttl  is  the  limit  of  the 
quantities  Mq,  we  can  choose  Qi  so  that 

Afg,<^z(P)+€. 

Therefore,  since  Afgj  is  the  highest  possible  limit  approached  by  Mn,  q„  we 
can  determine  Ar^,  so  that,  for  all  values  of  n  ^  ki, 

Mn,  Q,  <  MQ,+e  <  TrL{P)+2e. 

Since  Mn,  q^  is  the  upper  limit  of  /» {x)  in  the  interval  PQi,  it  follows  that, 
for  all  points  x  of  this  interval  and  all  values  of  n  ^  ki, 

/n(a:)<7rz(P)+26. 

Similarly,  working  with  xl  instead  of  ttl,  we  can  find  a  point  Q^  inside 


*  It  should  be  noted  that  in  the  definitions  of  right-handed  and  left-handed  nnifonn  oon- 
vergence  or  divergence  of  a  series  of  continuous  functions  it  is  immaterial  whether  the  interral 
with  P  as  end-point  be  supposed  to  include  P  or  not,  provided  we  know  that  the  series  is 
aotnally  convergent,  or  divergent,  at  P  as  the  case  may  be. 
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Thbobbm  4. — If  /x,  /a,  ...  he  continuotcs  functions^  and  the  seiies  is 
uniformly  convergent  at  P  on  tlie  left  {or  uniformly  divergent)^  then 

XLiP)  =  '^L{P)=f{P). 

Case  1. — If  the  series  is  uniformly  convergent  at  P  on  the  left,  assign- 
ing e,  we  can  find  an  interval  PQ,  with  P  as  right-hand  end-point,  and  an 
integer  k,  such  that,  for  all  points  x  in  PQ,  and  all  values  of  n  ^  k, 

\f{x)-fn(x)\<€.  (1) 

Now,  by  the  definition  of  Mn,Q  (§  1),  we  can  find  at  least  one  point, 
say  Xn9  inside  the  open  interval  PQ,  such  that 

O^Mn^Q-fniXnXe.  (2) 

Therefore  |  f{xn)-Mn,  Q\<2e.  (8) 

Now,  if  we  let  n  describe  a  suitable  sequence  of  constantly  increasing 
integers,  n^^n^,  ...,  M^^q  will  have  the  limit  Mq. 

The  countably  infinite  set  of  points  Xn^,  Xn^,  . . .  has  at  least  one  limit- 
ing point,  and  may  have  more.     Let  xq  be  one  of  these  limiting  points. 

Then  we  can  pick  out  a  subsequence  of  the  set 

Wi,  ^2,  ..., 
say  nj,  ?4  ..., 

such  that  Xn\f  x^'^,  ... 

is  a  sequence  having  xq  as  limit.     In  this  case,  by  the  definitions  of  ^  and 
yJA,  any  limit  approached  by  /  (x)  will  lie  between 

"^{xq)     and     0(xg), 
both  inclusive. 

But,  by  (3),  any  such  limit  differs  from  Mq  by  at  most  2e,  hence 

yjr  (a;Q)-2c  <  Af q  <  <l>(xq)+2e,  (4) 

Now,  let  us  make  e  describe  a  sequence  with  zero  as  limit,  and  at  the 
same  time,  as  we  may,  let  us  take  each  interval  PQ  less  than  half  the 
length  of  the  preceding  one  ;  then  Q  will  describe  a  sequence  having  P  as 
limit,  and  the  same  will  be  true  of  xq,  which  always  lies  in  the  in- 
terval PQ. 

Mq  has  then,  as  we  saw  in  §  1,  the  definite  limit  xx(P),  while 
0(^g)+2e  may,  or  may  not,  have,  a  definite  limit,  but  any  limit  assumed 
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by  it  is  <  <Pl(P),  by  Theorem  1  of  my  paper  quoted  on  p.  80  of  the  present 
memoir.     Hence  /-n^  ^  ^   /n\ 

Similarly  any  limit  assumed  by  \/r(a:^)— 2^  ^  yf^ziJP),  so  that 

Hence  V^x (P)  <  ^x (P)  <  </>l (P).  (5) 

But,  the/n*s  being  continuous  and  the  series  uniformly  convergent  at  P, 
/  is  continuous  at  P,  so  that 

V^z(P)  =  ^z(P)=/(P); 
therefore,  by  (5),  ttl  (P)  =  /(P). 

Similarly  XLiP)  =f{P\ 

which  proves  the  theorem  in  this  case. 

Case  2. — Next,  let  the  series  be  uniformly  divergent  on  the  left  at  P, 

and  first  let  .fn. 

J\P)  =  —  GO  . 

Then,  by  the  condition  for  uniform  divergence  (§  6),  there  is  an  interval 
(P,  Q)  and  an  integer  k,  such  that,  for  all  points  x  in  that  interval,  and  all 
integers  n>  A.,  /,(^)<-^; 

and  therefore  ^n,Q  <  — -4  ; 

and  therefore  ^q^  —A. 

Hence,  7r(P)  being  the  lower  limit  of  the  quantities  Mq, 

ir(P)^-A. 

Since  this  is  true  for  all  values  of  -4, 

^  (P)  =  -  00  ; 

and  therefore  also  x  (P)  =  "~  ^ » 

which  proves  the  theorem  in  this  case. 

Similarly,  if /(P)  =  +  ao,  the  result  follows,  using  x(P)  instead  of 
x(P),  >  for  <,  and  replacing  Mq,  Mn,Q  by  the  corresponding  quantities 
connected  with  x- 
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Theorem  6. — If  the  fnS  are  not  continuous  throug/iout  the  interval 
Imving  P  as  right-Jiand  end-point,  but  tlie  series  is  uniformly  convergent 
{or  divergent)  at  P  on  tfie  left, 

i>L{P)  =  iTLiP)     and    ylrL(P)  =  XLiP). 

Case  1. — First,  let  the  series  be  uniformly  convergent  at  P  on  the 
left.  The  proof  then  proceeds  as  in  Case  1  of  the  preceding  theorem 
down  to  equation  (5). 

But,  by  Theorem  1,  irLiP)  >  ^z(P) ; 

therefore,  by  (5),  tt^CP)  =  ^z(P). 

Similarly,  xx(P)  =  V^l(P), 

which  proves  the  theorem  in  this  case. 

Case  2. — Secondly,  let  the  series  be  uniformly  divergent  at  P  on  the 
left.  It  will  be  found  on  examination  that  the  proof  given  of  this  case  in 
Theorem  4  holds  without  modification. 

CoR. — At  a  point  of  uniform  divergence ,  or  at  a  poi?it  of  uniform  con- 
vergence which  is  also  a  point  of  continuity  of  f(x)  on  the  left, 

XLiP)='^LiP)=^f(P). 

8.  Making  then  our  usual  assumption  that  the  fnS  are  all  continuous 
functions,  it  follows,  by  the  results  of  the  preceding  article,  that  we  may 
take  as  the  definition  of  uniform  convergence  at  the  point  P  the  equality 
of  all  the  four  peak  and  chasm  functions. 

Similarly,  we  can  define  uniform  convergence  on  the  right  or  left  alone 
by  the  equality  of  the  corresponding  one-sided  peak  and  chasm  functions. 
It  should  be  noticed  that  from  this  point  of  view  uniform  divergence  is 
merely  a  special  case  of  uniform  convergence. 

9.  When  the  series  is  non-uniformly  convergent  at  the  point  P,  there 
are  several  special  cases  of  interest. 

(1)  Let  /  be  not  less  than  tt  at  P ;  then  the  function  /  is  upper  semi- 
continuous  at  P. 

for,  by  Theorem  1,  in  this  case, 

0(P)</(P). 

(2)  Similarly,  if  /  be  not  greater  than  x  ^^  P»  the  function  /  is  lower 
semi-continuous  at  P. 

These  conditions  are  again,  as  in  the  case  of  continuity,  sufficient  but 
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not  necessary  ;  in  particular,  Theorem  1  shews  that  it  is  still  sufficient  for 
upper  semi-continuity  if  /(P)  >  ir'  (P),  and  for  lower  semi-continuity  if 
/(P)<X'(P). 

(8)  Let  x'(P)  =  '^'iP)^ 

then  the  function  /  is  continuous  at  P,  by  Theorems  1  and  2. 

[It  is  clear  from  Theorem  1  that  x'(P)  >  '^'(P).] 

This  condition  is  sufficient  but  not  necessary. 

10.  In  Case  3,  an  argument  precisely  the  same  as  that  used  in  proving 
Theorem  S  may  be  used,  only  that,  as  ATq  is  not  the  highest  but  the 
lowest  possible  limit  approached  by  Mn,  q,  we  cannot  determine  ki  so  that 
for  all  values  of  n  >  fc,         ,,        ^  i#'   , 

but  we  can  insure  that  this  is  true  for  all  values  of  n  belonging  to  a 
certain  sequence  of  constantly  increasing  integers 

/tj,  /la,  — 

The  same  is  then  true  for  the  inequality 

L/n,  Q  >  Lq—e, 

for  all  values  of  n  ^  k^,  belonging  to  a  certain  sequence 

n'l,  ^4  ..., 

L^q  denoting  the  lower  limit  of  f^ix)  in  the  interval  PQy  and  Lq  the 
highest  limit  of  Lm,q. 

If  these  two  sequences  are  the  same,  or  if  they  have  a  common 
sequence,  the  argument  used  in  the  proof  of  Theorem  S  applies ;  hence 
it  follows  that  the  condition  for  uniform  convergence  at  P  is  satisfied, 
with  the  restriction  of  n  to  values  belonging  to  a  certain  sequence. 
When  this  is  the  case  the  convergence  at  P  is  said  to  be  simply  uni- 
form. 

This  mode  of  looking  at  simple  uniform  convergence  shews  that  there 
is  no  essential  difference  between  simple  uniform  convergence  at  one 
point  and  uniform  convergence  at  that  point.  If  the  corresponding 
sequence  is 

Wi,  n^,  ..., 

we  only  have  to  take,  instead  of  the  given  series  of  functions 

M>  /«»  •••> 

the  sub-series  /»j,  /«,,  ... 
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having  the  same  limitiDg  function  /,  and  the  convergence  at  the  point 
under  consideration  will  be  uniform. 


11.  If  the  given  series  is  simply  uniformly  convergent  at  every  point 
of  an  interval  or  of  a  closed  set,  it  may  be,  but  this  is  not  necessarily  the 
case,  that  the  same  sequence  will  serve  at  every  point  of  the  interval,  or 
closed  set.  By  the  extended  Heine-Borel  theorem,  it  then  follows  that  a 
finite  number  of  the  intervals  which  are  defined  at  each  point  by  the 
simple  uniform  convergence  will  suffice  to  contain  every  point  of  the 
interval,  or  closed  set.  To  these  intervals  correspond  a  finite  number  of 
integers  k ;  thus,  if  V  denote  the  sum  of  these,  it  will  be  true  that,  for  all 
points  X  of  the  interval,  or  closed  set,  and  for  all  integers  n  ^  A;'  belong- 
ing to  the  sequence  in  question, 

|/(^)-/n(x)|<^. 

A  being  the  quantity  with  which  we  started  to  determine  the  intervals 
and  integers. 

Conversely,  if  this  is  true,  there  is  a  sequence  of  integers  which  will 
serve  at  every  point. 

In  this  case  it  is  customary  to  say  that  the  given  series  is  simply  uni- 
formly convergent  throughout  the  interval  or  closed  set,  and  it  has  been 
pointed  out,*  by  the  same  argument  as  that  used  above,  that  by  properly 
picking  out  the  functions  /n,  we  can  reduce  this  to  uniform  convergence 
at  every  point  of  the  interval,  or  closed  set. 

It  is  clear,  however,  that  this  is  only  a  particular  case  of  simple  uni- 
form convergence  at  every  point  of  the  interval,  or  closed  set,  and  it  by  no 
means  follows  that  in  the  general  case  of  simple  uniform  convergence  at 
every  point  of  an  interval,  or  closed  set,  we  can  so  pick  out  the  functions 
as  to  make  the  convergence  uniform  at  all  the  points  in  question 
simultaneously. 


12.  t  We  now  proceed  to  prove  for  the  tt's  and  x's  the  same  theorems 
as  those  obtained  in  the  paper  already  quoted  for  the  0's  and  yf/Q. 


•  Arzelkf  loe.  eit, 

t  In  this  article  the  assumption  that/n  is  continuous  need  not  be  made. 
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Thborbh  6.* — Any  limit  approached  by  irix),  irL{x),  or  iTRix)  as  x 
approaches  a  point  P  as  limit  on  the  right  ^  irL(P)y  a^id,  as  x  approaches 
P  as  limit  on  the  left  ^  TrjciP)' 

If  xx(P)  =  +  00,  this  is  certainly  the  case;  if  not,  we  can  find  a 
finite  quantity  A  >  Tr^iP). 

Then,  by  the  definition  of  xxCP),  we  can  find  an  interval  d  with  P  as 
right-hand  end-point,  such  that,  Q  being  any  point  of  this  interval, 

Mq<  a. 
Therefore,  by  the  definition  of  Mq,  we  can  find  an  integer  k,  such  that, 
for  all  integers  w  >  /p,  Mn,Q<A. 

Therefore,  Afn,  q  being  the  upper  limit  of /n(x)  in  the  interval  (P,  Q), 

fnix)    <A, 

for  all  integers  n  ^  A:,  and  all  points  of  (P,  Q). 

Now,  let  Pj  and  Qi  be  any  two  points  internal  to  PQ,  and  let  us  con- 
sider the  quantities  Mq^  and  Mn,  q^  referred,  not  to  the  interval  PQi  but  to 
Pi  Qi.     The  preceding  inequality  (8)  gives  us  then 

Mn,Q,  <A. 

We  then  have  Mq^  ^  A. 

Now,  let  Qi  move  up  to  Pj  as  limit,  we  get 

X2i(Pi)<^,     or     7ri2(Pi)<^, 
according  as  Qi  lay  on  the  left  or  the  right  of  Pj. 

Since  A  is  at  our  disposal, provided  only  it  is  >  irziP),  this  proves  the 
first  part  of  the  theorem  ;  similarly,  working  on  the  right,  the  second 
part  follows. 

Cor. — TTL  is  upper  semi-continuous  on  the  left  and  itr  on  the  right, 
while  IT  is  an  tipper  semi-contintious  function,  and,  as  stu:h,  at  most  point- 
wise  discontinuous. 

The  proofs  of  the  succeeding  theorems  in  my  paper  quoted,  depending, 
as  they  do,  solely  on  the  theorem  correlative  to  the  above  theorem,  can 
now  be  transferred  verbatim,  changing  only  the  symbol  ^  into  tt.  It  is 
therefore  only  necessary  to  give  the  enunciations  here. 

Theorem  7. — At  every  point  of  continuity  of  ir, 

Tr£  ^  TTr  =  IT, 

and  both  tl  and  ttr  are  continuous. 

Cor. — TTx  and  iru,  as  ivell  as  ir,  are  at  most  pohit wise  discontinuous. 

Theorem  8. — The  only  points  at  which  both  ttl  and  ttr  are  continuous 
are  the  points  of  continuity  of  ir. 

*  The  correlative  of  Theorem  1 ,  loe.  cit. 
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Theorem  9.* — The  points,  if  any,  at  which  itr  differs,  from  itl,  are 
countable. 

Similar  results,  interchanging  the  signs  >  and  <,  hold,  of  course,  for 
the  x's. 

18.  Thus  we  see  that,  except  possibly  at  a  countable  set  of  points, 
TrL  =  TrR  =  TT     and     xi^  =  X«  =  X» 
while  X  <  V^  </  <  0  <  •^. 

Thus  tJie  distinction  of  right  and  left  with  respect  to  peaks  and  chasnis 
exists  at  most  at  a  countable  set  of  points. 

When  the  functions  /n  are  continuous,  it  is,  as  we  saw,  the  same  to 
say  that  there  is  no  distinction  of  right-  and  left-handed  non-uniform  con- 
vergence, except  at  most  at  a  countable  set  of  points. 

14.  Theorem  10. — At  any  point  P  wliere  the  peak  and  chasm  fwnc- 
tions  are  equal,  both  these  functions  are  coJitinuous  ;  conversely,  at  any 
point  tohere  they  are  both  continuous,  provided  the  f^s  are  continuous, 
ttie  peak  and  chasm  f mictions  are  eqtmL 

To  prove  the  first  part  of  the  theorem,  we  only  need  Theorem  6.     For, 

let  P  be  a  point  at  which  ,^,  ,^. 

XiP)  =  Tr{P). 

Since,  as  x  approaches  P  as  limit, 

X  (P)  <  Uxix)  <  Lt  7r(x)  <  7r(P), 

we  must  have  the  sign  of  equality  throughout,  which  proves  that  both  x 
and  TT  are  continuous  at  P. 

To  prove  the  second  part  of  the  theorem,  we  proceed  as  follows. 

Suppose,  if  possible,  that  there  were  a  common  point  of  continuity  of 
the  peak  and  chasm  functions  at  which  the  peak  and  chasm  functions 
were  not  equal,  let  this  point  be  P,  then 

9r(P)>x(P),  (1) 

by  Theorem  1. 

By  the  sense  of  this  equation  7r(P)  cannot  be  —  oo,  nor  x(^)+°^  I 
therefore  we  can  find  two  numbers  a  and  jS,  such  that 

XiP)<l3,     a<7r(P);  (2) 


*  The  more  specialised  results  denoted  by  Theorem  5a  and  5b  loe,  dt. ,  are  not  given  here ; 
they  hold,  of  coarse,  and  the  proofs  only  require  the  change  of  ^  into  t. 

The  correlative  of  Theorem  6,  viz.,  the  points,  if  any,  at  which  />  t  are  countable, 
follows,  of  course,  at  once  from  our  Theorem  1 ,  ueing  the  results  of  the  former  paper.  This  was 
already  referred  to  in  the  footnote  on  p.  34. 
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further  we  can  so  choose  these  numbers  that 

^<a.  (3> 

Since  P  is  a  common  point  of  continuity  of  the  peak  and  chasm  functions^ 
we  can  find  a  whole  interval  {A,  B),  at  every  internal  point  x  of  which 

X(x)<i8,        a<7r(:r),  (4> 

the  point  P  being  internal  to  this  interval. 

From  the  definition  of  the  peak  function,  it  now  follows  from  (2)  that 
we  -can  find  a  point  Q  in  {A,  B),  such  that 

a<MQ; 

and  therefore  we  can  find  a  value  n^  of  n,  greater  than  any  assigned 
integer,  such  that  ^  ,, 

a  <  Mn„  Q. 

Since  JIfn,,  q  is  the  upper  limit  of  the  values  of /n,(a:)  in  the  interval  (P,  Q), 

there  is  certainly  a  point  of  this  interval  where  fmix)  >  a;  hence,  since 

fm  is  continuous,  there  is  a  whole  interval  {Ai,  Bi)  internal  to  (Ay  B),  at 

every  point  x  of  which  ^  /►  /  %  /c\ 

^^  a<fn,{x),  (5> 

while,  of  course,  the  relations  (4)  hold  throughout  the  interval. 

By  precisely  the  same  argument,  using  x  instead  of  tt,  and  inter- 
changing the  signs  >  and  <,  we  shew  that  there  is  an  interval  (A'u  Bi> 
inside  (A,  B),  such  that  at  every  point  x  of  it 

Uix)<l3,  (6> 

n'l  being  also  an  integer  greater  than  the  assigned  integer. 

We  now  take  the  interval  (Ai,  B^  and  shew,  by  the  same  argument,, 
that  there  is  inside  it  an  interval  {A'^y  B'z)  at  every  point  of  which 

fn'AxXfi, 

ni  being  a  certain  integer  greater  than  n^. 

Similarly,  inside  this  we  get  an  interval  (^g,  B^,  at  every  point  of 
which  ^  i-   /  X 

Proceeding  thus  we  get  a  countably  infinite  set  of  intervals,  each 
lying  inside  the  preceding, 

Ui,jBi),  u;,jb;),  ^8,^8),  ui,^:), ..., 

and  a  corresponding  series  of  constantly  increasing  integers 

7lx,    712,    ^hf    ^**    •••» 
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such  that  for  the  intervals  and  integers  denoted  by  dashed  letters  we  have 
relations  of  the  form  (6),  and  for  the  others  of  the  form  (5). 

Now,  there  is  at  least  one  point  internal  to  all  these  intervals  and  at 
this  point  we  shall  have  both 

f{x)  =  Lt  /n/rc)  >  a, 

and,  using  (3),  f{x)  =  Lt  f^'^{x)  <fi<a, 

which  is  impossible,  f{x)  being,  by  hypothesis,  determinate.  Thus  the 
supposition  made  at  the  beginning  is  untenable,  which,  by  a  redticiio  ad 
absurdum,  proves  the  theorem. 

Cor.  1. — ThefnS  being  continuous,  t fie  points  at  which 

Tr>  X 

form  a  set  of  the  first  category  ;  in  other  words,  tJie  points  of  non- 
uniform convergence  and  divergence  form  a  set  of  tlie  first  category  ; 
this  set  is  none  other  than  the  set  of  points  at  which  one  at  least  of  the 
functions  x  ^^^  "^  is  discontinuous,  and  is  therefore  an  ordinary  outer 
limiting  set.* 

It  should  be  noted  that  in  an  interval  in  which  there  are  no  points 
of  uniform  divergence,  ir  =  x  ^^  ^  ^^^^^  function  whose  zeros  are  its 
points  of  continuity  and  are  the  points  of  uniform  convergence  of  the 
series  in  that  interval. 

Cor.  2. — In  an  interval  throughout  tohich  tJie  series  converges,  the 
points  at  which 

TT  =  +  00 

form  a  closed  set  notvhere  dense ;    tJie  same  is  true  of  the  points  at  which 

X  =  — oo. 

First,  either  of  these  sets  must  be  closed  because  the  peak  function  is 
upper  semi-continuous  and  the  chasm  function  is  lower  semi-continuous. t 
Hence,  unless  nowhere  dense,  either  of  these  sets  would  fill  up  an  interval, 
and  therefore  throughout  that  interval  ir  would  be  greater  than  f  or  f 
greater  than  x>  ^hat  is,  in  either  contingency  x  would  be  greater  than  x 
throughout  that  interval,  contrary  to  Cor.  1. 


*  That  is,  the  outer  limiting  set  of  a  Reries  of  closed  sets, 
t  See  my  paper  in  the  Qtuti-ttrly  Journal  already  cited. 
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15.  Theorem  11. — Th^  points  of  uniform  divergence  of  a  series  of 
continuous  functions  fomi  an  inner  limiting  set. 

At  a  point  of  uniform  divergence  either 

X  =  'T=  +  Qo     or     x  =  x=  —  00. 

Consider  the  first  of  these  sets ;  since  x  ^^  ^  lower  semi-continuous 
function,  the  points  x  =  +  Qo  form  an  inner  limiting  set.*     But,  if 

X  =  +  GO,  TT  =  +  oo; 

since  ''t  ^  X' 

Thus  the  first  set  is  an  inner  limiting  set ;  similarly,  the  second  set  is 
an  inner  limiting  set,  and  therefore  the  sum  of  the  two  sets  is  an  inner 
limiting  set. 

Cor. — If  a  series  of  continuous  functions  diverges  at  a  set  of  points 
dense  everywhere  hi  an  interval,  it  dii^erges  uniformly  at  points  which 
form  a  set  of  the  second  category. 

16.  In  §  18  it  was  proved  that  the  points  at  which  there  can  be 
a  distinction  of  right  and  left  with  respect  to  non-uniform  convergence 
are  at  most  countable.  It  remains  to  shew,  by  an  example,  that  this  is 
the  utmost  that  can  be  said.  In  the  one  we  proceed  to  give,  it  will  be 
noticed  that  all  four  peak  and  chasm  functions  are  different  from  one 
another  and  from  /  at  every  point  of  a  countable  set  which  is  everywhere 
dense  in  the  segment  (0,  1). 

Ex. — Let  us  construct  the  continuous  function  /»  as  follows : — 
Divide  the  segment  (0,  1)  of  the  x-axis  into  ten  parts.  At  the  first 
point  of  division,  let  the  value  assigned  to  /i  be  any  chosen  quantity  Aq  ; 
at  the  second  point  of  division  '2,  let  the  value  be  any  chosen  quantity 
Bq  ;  at  the  last  point  of  division  '9,  let  the  value  be  any  chosen  quantity 
A I ;  and  at  '8,  any  chosen  quantity  Bi.  At  the  remaining  points  of 
division  the  values  assigned  are  as  follows : — At  '5  the  value  of  /i  is  '5, 
and  this  value  will  remain  fixed  for  every /«  ;  at  '3  it  is  *8 ;  at  '4  it  is  '2  ; 
at  '6  it  is  '4  ;  at  '7  it  is  '6. 

We  then  draw  a  polygonal  line  starting  from  the  point  (0,  0)  and 
passing  in  order  from  left  to  right  through  the  points  whose  ordinates 
are  the  values  of  fi  at  the  points  of  division,  and  ending  at  the  point 

*  X«r.  #i/.  in  the  prooeding  note. 
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(1,  1) ;  in  the  figure,  the  first  two  and  the  last  two  straight  lines  are  not 
drawn ;  the  values  of  the  A's  and  J3*s  may  be  such  that  they  do  not  lie 
entirely  within  the  square.     The  equation  to  this  polygonal  line  is  to  be 

y  =  A(^)' 


•8  - 


•4  - 


•2  - 


0    -1     -2 


Everywhere  outside  the  interval  (0,  1),  /i  is  to  be  zero.  We  may  con- 
veniently write  symbolically 

Mx)  =  Fix;  0,1;  A^,  B^,  A^,  B^), 

and  a  function  constructed  on  the  same  principle,  but  to  a  different  scale, 
the  interval  being  (a,  b)  instead  of  (0,  1),  and  the  left-hand  bottom  corner 
of  the  square  the  point  (a,  a)  instead  of  (0,  0),  will  be  denoted  by 

F(x;  a,b;  Aa,  Ba,  Ab,  Bt). 

The  function  /s  is  now  the  sum  of  two  such  functions,  corresponding 
to  the  two  halves  of  the  interval  (0, 1),  which  determined  /j.  The  quantities 
Aq,  Bq,  a  I,  Bi  are  those  used  in  constructing  fi ;  the  quantities  A -6,  B-^ 
corresponding  to  each  interval  are  determined  by  the  values  assigned  at 
the  four  points  of  division  nearest  to  '6  in  constructing  /i ;   we  have,  in 

^*^^'  /a  =  F(0,  -5 ;  A^,  B,,  %  'S)+F{'5, 1 ;  %  %  A^,  B^. 

In  each  half  interval  we  now  repeat  the  construction,  and  so  get  /s  defined, 
and  then  /4,  and  so  all  the  fnS  in  succession.  The  value  of  fn  at  the 
point  i  will  then  always  be  ^,  and  the  corresponding  peaks  and  chasms 
will  always  be  '8  and  *2  on  the  left  and  '6  and  *4  on  the  right     Thus 
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/  will  be  J  at  the  point  i,  ttl  will  be  '8,  xl  will  be  '2,  itr  will  be  '6,  and 
Xr  will  be  '4. 

The  mode  of  construction  shews  that  the  same  will  be  true  with 
di£ferent  numbers  at  all  the  rational  points  whose  denominators  are 
ix)wers  of  2.  The  diflference  between  any  two  of  the  five  functions  at 
any  point  is  the  same  as  the  same  difference  at  any  other  point  with  the 
same  power  of  2  as  denominator,  while  this  difference  is  halved  when  the 
power  of  2  is  increased  by  1 ;  the  value  of  the  limiting  function  /  at 
any  such  point  x  will  then  itself  be  x. 

If  X  be  any  number  other  than  one  of  the  fractions  whose  denom- 
inators are  powers  of  10,  it  follows  therefore  that  the  values  of  the  peak 
and  chasm  functions  corresponding  to  the  end-points  of  the  interval  (a,  6), 
to  which  X  is  internal  at  each  successive  stage,  will  differ  by  less  and  less 
and  have  the  same  limiting  values.  In  other  words,  the  segments  of  the 
broken  line  /«  corresponding  to  this  interval  will  become  shorter  and 
shorter  without  limit.  Taking,  therefore,  any  little  interval  with  our 
point  X  as  end-point,  the  upper  and  lower  limits  of  /»  will  more  and 
more  nearly  coincide  the  greater  n  is,  and  this  will  be  still  more  so  the 
smaller  the  little  interval ;  there  is  no  positive  lower  limit  to  this  limit, 
hence  the  peak  and  chasm  functions  at  x  coincide  at  x.  Thus  x  is  a 
point  of  uniform  convergence  of  the  series,  and  therefore  a  point  of 
continuity  of  the  limiting  function  /;     it  follows  that  throughout  the 

interval  (0,  1)  considered  .,  , 

f{x)  =  X, 

17.  We  now  proceed  to  give  examples  showing  that  the  results 
obtained  in  Cor.  2  of  §  14  are  the  utmost  that  can  be  stated  with  regard 
to  the  points  in  question.  We  content  ourselves  with  giving  a  series 
for  which  ttl  and  tth  are  both  -f  oo  and  xx  and  x«  ^oth  —  oo  at  any 
arbitrarily  selected  closed  set  of  points  nowhere  dense.  It  is  at  once 
obvious  how  the  construction  may  be  modified  so  as  to  give  a  series  foi* 
which  x>  for  example,  is  everywhere  finite  and  ir  everywhere  infinite 
at  the  points  of  such  a  set. 

Ex.  2. — We  only  need  to  shew  how  to  construct  a  function  uniformly 
convergent  throughout  an  open  interval  and  having  at  both  end-points 

/n  having  at  the  end-points  any  the  same  assigned  value  which  has  a 
definite  limit  as  n  increases  indefinitely. 

If  we  can  do  this,  we  can  do  it  for  every  black  interval  of  any  given 
closed  set ;   we  can  then  ascribe  to  /»  the  above  selected  value  at  every 

8EB.    '1.      VOL.    6.      NO.    978.  E 
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remaining  point  of  the  closed  set.  We  thus  have  a  series  of  continuous 
functions  defined  for  the  whole  segment  whose  peak  and  chasm  functions 
are  respectively  +  oo  and  —  oo  at  every  end-point  of  a  black  interval,  and 
therefore  at  all  the  limiting  points  of  the  set  of  these  end-points,  that 
is,  at  all  the  points  of  the  given  closed  set.  In  this  example,  /  will  be 
usually  discontinuous,  but  it  is  easy  to  arrange  it  otherwise  if  we  please. 
Take  the  interval  (0,  1)  and  let 

-   n'X'\'n 

^"^  ""  l+n(na:+l)^ 

from  0  to  J  both  inclusive,  while  from  J  to  1  we  use  the  same  expression, 
changing  x  into  (1— a;). 

Here  /  is  zero  except  at  the  extremities  of  the  interval  where  it  is 
unity. 

Or,  again,  put  .   __      n^X'\'n^ 


from  0  to  J  both  inclusive,  while  from  \  to  1  we  use  again  the  same 
expression,  changing  x  to  (1— a;). 

Here  /  is  always  zero,  and  therefore  continuous.  At  the  ends  of 
the  interval  the  peak  and  chasm  functions  are  in  both  cases  +  oo  and  —  oo 
respectively. 

18.  Can  TT  =  +00  throughout  an  interval  ? 

If  so,  the  series  must,  as  we  have  seen,  be  divergent  at  a  set  of 
points  dense  everywhere  in  that  interval.  With  this  proviso  it  is  easy 
to  construct  such  a  series.  Such  a  series,  for  example,  is  that  given 
by  Borel,*  . 


where  7'i,  rg,  ...  are  the  distances,  taken  positively,  of  the  point  x  from 
the  rational  points  of  the  segment  (0,  1)  arranged  in  countable  order, 
and  the  A'q  are  constants  suitably  chosen,  viz.,  in  such  a  way  that  the 
series  whose  general  term  is  An  converges. 

Notice   further   that   it   follows   from    Theorem    11    that   this   series 
diverges  uniformly  at  a  set  of  the  second  category. 

19.  For  the  sake  of  completeness  we  shew  how  to  form  a  series  in 
which  the  peak  and  chasm  functions  as  well  as  the  limiting  functions  arc 


•  Borel,  Comptes  Jietidues,  Vol.  oxvni.,  p.  540 ;   Schoenflies's  Bei-icht,  p.  243.     See  alao  my 
paper  in  the  M$99enger  of  Mathematie*,  Vol.  xxxvn.,  **  On  a  New  Proof  of  a  Theorem  of  Baire's." 
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all  infinite,  say  =  +  oo ,  throughout  an  intei*val,  so  that  the  series 
diverges  uniformly  at  every  point  of  the  interval.  We  have  merely  to 
take  any  series  which  converges  uniformly  to  zero  positively,  say 

the  required  series  is  Po+  'h "+-••. » 

where  Vn  = : j , -r — -r — -7- — . 

We  content  ourselves  with  the  examples  ah-eady  given ;  it  is  not  difficult 
to  construct  others  illustrating  more  fully  the  various  theorems  above 
given ;  for  instance,  the  fundamental  one  with  respect  to  the  distinction 
of  right  and  left.  Thus  we  could  arrange  that  the  series  diverges  uni- 
formly on  the  right  and  non-uniformly  on  the  left  at  every  point  of  a 
countable  set  nowhere  dense. 

20.  All  these  theorems  still  hold  mutatis  mutandis  if  we  consider  the 
behaviour  of  the  series  at  points  of  a  perfect  set  of  points  contained  in 
the  segment  in  which  the  functions  are  defined,  instead  of  at  all  th(3 
points  of  that  segment  itself.  We  shall  have,  of  course,  to  replace  "  uni- 
form convergence  at  a  point  "  by  "  uniform  convergence  at  a  point  with 
respect  to  the  perfect  set."  The  new  peak  and  chasm  functions  relative 
to  the  perfect  set  wall  be  obtained  by  letting  the  variable  point  Q  describe 
not  the  continuum,  but  the  perfect  set  in  the  neighbourhood  of  a  point  P 
of  the  set. 

Thus,  for  instance,  the  new  and  extended  form  of  Theorem  10  gives 
us  the  following  statement : — 

The/nS  being  continuous^  the  series  is  only  pointwise  non-uniformly 
convergent  {including  divergent)  with  respect  to  every  perfect  set. 

Using  the  result  of  §  5  relative  to  a  perfect  set,  this  includes  Baire's 
theorem  that  the  limiting  function  f  of  a  series  of  continuous  f mictions 
/»  is  only  pointwise  discontinuous  with  respect  to  every  perfect  set. 


E   2 
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NODAL  CUBICR  THKOUGH  EIGHT  GIVEN  POINTS 
By  J.  E.  Wright. 

[Keceived  Augiust  Ist,  1907.— Read  Norember  14th,  1907.] 

In  the  pencil  of  cubics  that  passes  through  eight  given  points  there 
are  in  general  twelve  with  nodes.  In  certain  special  cases  there  may  be 
two  or  more  on  one  particular  cubic  of  the  pencil,  and  then  that  one  is 
reducible.  If,  for  instance,  two  lie  on  the  same  cubic,  that  cubic  consists 
of  a  straight  line  and  a  conic.  In  other  cases  the  number  of  nodal 
cubics  may  be  reduced,  due  to  coincidences  of  nodes.  We  wish  to  con- 
sider particularly  the  general  pencil  from  which  these  particular  cases 
are  excluded.  The  questions  with  which  we  are  concerned  as  regards 
their  nodes  are  those  of  analysis  situs ;  if  a  certain  number  of  the  eight 
points  are  real,  we  wish  to  know  how  many  of  the  nodes  are  real  cru- 
nodes,  how  many  real  acnodes,  and  how  many  imaginary.  The  case 
that  lends  itself  most  easily  to  algebraic  treatment  is  that  where  all  the 
eight  base  points,  and  therefore  the  ninth,  are  real,  but  it  will  be  obvious 
from  the  first  portion  of  the  paper  that  pure  algebra  involves  too 
heavy  work  for  one  to  hope  for  much  progress  along  that  line.  The 
results  obtained  are  got  by  first  mapping  the  plane  containing  the  cubics 
on  a  cubic  surface  in  space,  by  then  projecting  this  cubic  surface  on  a 
plane  from  a  point  on  it,  and  finally  by  consideration  of  the  tangents  of 
the  quartic  thus  obtained. 

First,  however,  we  consider  a  purely  algebraic  method  in  the  case  when 
the  nine  base  points  are  real.  Assume  in  this  case  that  the  vertices  of 
the  fundamental  triangle  are  nodes  of  three  of  the  nodal  cubics  through 
nme  real  points.     These  cubics  are 

Ci  =  {aQay^a^a^yzf-^^ibQhj^L^yzfx  =  0, 

C,  =  {a,a\aU',X^xf+^  {h',h\h[,X^xf  y  =  0, 

C,  =(a»:;a;X-^//)«+8  {b'Xb[^xyfz  =  0, 

and  since  they  have  nine  points  common  we  may  take,  without  loss  of 
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It  is  immediately  clear  from  this  condition  that  if  we  write 
P  =  x{a^x+biy+Ciz)+niiyz, 
Q  =  y  {a2X+b2y+C2z)+vi2Zx, 
R  =  z  {a^X'\'b^y'\'C:^z)+m^xy, 
and  if  we  change  the  notation,  we  may  write  Cj,  Cj,  Cg,  in  the  form 

Ci  =  yQ—zR,       C2  =  zR—xP,       Cq  =  xP—yQ. 
At  a  common  point  of  Ci,  (7.>,  C3,  we  have 

.rP  =  yQ  =  zR. 

We  assume  that  this  point  {x,  y,  z)  is  not  on  a  side  of  the  fundamental 

triangle,  and  write  r»        /-^         t>      ^ 

°  xP  =  yQ  =  zR  =  Xxijz. 

The  value  of  X  is  then  determined  by  eliminating  x,  y,  z  from  P  =  Xyz, 
Q  =  Xzx,  R  =  Xxy  and  solving  the  equation  thus  obtained.  This  equa- 
tion is  of  the  ninth  order  and  to  a  real  value  of  X  corresponds  a  real  point 
{x,  y,  z)  and  to  a  real  point  (x,  y,  z)  a  real  value  of  X.  Hence,  if  all  the 
intersections  of  Ci,  Cg,  Cg  are  real,  all  the  roots  of  the  equation  in  X  are 
real.     We  proceed  to  find  this  equation. 

Firstly,               x{aiX+hy^y'\'C^z)'\'{m^—X)yz  =  0,  (1) 

y  {aoX+K2y+c.2z)  +  {ni^—\)  zx  =  0,  (2) 

z  ifl^x+b^y+c^z)'\'{m^—\)xy  =  0.  (3) 

From  (2)  and  (8), 

{(i2X-\-b^y'\'Cc^z){a^x+b^y+c^z)  =  {m^—X)(mQ—\)x\  (-4) 

and  there  are  two  equations  similar  to  this. 

Write  7/ii— X  =  Xj,  ...,  and  assume  mi+m^+7n^  —  0.     This  assump- 
tion involves  no  loss  of  generality.     (4)  becomes 

{a^a^--\\^  x^+b2bQy^+C2C<iZ^+(b2C^+b^c^  yz+ic^aQ+CQa^  zx 

+(«2*3+«8i^a)ajy  =  0. 
By  means  of  (2)  and  (8)  this  may  be  reduced  to 

(a^a^-—\\^x^—b^\zx'-C2Xsxy+{b.2CQ--'bQCi^yz+CQa2Zx+a^b2xy  =  0, 
or,  from  (1), 
(OaOa— XgXg)  J  ~   i^^""  i-^^""^i^^    —(6gX2—c'8a2)^-^—(c2X8— 0363)2:// 

+(b2C3—bQC^yz  =  0, 
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or  {(a2^3— ^2^a)^i— (*2^'8— ^fl^2)«il  V^ 

+  {(«2«3  — \2^3)*l+«l(<^2^8  — «362)f  ^.V  =  0. 

From  this  and  two  similar  equations  we  have  a  three  row  determinant 
equated  to  zero  as  the  equation  for  X,  by  eliminating  yz,  zx,  xy. 
This  equation  when  multiplied  out  is 

+ terms  involving  X®  and  lower  powers  of  X  =  0, 
or  X^+  {^{vi^viQ-\'m^ini'\'miVi^—^{a2a^'\'h^bi'\'CiC^  \  X'' 

+ lower  powers  of  X  =  0. 
Since  this  equation  has  all  its  roots  real,  by  Sturm's  theorem 

3(7/i2^*8H"''^''hH"^h^^2^"~*'^(^2^3+^3^iH"^i^2)  18  nogativo. 

Now  Ci  =  y^  {a2X+boy+C2z)—z^{asX+bsy+CQz)  +  {ni2—m^)xyz  =  0 

has  a  crunode  or  an  acnode  at  y  =  0,  z  =:  0,  according  as  (w^—^n^^  is 
greater  or  less  than  —4^2  as-  If  the  three  nodes  considered  are  all 
acnodes 

(m2'-m^^+{ttiQ—inif+(:»7ii—77i^^  is  <  —  4:ia2aQ+b^bi+CiC^. 
Now  2(w2— t/Ib)^  =  22ml— 2277i2m3  =  2(27;^i)^— 62^2?%  =  —  G^Zm^m^. 
Hence  for  three  acnodes 

327722 W3  is  >  2(aoaQ+b^bi+CiC^. 

But  this  is  impossible,  by  the  result  just  obtained.  Hence  there  cannot 
be  more  than  two  real  acnodes.     We  therefore  have  the  theorem — 

If  a  pencil  of  cubics  have  nine  real  points  common,  it  cannot  in- 
elude  more  than  tivo  acnodal  ciibics. 

As  further  progress  on  these  lines  seems  difficult,  we  start  afresh  and 
consider  four  independent  cubics  through  six  of  the  points.  We  use 
Clebsch's  transformation*  by  means  of  the  linear  system  thus  determined, 
that  is  to  say,  if  Cj,  Ca,  C3,  C^  are  the  four  independent  cubics  we  take 
coordinates  in  space  Xi,  X2,  Xf^,  x^  proportional  to  Cj,  C.,,  Cg,  C^. 

The  points  in  the  plane  are  now  mapped  on  a  cubic  surface  in  space, 
and  the  correspondence  between  the  two  is  (1,  1)  and  is  real.  The 
correspondence  breaks  down  for  each  of  the  six  base  points,  and  each  of 


*  Clebsch,  CreiU's  Journal,  Vol.  lxv.  (1860),  p.  359. 
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these  corresponds  to  a  real  straight  line  on  the  surface.  The  other  21 
lines  on  the  surface  are  in  this  case  all  real,  and  six.  of  them  correspond 
to  the  six  conies  through  five  of  the  six  base  points.  The  remaining  15 
correspond  to  the  15  lines  joining  the  six  points  in  paks.  If  2,  4,  or  6 
of  the  base  points  are  pairs  of  conjugate  imaginaries,  the  correspondence 
exists  as  before,  and  in  these  cases  it  is  clear  that  the  cubic  surface  has 
on  it  15,  7,  or  8  real  straight  lines  respectively.  Further,  if  any  non- 
singular  cubic  surface  is  given,  a  real  transformation  of  this  kind  can 
always  be  found  between  it  and  a  plane,  provided  the  surface  contains 
two  real  non -intersecting  straight  lines.  The  only  case  of  failure  arises 
therefore  when  all  the  real  straight  lines  on  the  surface  lie  in  a  plane. 
This  case  can  only  occur  when  there  are  not  more  than  three  such  lines 
and  these  lie  in  a  plane.  Hence  incidentally  we  see  that  of  the  lines  on 
a  cubic  surface  either  27,  15.  7,  or  3  or  less  are  real.  It  is  clear  that  in 
the  cases  where  the  correspondence  can  be  established  the  cubic  surface 
has  only  one  sheet  (is  unipartite)  for  the  correspondence  with  the  plane 
is  (1, 1)  and  is  real.  13ut,  obviously,  bipartite  cubic  surfaces  can  exist, 
and  hence  if  such  a  surface  be  bipartite  it  can  have  at  most  three 
real  lines  on  it  and  these  must  lie  in  a  plane.  There  are,  of  course,  some 
surfaces  with  only  three  lines  on  them,  lying  in  a  plane,  for  which  the 
correspondence  exists,  and  these  are  unipartite.  It  does  not  follow  that 
the  correspondence  can  be  established  for  every  such  unipartite  surface. 
[This  is,  however,  true. — January  Ath,  1908.] 

Now  consider  any  cubic  of  the  pencil.  It  corresponds  to  a  section  of 
the  cubic  surface  by  a  plane.  Two  cubics  intersect  in  three  points  outside 
the  base  points,  and  these  clearly  correspond  to  the  three  points  in  which 
the  common  line  of  the  two  planes  in  space  meets  the  cubic  surface. 
Hence  the  pencil  of  cubics  through  nine  real  points  corresponds  to  sections 
of  the  surface  by  planes  through  a  line  which  meets  the  surface  in  three 
real  points.  If  only  seven  base  points  are  real  the  correspondence  is  of 
the  same  kind,  except  that  the  axis  of  the  planes  meets  the  surface  in  one 
real  point. 

Now,  take  one  of  the  three  points  on  the  axis  and  project  the  surface 
on  to  any  plane.  The  result  will  be  that  the  plane  is  dinded  into  portions, 
for  one  of  which  all  projectors  meet  the  surface  in  two  other  real  points, 
while  for  the  remainder  the  projectors  meet  the  surface  in  no  other  real 
ix>ints. 

The  bounding  curve  is  known  to  be  a  quartic.  Now  consider  any  nodal 
cabic  in  the  original  plane.  It  is  clear  from  the  nature  of  the  corre- 
spondence that  the  plane  section  of  the  cubic  surface  will  also  be  a  nodal 
cubic,  and  further  that  a  crunodal  cubic  will  give  a  crunodal  cubic,  and  an 
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acnodal  an  acnodal.  The  nodal  cubics  thus  correspond  to  the  tangent 
planes  through  the  given  line,  and  thus  finally  to  tangents  to  the  quartic 
through  a  given  point.  Now  the  lines  on  the  cubic  surface  are  known  to 
be  double  tangents  of  the  quartic,  and  there  is  one  other  which  is  always 
real.  Further,  a  quartic  curve  possesses  four  and  only  four  double  tan- 
gents called  by  Zeuthen  of  the  first  kind,  and  the  remainder  are  of  the 
second  kind.  Those  of  the  second  kind  touch  two  different  branches  of 
the  quartic,  and  have,  of  course,  real  contacts.  The  four  of  the  first  kind 
either  have  imaginary  contacts  or  their  two  contacts  are  on  the  same 
branch  of  the  quartic.  Now  each  pair  of  external  ovals  of  the  quartic 
gives  rise  to  four  double  tangents  of  the  second  kind,  and  hence  the 
quartic  has  1,  2,  8,  or  4  external  ovals  according  as  the  cubic  surface  has 
8,  7,  15,  or  27  real  lines  on  it.  Hence  in  the  case  we  are  considering  at 
present  the  quartic  has  four  ovals,  all  external.  Hence,  if  we  imagine  an 
eye  placed  at  the  centre  of  projection  of  the  cubic  surface,  the  surface  will 
appear  to  have  four  holes  through  it.  If  one  hole  be  that  given,  a  tangent 
plane  such  as  a  will  obviously  give  rise  to  a  crunodal  section,  whilst  one 


such  as  b  will  give  rise  to  an  acnodal  section.     Also  the  point  of  intersection 
of  the  tangents  is  certainly  in  the  region  external  to  the  four  ovals. 

The  following  results  are  immediately  obvious  : — 

(1)  There  are  eight  tangents  of  the  type  a,  two  to  each  oval. 

(2)  There  may  be  one  or  two  tangents  of  the  type  6,  but  in  this  case 
the  quartic  must  have  at  least  two  or  four  inflexions. 

(8)  Each  tangent  of  the  type  b  carries  an  additional  tangent  of  the 
type  a,  for  then  four  tangents  may  be  drawn  from  the  point  to  that  oval. 

(4)  As  there  cannot  be  more  than  twelve  tangents  altogether,  there 
cannot  be  more  than  two  of  the  type  b. 

The  case  when  the  axis  of  the  planes  meets  the  cubic  surface  in  one 
real  point  may  be  similarly  discussed.     In  this  case  the  point  from  which 
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the  tangents  to  the  quartic  are  drawn  is  inside  one  of  the  ovals.     The 
cases  now  are — 

(6)  Six  of  type  a. 

(6)  One  of  type  b  and  seven  of  type  a. 

(7)  Two  of  type  b  and  eight  of  type  a,  and  this  case  implies  the 
existence  of  two  inflexions  on  the  oval  in  which  the  point  lies. 

(8)  Possibly  three  of  type  b  and  nine  of  type  a,  and  the  existence  of 
four  inflexions  is  implied  on  the  oval  in  which  the  point  lies. 

By  taking  two  of  the  six  original  base  points  as  a  pair  of  conjugate 
imaginaries  we  may  treat  this  case  by  means  of  a  quartic  with  three  ovals 
and  a  point  external  to  them.  In  a  similar  manner  we  may  deal  with 
cases  where  4,  6,  or  8  of  the  intersections  of  a  pencil  of  cubics  are 
imaginary,  by  means  of  quartics  with  three,  two,  or  one  external  ovals, 
and  we  have  the  following  final  results. 

Let  B  denote  the  number  of  real  base  points,  C  the  number  of  real 
cmnodes,  A  the  number  of  real  acnodes,  then 

(i.)  C-A=B-1. 

(ii.)  If  B  is  9,  A  may  be  1  or  2. 

(iii.)  If  B  is  >  1,  tJie  question  is  exactly  the  same  as  that  of  the 
number  of  real  tangents  that  may  he  drawn  to  a  qu^irtic  with 
2,  8,  or  4  ovah. 

(iv.)  If  B  =  1,  the  number  of  real  crunodes  is  equ^l  to  the  number  of 
real  acnodes,  but  we  cannot  give  an  upper  or  lower  limit  to 
the  number  by  this  m^tlwd^ 

The  correspondence  established  leads  to  some  other  results.  We  see 
that  if  two  of  the  nine  base  points  of  two  cubics  coincide,  we  have  a  point 
on  the  quartic  as  the  point  from  which  tangents  are  drawn,  and  it  follows 
that  the  node  at  the  double  base  point  counts  for  two  in  the  twelve. 
Farther,  a  cusp  arises  for  an  inflexional  tangent,  and  therefore  a  cusp 
counts  for  two  of  the  twelve  nodes.  It  is  also  clear  that  a  cusp  arises 
from  the  coincidence  of  a  crunode  and  an  acnode. 

[Added  January  4:th,  1908. — In  view  of  the  addition  on  p.  56,  it  is 
clear  that,  if  22  =  1,  the  possible  number  of  real  double  points  is  the  same 
as  the  possible  number  of  real  tangents  that  can  be  drawn  to  a  quartic 
consiBting  of  a  single  oval,  from  a  point  inside  that  oval.] 
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VARIOUS  EXTENSIONS  OF  ABEL'S  LEMMA 
Brj  T.  J.  Vk.  Bromwich. 

[Received  June  5th,  1907.— Read  June  13th,  1907.] 

The  foUowiug  paper  contains  a  collection  of  various  inequalities  which 
are  all,  in  a  certain  sense,  extensions  of  Abel's  lemma,  that  if  the  sequence 
of  factors  {v^  is  real,  positive  and  decreasing,  then 

V 
hVi  <  2  UnVa  <  Ht\, 

1 

where  jEZ",  h  are  the  upper  and  lower  limits  of 

as  n  varies  from  1  to  j;. 

These  results  do  not  seem  to  have  been  published  in  a  general  form 
hitherto,  although  no  doubt  special  cases  have  been  used  by  many  authors. 
A  systematic  use  of  them  has  enabled  me  to  shorten  the  proofs  of  a 
number  of  known  theorems  on  limits,  and  to  obtain  various  extensions  of 
such  theorems.  Some  of  these  applications  are  given  in  connexion  with 
each  of  the  inequalities  obtained  below ;  of  these  the  only  actual  novelties 
appear  to  be  the  theorems  on  divergent  series  given  in  §§  1  and  4-7,  and 
some  of  the  results  on  double  series  in  §  5. 

1.  Beal,  Decreasiuf]  Positive  Factors, 

Suppose  that  the  sequence  (y„)  consists  of  positive  terms  only,  and 
iiever  increases,  then  by  the  familiar  transformation  (due  to  Abel)  we  have 

p 

(1)  S  an  Vr^  =  Sl  (^1  —  ^^  +  &2 (^^2  —  ^'s)  +  •  •  •  +  ^v- 1  (»/>- 1  —  «^p)  +  h Vp, 

1 
where  s,,  =  ai+a2+ . . .  +««. 

Let  w  be  any  index  less  than  p  and  take  H,  h  to  denote  the  upper  and 

lower  limits  of  Si,  Sg,  ...,  5w-i>  while  Hm,  h,a  denote  those  of  s^,  Sm+i,  ...,«/,. 

Then  the  sum  on  the  right  of  (1)  is  increased  if  we  put  U  in  place  of 
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Sv  s^,  ...,  Sm-i,  and  H^  in  place  of  s„^,  .9^+1,  ...,  .s-^„   because  all  the  factors 

2?i  — ^2»  ^'2"~^3>  •••»  t^p-i— «V,  ^V  are  positive.     Thus 

p 

2 a» Vn  <  ff  [(^1  —  v^+{v2—v^  +  ..,  +  (r^_i  —  r  J] 

1 

p 
or     2  a«  Vn  <  fl"  (t?! — vj  +  H„  r ,„ . 
1 

By  a  similar  argument  with  regard  to  //,  //„„  we  establish   the  complete 
inequality 

(2)  h  (Vi  —  Vj  +  h„,  Vm  <  2  (la  Va  <  if  (i',  ~  T, J  +  H„  V,.„ 

1 

which  is  the  extejided  form,  of  AbeVs  inequality*     We  get  back  to  Abel's 
result  by  taking  m  =  1. 

▲pplications.— The  inequality  (2)  leadH  at  onco  to  the  csascH  of  chief  practical  interest  of 
the  generalized  form  of  Abel's  theorem  given  by  Mr.  Hardy. t  Suppose,  in  fact,  that  the  factor 
r„  irt  a  function  of  a  Tariable  x,  and  that  «« (x)  tends  to  the  limit  1  as  a:  tends  to  1,  while 
^0  ^  **i  ^  •'j  ^  "•'>  ^or  values  of  x  less  than  1. 

Tlien,  if  2a«  cMivergef  to  a  atim  s,  wu  can  choose  vt  so  that  /*„„  ir„,  lie  between  «  — e,  »  +  €, 
however  small  c  may  be,  and  however  great  p  may  be.     Thus  (2)  leads  to 

h(Vo-v»»)  +  («— «)  i\,  <  2  fl„r„  <  ir(ro— r„,)  +  («  +  €)  r,„. 
u 

Now,  as  ar  tends  to  1,  the  right  and  left  sides  of  the  last  inequality  tend  respectively  to  (»— e)  and 
(*  +  «),  since  t'o  and  v,„  both  tend  to  1 .     We  have  therefore 

«-  €  ^  lim  Ztinf'n  <  lini  2^/„t'„  ^  «  +  *. 

x->l  '->! 

Since  c  is  arbitrarily  small,  these  ineciualities  cannot  be  true  unlesH 

Iim  2  (t„Vn  =  *. 
J-— >.i  •> 

But  when  Son  w  divergent,  m  can  be  found  so  that  A„»  >  N,  however  great  iV"  is  ;  and  so 

2  «,.<„  ^  /<  (t'o— «'«•)  + ^'t'w 

0 

Repeating  the  foregoing  argument  we  see  thiit 

Iim  2tfny>i  ^  -V. 

Henw  Iim  2  rt„t'„  =  »  , 

X— >1    o 

A  result  which  appears  to  be  novel,  although  an  immediate  extension  of  one  due  to  Abel.    \a  a 
simple  example  we  note  that 

-    J-"  -  1       x» 

^  "    ~y  i 1  I 

l+X»  ft     l+X" 


*  If  2a«if „  is  separated  into  two  parU,  from  1  to  m  —  1 ,  and  from  m  to  /?,  Abel's  inequality 
can  be  applied  to  each  part ;  but  the  limitis  obtained  are  not  so  close  as  in  (2). 
+  Proe.  Londm  Math.  Soc.,  Ser.  2,  Vol.  4,  1906,  p.  249  (especially  §3). 
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tend  to  infinity  as  x  tends  to  1.     Of  course  this  oondusion  is  verified  at  once  by  the  obvious 


M    l  +  jj"      *     «         *     ®  \l--r/ 


The  inequality  (2)  can  also  be  used  to  establish  the  oomparison  theorems  for  divergent  series  to 
which  we  shall  be  led  later  (see  }  6). 

There  is  an  inequality  corresponding  to  (2)  in  the  case  of  increasing 
factors,  but  this  seems  to  be  of  less  practical  importance  ;  we  record  the 
result  without  proof  beyond  the  remark  that  the  factors  Vj— Vj,  v^ — v^, 
...,  Vp-i—Vp  are  negative  in  (1).     We  then  find 


1 
In  particular,  with  hm  =  h     and     H^  =  H, 

V 

we  find  Hv^—  (H—h)  Vp<I>  anVn  <  hv^+{H—h)  Vp, 


1 


2.  Inequalities  for  Integrals  carresponding  to  §  1. 

The  analogy  between  Abel's  inequality  and  the  so-called  second  theorevi 
of  the  mean  at  once  suggests  the  following  theorem : — 

If  the  function  v(x)  never  increases  with  x,  but  is  always  positive  in 
an  interval  (a,  6),  then 

(8)     h[v(!OL)'-v  (c)]  H-Act;  (c)<  T  t?  {x)f{x)  dx  ^H[v{a)-v{c)'\+HMc\ 

where  H,  h  jtre  the  upper  and  loiver  limits  of  the  integral 

fix)  dx 


i 


as  $  ranges  from  a  to  c,  while  H^  h  are  those  found  as  $  ranges  from 
e  to  b.  Here  v(a)  and  v{c)  are  used  to  denote  the  limits  via+O)  and 
d(c— 0)  respectively. 

If  the  function  v  (x)  is  supposed  dififerentiable  the  inequality  (8)  is  most 
easily  proved  by  integration  by  parts  (compare  p.  65  below) ;  but,  in  the 
general  case,  the  inequality  can  be  obtained  by  a  simple  modification  of 
Pringsheim's  proof  *  for  the  case  c  =  i. 

Let  the  interval  (a,  b)  be  divided  into  n  sub-intervals  by  inserting 

*  Mxmehener  Sitzungsberiehtef  Bd.  xxx.,  1900,  p.  209. 
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points  Xi,  Xa,  ...,  Xn-i,  and  let  Xq=  a,  Xn  =  b;  write  farther  Vr  =  v (ofO, 
orif  v(x)  is  discontinaoas  at  Xy,  we  take  Vr  as  the  limit*  of  v(x)  9^8  x 
approaches  Xr  from  smaller  values  of  x. 

Then,  if       J=  \v(x)fix)dx,      Jr  =  T''  v  {x)f{x)dx, 
and  Kr  =  \"^*' fix)  dx, 

we  find  /  =   2  Jr, 


r^O 


and  Jr— t^r+i-ffr  =  I      [t?(aj)— Vr+i]/(ic)dx. 

In  the  last  integral  the  bracket  is  positive  and  less  than  t?r— t>r+i,  in 
virtue  of  the  decreasing  property  of  v  {x)  ;  thus 

I  Jr  —  Vr+xKr  \   <  (Vr  — t?r+l)  J  \f{x)  \  dx. 

Consequently  if  jj,  is  the  maximum  value  of 

\^^'\fix)\dx 
for  all  the  sub-intervals,  we  find 


Hence 


n-l 


<  M^o- 


Now,  if  we  take  x^  to  coincide  with  c,  we  see  from  the  inequality  (2) 
of  §  1  that 

h[v{x^)-v{c)]-\-h,v{c)  <  "1^  tv+iA%  <  HIv(x,)-j:{c)']+HcV(c), 

because  ^0+^1+  •  •  •  +  ^r-i  =  (  fix)  dx, 

Cvmsequently  we  have 
//  [v(xi)  -v{c)']+hcv(c)'-fiv  (a)  <J<H  [v(x{)-'V(c)']+HcV  {c)+fiv{a). 


•  That  this  limit  exiBta  follows  from  the  monotonic  property  of  v  (x). 
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Now,  let  all  the  sub-intervals  tend  uniformly  to  zero,  then  /x  also  tends  to 
zero,  provided  that  the  integral 

is  convergent;  and  v{xi)  tends  to  the  limit  i;(a+0),  or  v(a)  in  our  present 
notation.  Then,  since  J  is  independent  of  the  mode  of  choosing  the  sub- 
intervals,  we  find 

hlv(a)-v{c)']+hcv{c)  <  /  <  Hlv{a)-v{c)]+HeV  (c). 

Pringsheim  ha«  shewn,  however,  that  the  abeohite  convergence  of  I    /{x)dx  ia  superftuous ; 

fb 
V  {x)f{x)  dx  will  suffice  to 

In  fact,  under  these  conditions,  wo  can  find  a  Jinite  number  {p)  of  intervals  enclosing  all  the 
discontinuities  of  f{x),  and  such  that  |  Z,  |  <  c  and  |  Zi  |  <  e,  where  /,,,  L',  denote  the 
integrals  oif{x)  and  oif{x)  v  (x)  respectively  taken  over  the  «-th  of  these  intervals. 

For  any  part  of  the  range  (a,  b)  outside  these  p  intervals  we  can  argue  as  above,  and  deduce 
that  the  corresponding  contribution  to  (/— 2t',  ♦  i  iT, )  is  less  than  M<'jh  where  /x  can  be  made  as 
small  as  we  please.     But  for  these  special  intervals,  the  difference  is  numerically  less  than 

1  2r,*iZ  I  +  I  2Zi  I  <  J06  +  1  2roZ,  \  <  pt  {\  +ro), 

and  so  we  arrive  finally  at  the  same  inequality  as  before. 

Applications. — The  arguments  of  {  I  need  no  further  alteration  in  order  to  establish  such 
theorems  as  the  following  : — 

Ifv{x,  t)  in  a  decreasing  function  of  x  {t  >  0)  which  tendn  to  the  limit  X^ast  tends  to  0,  then 

lim  f  V  {X,  t)  f{x)  dx  =  r  fix)  dx, 

if  the  latter  is  convergent.     Aho       lim   [    v{Xy  t)f{x)dx  =  ^  , 

<->o  Jo 


•^r 


f{x)  dx  diverges  to  infinity. 


As  another  ap^ilication,  we  consider  Jordan's  theorem  :♦ — 

Let  v{x)  be  a  function  decreasing^  as  x  increattes  from  a  to  b  ;  and  let  f{x,  t)  he  a  function  of  .r,  f, 
such  that 

(1)  The  integral      [  /(a:,  I)  dx\   <  A",  ichere  |  lies  between  a,  b  and  K  is  indepefident  of'  { 
and  t. 

(2)  The  limit   lim    [  /(J*,  0  ^^^  **  independent  of  I  and  equal  say  to  L,  provided  that  ^  be- 

t— >x  Ja 
longs  to  any  sub-interval  (a'y  ^'),  from  which  a  is  excluded  ;  and  the  c<mvergence  to  the  limit  is  uni- 
form in  the  sub'interval. 


*  Cours  d'Ambjse,  t.  ii.,  2me  ed.,  1894,  p.  228. 

t  By  taking  the  difference  of  two  such  functions  we  pass  at  once  to  Jordan's  function  a 
variation  borftee;  and  since  the  operation  of  subtraction  will  not  affect  the  final  result,  there  is  no 
real  loss  of  generality  in  restricting  the  function  at  the  start. 
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Thm  lim    r  r  {^)f(x,  t)dx^  Lv  (a). 

/ — >»  J  a 

where  v  {a)  de/totes  the  limit  of  r  (x)  a*  x  approaches  a  through  larger  values. 

For,  suppoAe  c  to  be  any  number  greater  than  at,  then  we  have,  from  (3), 

f  v{x)f{x,t)ilx  ^  fi'[r(a)-t'(r)]a.if,p(r)  =  (if- JT,)  [p  («)-r(r)] +^,r(a), 

J  a 

where,  for  brevitj',  we  suppress  the  left-hand  sides  of  the  inequalities. 

Now,  in  virtue  of  condition  (1),  H^He  <  2  A',  and  chooHC  <;  so  as  to  make  2K[i'  (a)~r  (r)]  <  «, 
then,  since  lim  He  «  £,  we  have 

lim    I    r  {x)f(Xy  t)iU  ^  Lv\a)  +  €. 

Similarly  the  other  sides  of  the  inequalities  give 

lini    p  r  [x)  /(a:,  0  dx  ^  Zr  («)-€. 

^— >»    Jrt 

Thus  lim    f  r  {x)f{x,  t)  dx  =  Zr  (a) . 

Clearly  in  the  forejroiug  /{x,  t)  may  be  complex,  since  the  Jirjjrument  can  be  applied  to  the 
real  and  imaginary  parts  separately.     Thus  we  have,  for  example, 

lim  /  \   e-f'dx^    lim   (1 -<•-'*)  =  1,     ami  so      lim   .'  \^  r-*^  r{x)dx  =  r(0),     (^>0). 
(— ^»      Jo  /— >•«  /— >*      Jo 

where  t  is  complex  and  tends  to  infinity  along  any  path  which  makes  its  real  part  tend  to 
positive  infinity  (compare  Picard,  Traite  d*^lnal}/>^r^  t.  ii.,  ler  ed.,  p.  171). 

3.  Complex  Factors. 

If  the  factors  v„  are  complex,  we  assume  (following  Dirichlet)  that  the 

series 

2  \va — r,.  +  i| 
1 

is  convergent.      It   follows  that   the    series    w(r«  — r„+i)   converges,  and 
therefore  Va  tends  to  a  definite  limit  as  n  tends  to  infinity.     Write  then 

Vn  =  { I  y«  — r,.+i  I  +  I  t\-n  — r„+2 1  +...  to  00  ;  -f  Hm  |  i\  \ , 
and  it  follows  that  V,,—  Fn+i  =  I  '',t  — ?'« r  i !  • 

•     Hence  I-^n— T^,  >  j  r„  — <vl ,      iip>tu 

and  so  Vn  ^  | ''«  i , 

by  making  p  tend  to  infinity. 

It  follows  from  (1)  of  S  1  that,  if  a  is  any  number  (real  or  complex) 

IP  I         wi-l  r-1 

where  »;,  fj,n,  are  the  upper  limits  to  |5h— ^J"  I  as  n  ranges  from  1  to  m—1, 
and  from  m  to  p  respectively. 
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Applications. — ^We   can  extend  the  argument   of    the  small  type  on 
p.  59  to  this  case,  provided  that  ^an  is  convergent. 

oo 

For  suppose  that  ^  an'=  (t,  and  that  lim  Vn  =  1,  so  that 
lim  (Fo-FJ  =  lim  \\vq-v^\  +  \v^-v^\  +...+  |t?m-i-«m|  }  =  0. 
Tlien,  if  lim  Fq  is  finite,  we  have 

oo 

lim  2  anVn  =  cr. 

For  we  can  choose  m  so  as  to  make  nvtVi  less  than  e,  and  when  m  is  fixed, 
since  n  is  finite,  we  have      ^^  ^^y^_  F J  =  0  ; 

x->l 

thus  we  find  lim  |  SanVn— o- 1  <  e, 

Jr->1 

which  gives  the  desired  result. 

The  only  fresh  condition  introduced  is  that  lim  Fq  must  be  finite. 

I  1— X  I 
Thus,  for  example,  with  v^  =  x^,  we  find  that  lim  \l — \ — ^"i  must  be  finite, 

x—>\   1       1^1 

which  implies  that  the  path  by  which  x  tends  to  1  must  lie  within  the 
inner  loop  of  a  certain  lima9on. 

For,  if  we  write  x  —  \  ^pe**, 

we  find  from  the  condition  |  1  ~a;  |  ^  A;  { 1  —  |  :t;  1 1     {k>\), 

the  equivalent  form  p  {k-  -  1 )  ^  2A-  (1  —  ^  cos  ^) , 

which  represents  the  inner  loop  of  a  lima^on,  with  a  node  at  p  «■  0  (i.^.,  2; «  1).  Stolz  and 
Gmeiner  have  need  the  lima<^n  Ap  =*  2  (1  —  Ar  cos  <^),  which  is  similar  to  the  above  curve,  but  of 
Hmaller  linear  dimensions. 

In  Pring^heim's  paper*  the  area  used  is  bounded  by  a  circle  and  two  lines  which  intersect  at 
the  point  a:  =  1  ;  it  will  be  seen  that  this  area  falls  within  the  linia(;on. 

Similarly,  if  Vn  =  r"Pn(cos  0), 

it  is  proved  in  my  paper  just  quoted  (see  §  2,  p.  206)  that 
Fo<V(l-2rcose+7^/(l-?-), 

and  so  the  path  of  approach  to  the  point  r  =  1,  0  =  0  must  lie  within  an 
area  of  the  unit-circle  which  is  bounded  in  the  same  way  as  for  a  power- 
series. 


♦  Miinehenei'  Sitzungaberichte^  Bd.  xxxi.,  1901,  p.  514.  Pringsheim's  figure  is  given  alBO  in 
my  paper  (Fig.  1),  on  "  Series  of  Zonal  Harmonics'*  {Proe.  London  Math,  Soc.,  Ser.  2,  Vol.  4, 
1906,  p.  204).    The  lima^on  used  hero  is  drawn  on  p.  211  of  my  book  on  Infinite  Srries, 
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On  the  other  hand,  wlien  Sa»  is  divergent,  xce  cannot  infer  that 

lim  2a»v»  =  oo  . 

jr->l  0 

In  ^Mst  the  argument  of  f  1  obviously  depeucU  on  the  fact  that  Vn  is  real,  and  in  the  simplest 
ease  (9»  »  j:»)  Pringsheim  has  proyed  that,  eyen  when  <?»  is  real  and  positiye  and  !««  diyerges, 
the  limit  may  depend  on  the  path  by  which  x  approaches  1.  Pring^heim  gives  as  an  example 
the  series  obtained  by  rearranging  in  powers  of  *  the  series 

J     J_   )        i._J_.l      _1 .1       i . 

^1(1-j:)5/"        (i_^)i     21  (1-x)^     3I(l-r)« 

If  this  series  is  denoted  by  la^^^y  it  is  clear  that  a^  is  positive ;  and  l/a^  diverges,  because,  if  r 
tends  to  1  along  the  real  axis,  1/(1  —  j:)'  tends  to  infinity,  so  that 

lim  2aN:r"  >- 00      (0<a?<l). 

Now,  since  Or  is  positive,  Ian  must  either  converge  or  diverge  ;  and  if  convergent  we  should 
have,  by  the  familiar  form  of  AbePs  theorem, 

lim  IflH^  =  2«»     (0<'x<l), 

but  this  limit  is  infinity,  so  that  San  must  diverge. 

But  yet,  if  we  write  1  —  x  -  pe*f,  as  above  (p.  64),  we  find 

which  tends  to  zero  with  />,  if  cos  2^  is  negative,  or  if  ^  >  ^. 

It  is  perhaps  natural  to  enquire  if  the  inequality  (4)  cannot  be  modified 
so  as  to  apply  to  a  complex  integral;  in  this  case  the  result  is  obtained 
most  rapidly  by  the  method  of  integration  by  parts.  This  is  permissible 
here  because  the  function  v{x)  is  supposed  analytic  and  v{x)  is  therefore 
differentiable.     If  we  write 

g{z)  =  ^J{x)dx, 

it  follows  that      I  f{x) v {x) dx  =  g (b)  v{b)—\  g {x)  v' (x)  dx, 

and  so  if  His  the  upper  limit  of  \g(x)\  on  the  path  of  integration,  we  have 


ii: 


/(x)  V  {x)  dx 


<HV, 


where  V  =  ^  \v'{.x)\.\dx\  +  \vQ,)\. 

This  method  has  been  recently  used  by  Mr.  Berry*  to  prove  that 


lim 


]-R  X 


♦  MesMnger  of  Mathematiet^  Vol.  xxxvn.,  1907,  p.  61. 
SBR.  2.      VOL.  6.     NO.  979. 
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when  the  path  of  int^n^tion  is  a  aemicirde  joining  the  points  —  H,  R,  and  pasfdng  through  the 
upper  half  of  the  complex  plane. 

In  fact,  if /(a?)  -  ^'  and  v{x)  -  l/x,  we  find  that 

and  I  r  f(x)  rf'  I  -  I   ]  (*"-^^')  I  <  2, 

beoause  |  ^=^1  ^  1, 

HO  that  ir    ^>''f|<2(j!  +  l), 

which  gives  the  desired  result. 

The  same  method  will  g^ye  (for  the  same  path) 

lim    r    ^•>^J*-|^a:  =  0, 

R-^x>}-R         Q{X) 

if  F  {x)  and  Q  {x)  are  polynomials  in  a:  of  which  the  first  is  of  degree  one  les8  than  the  Hooond. 

4.  Inequalities  corresponding  to  those  of  ^  1  for  Double  Series. 

Suppose  that  v^, »  is  a  real  positive  sequence  which  decreases  with 
respect  to  both  indices,  in  the  sense  that 

Vm,  n—Vm+i,  n  >  0,  1%,,,  h" ^w,  «  +  l  >  0, 

Then  it  is  known  that"^ 

p        q  p-l     u-l  /)-l  9-1 

(6)    2     2  a«», ,, r,„. „  =  2     2  A^„.v»+   2  A,„ .%,../+  2  A^^     +5     t?^,^, 

m=l  n=l  iH=l    n  =  l      ^  '  vt    \  »=! 

where  A^,  =  Vin,q—Vm+l,>n  A„  =  r^,^„  —  v,,^n  +  i- 

Here,  using  the  ordinary  geometrical  representation,  Sw,n  denotes  the 
sum  of  all  the  terms  contained  within  a  rectangle  whose  sides  are  m  and  n. 
It  should,  perhaps,  be  remarked  that  (5)  is  an  algebraical  identity,  and 
does  not  depend  on  the  preceding  inequalities. 

Now  suppose  that  for  all  values  of  m  and  n  between  1,  p  and  1,  q  re- 
spectively, the  upper  and  lower  limits  of  s,,,,  u  are  H,  h  ;  then  since  A^.  n. 
Am,  A»,  Vp^q  are  all  positive  it  follows  at  once  from  (5)  that 

P    Q 

(6)  Avi,  1  <  2  2  a,„,  „  v,n,  n  <  Hvi,  1 , 

1    1 

which  is  the  immediate  extension  to  double  series  of  the  ordinary  form  of 
Abel's  lemma.     To  see  that  (6)  is  correct,  we  need  only  note  that  to  put 


•  Hardy,  Piw.  Lotidoti  Math.  Sue.,  Ser.  2,  Vol.  I,  1903,  p.  124  ;  from  the  results  given  there 
it  is  easy  to  infer  the  truth  of  our  inequalities  for  any  number  of  variables  of  summation. 
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««.n  =  fl"  is  equivalent  to  writin^r  H  in  place  of  a,^i  and  0  in  place  of  all 

the  other  a's. 

To  obtain  the  inequality  corresponding  to  (2)  of  §  1,  let  us  suppose 

that  H^,  hy  are  the  upper  and  lower  limits  of  s,^  «  when  m  >  y,  n  >  y  ; 

Hf  h  being  the  upper  and  lower   limits  for  .sv^»  if  eitlier  suffix  is  less 

than  V,     We  then  obtain 

p   '/ 
(7)      h  (t?i.  1— v„,  J+//^tv, ,,  <  2  2  an,,  „  v„, «  <  H  (vi,  i— t?^,  J  +HuVy,  „, 

since,  to  obtain  the  right-hand  side,  we  have  to  write  Hy  for  .s,^, «  if 
m,  n'^Vy  and  otherwise  H.  But  this  is  equivalent  to  writing  ai,  i  =  fl", 
a,.,  „  =  Hy—Hy  which  gives  the  right-hand  side  of  (7).  Similarly  for  the 
left-hand  side. 

It  is  possible  to  extend  (7)  to  complex  factors  by  a  method  similar  to 
that  of  §  8. 

Applications. — Tho  inequality  (7)  enables  us  to  give  a  new  proof  and  extension  of  results 
already  communicated  to  the  Society.* 

Suppofle,  in  fact,  that  the  series  2  2  ai»,  »  is  convergent  in  Pringsheim*s  sense  and  satisfies 

0     0 

the  condition  of  finitude,t  then  if  v„,^  h  is  a  fuuctiou  of  x,  y  which  satisfies  the  inequalities  pre- 
scribed at  the  beginning  of  this  article,  and  tends  to  the  limit  1  as  ;r,  j^  tend  to  1,  we  have 

lim      2  5«,M.»r,„,M  -  *, 

J",  y— ►!      0    o 

where  «  is  Pring^eim*s  sum  of  the  double  series  22^w.  »• 
For,  in  fact,  we  can  find  y,  so  that 

»— €  ^  hy  <  U^  ^  «  +  *, 
and  -C  <  hy        H  <  C, 

by  the  condition  of  finitude. 
Thus  (7)  yields* 

-C(rQ.o-r^J  +  («-«)'V.<2  2a„..HiVH<  '"(ra.o-r^v)  +  (*  +  «)t?^w 

(I    u 

Since  r©,  o  and  r^,  „  both  tend  to  1  as  .r,  y  tend  to  1 ,  we  find 

*-«^    lim     2  2fl«,,„tVM  ^  *-»■•. 
Since  c  is  arbitrarily  small,  these  inequalities  can  only  1)6  true  if 

lim     2  2  (t,n,  u  Vm,  H  =  *. 

X.  y— ^I    0    0 


•  Bromwich  and  Hardy,  Proc.  Loudon  Math.  Soc.,  Ser.  2,  Vol.  2,  1904,  p.  161  (see  J  3, 
p.  164) ;  the  case  di>«cussed  there  is  given  by  writing  Tm^  »  =  sc^i^**  and  supposing  22^m,  »  con- 
vergeut. 

t  So  that  I  *„,,  „  I  <  6',  where  C  is  independent  of  w,  w. 

X  The  convergence  in  Pringsheim^s  sense  of  the  double  ^erie8  22a„i,  nrm.N  follows  fi-om 
Hardy's  paper  quoted  on  p.  66  above,  or  can  be  p:  oved  by  a  direct  application  of  the  inequality  (6) . 

F    2 
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Pass  next  to  the  case  of  divergence,  say  to  +  oo  ;  t^  tcill  be  oMumed  that  the  diverpeme  u  not 
due  to  the  presence  of  any  singly  divei'yent  row  or  column.  Thus,  when  v  is  fixed  we  can  detennine  a 
constant  C„.  such  that 

I  *m,n  I    <    C,. 

provided  that  either  of  w,  w  is  less  than  v  ;  thus,  for  example,  we  may  have  m  increasing  without 
limit,  provided  that  n  <  y. 
Let  v  he  now  found  so  that 

»»M,  n  >  -V,     if     »/t,  w  ^  1/ ; 

this  is  possible  in  view  of  the  divergence  of  the  double  series  22rt,«. »  ;  thus  h^  ^  N.    Also 

A  >  -  C., 

and  so  we  have  5  2  ««,, «  f»., «  >  iVV,,  ,-(7,(t'o.o-«'^  .). 

0     0 

Thus  repeating  the  former  argument,  we  find 

lim   2  2  a„,  „  v„, »  ^  iN', 


and  so  we  must  have  lim  2  2  a,„,  n  fm,n  -«  «>  • 

J-,  y— >.l  0    0         ' 


5.  Inequalities  for  a  Qvotie^it, 
We  consider  the  quotient     Xp  =  BplQp, 

p  V 

where  Bp  =  2  bnV,,,        Qp  =  2  a,,  v,. . 

1  1 

For  brevity  write  An  =  ai+aa+...+«»M 

Then,  as  in  §  1,  we  find 

Now,    suppose  that  aj,  aj,  ...,  a»,  ...    are  all  positive    and  consider  the 
sequence  of  quotients       ^  ,  .      ^  ,  .  ,.  .  . 

Let  if,  A  be  the  upper  and  lower  limits  of  the  lohoU'^  set  of  quotients, 
while  JEfw,  /i„t  are  those  for  which  the  sufl&x  is  not  less  than  m ;  so  that 

H  >  jff„t,     and     h  <  /<„, . 
Thus,  if  the  sequence  (v  J  is  positive  aiid  decreasing,  we  find 

Thus  Bp  <  Hm Qp+(H-H„d{Q,n-A,, vj, 


Note  the  distinction  between  this  case  and  that  of  f  1. 
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and  since  H^  flm,  we  find  (on  including  the  corresponding  expression 
'with  hf  Am), 

KQp-(h-hJ  g«.  <  Bj,  <  H^Q^+(H-HJ  Q,». 
That  is 

(8)  A„-(A- hj  ^<9f<  H„+  (H-HJ  ^. 

Again,  if  the  sequence  (v^)  is  positive  and  incredsingj  we  find  that 

+  h„^lA,n  (f^m—fhn  +  \)+Atii  +  l  (l?«,  +  l  —  r,H  +  tj)+  •  •  •  +^i>-l  (l?p-l—  ^J 
+  HniApVf,y 

because  here  all  the  differences  are  yiegative,  but  Vp  is  still  positive. 
Hence,  as  before,  we  get 

Bp  <  }uQp+  (H.n—hJ  Aj,Vj,+(h,a-' h)(AntV„,—QJ  ; 

and  since  hn—h  and  Q„  are  positive,  we  may  omit  the  last  term  in  the 
last  bracket.     Thus,  summing  up,  we  find 

(9)  J  ^'  ^"         ^' 
I  ^  <  hn,+  (H,,-h.,.)  4^'  +(7^,  -  A)  ^^ . 

Finally,  if  the  sequence  (i? J  Jirst  increases  to  a  maximum  v^  and  after- 
wards steadily  decreases,  there  is  no  difficulty  in  modifying  the  foregoing 
work  to  prove  that,  if  in  <  yu, 

( A^-  (H-HJ  ^^  -  (H„ -7/ J  ^-  <  ^, 
(XO)  '  ^''  ^'         ^' 

[  |£  <  If,,+ (7^-70  ^^ +(ff.«-70 '^ 

We  note  that  the  method  of  §  2  can  be  at  once  applied  to  deduce  in- 
equalities for  the  quotient  of  two  integrals  from  (8)- (10).  Thus,  if  f{x) 
is  a  positive  function  from  a  to  6  and  v{x)  decreases  in  the  same  interval, 
we  can  obtain  limits  for  the  quotient 


in  terms  of  those  of 


I   g {x)v(x) dx    \  fix) V  {x)dx 
^j(x)dxl^J{x)dx. 
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I  do  not  stay  to  write  these  out,  as  the  reader  should  have  no  difficulty 
in  recognizing  the  necessary  changes  in  (8)-(10) ;  and  up  to  the  present  I 
have  not  made  any  practical  use  of  these  inequalities. 


Applioations. — Comparison  Theorem  for  Divergent  Series. 

Suppose  that  ^a^  is  a  divergent  series  of  positive  terms,  and  that 
(Vn)  is  a  decreasing  sequence  of  functions  of  x,  such  that 

lim  r,i  =  1. 
Then,  if  lim   (B„/4«)  =  I, 

we  have  also  lim  (2  bnVn  /  2  a„Vn]  =  /. 

For  then  we  can  choose  m  so  that 

l—€  <  lu  <  H.a  <  l+€, 
and  then  (8)  gives 

l-e-(h-l+,)  ^  <  ^<  l+e+(H-l-€)  ^  . 
If  2  anVn  is  divergent,  Qj,  will  tend  to  infinity  with  p,  and  then  the  in- 

0 

equality  becomes  t? 

Z-e<  lim  ^<Z+6, 

and  since  these  limits  are  independent  of  7n,  we  must  have 

lim  (ibnVu/^aaVn)  =  I, 

OB  p  p 

SO  that  2  6nVft  is  also  divergent,  and  the  quotient  of  ^b„Vn  by  2an»n 

0  0  0 

tends  to  the  limit  Z. 

On  the  other  hand,  if  (as  happens  in    the  most  interesting  special 

00 

cases)  ^anVn  converges,  it  follows  from  §  1  that 

0 

lim  (l^anVn)  =  00, 
SO  that  lim  (2  a,tVn/^cinVn)  =  0. 
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If  we  apply  this  result  to  the  inequality  for  i2,,/Q^„  first  allowing  p  to  tend 
to  infinity,  we  find  that 

l—€  <  Urn  f 2  h„Vn/^  an  Vn)  <  l+€, 

or  lim  (2  bai\/'^anVn)  =  I* 

This  is  an  extension  of  the  well  known  result,  due  to  Cesaro,  that 

lim  (2  bnX^'/^  anX^)  =  I, 

x->\  \o  /   0  / 

when  bn,  a*  are  related  as  already  specified. 
As  another  simple  example,  we  take 


...  ?''«TtF'/?«"T+F)  = 


/. 


Another  simple  application  is  to  eHtabliRh  a  result  given  reocntly  by  Mr.  Hardy,*     In  fact, 
if  wo  write  ,  . 

and  Huppose  that  2  An*  2  r„  are  both  divergent,  we  find 

0  0 

li,,  —  CjKTo  -t  Ci<ri  -»....  4  Cpir,,y 

Q,>  =    Ca    +   e^    +...4-<'^, 

H,,  =  attfto  +  ftitri  +  ...  +  Opffp, 
Sup()OBe  that  BpjAp  has  a  definite  limit  /  as  p  tends  to  infinity,  then  we  can  choose  m  so  that 

/-«</*„,  <  //,„  ^  /  +  €. 
Thus,  ifcn/on  t*  «  decreasimj  sequtiu'f^  wo  have,  from  (8), 

Thus,  since  Q^  tends  to  infinity  with  p,  we  find  as  in  the  last  piece  of  work,  that 

lim  {RplQ,)  -  /. 

This  result  is  due  to  GcHibo  ;t  but  Hardy  has  succeeded  in  extending  it  to  the  case  when  «»//!„  it 
an  inertating  sequence  euhject  to  the  condition 

K  +  rti  +  . . .  +  ap)lap  <  JT  (ro  +  ri  +  .. .  +  ep)lcp 
for  all  values  ofp. 

For  the  last  condition  g^ve«  ApV,,  <  KQ,,, 

and  HO  the  inequality  (9)  leads  to 

/-(2X-1)— (ir-/-e)-'^--*:^<  ^f  <  /+(2ir-i)f+(/-A— )^;5^, 

from  which  we  get  as  before  lim   {Hp/Qp)  -  /. 


♦  Qtiarterly  Journal,  Vol.  xxxvin.,  1907,  p.  269. 

t  Bulletin  tie*  Sciewres  mathStnatiquea,  (2),  t.  xni.,  1889,  p.  51. 
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6.  Extension  of  ^  5  to  ths  Case  of  Catnplex  Factors. 
If  the  factors  tv  ^re  complex  we  suppose,  as  in  §  3,  that  the  series 

2    I  Vn  —  Vn+i  I 

1 

is  convergent,  and  we  write  again 

Vn  =    {\Vn  —  Vn  +  i\  +\  1^  +  1— «^»+2  j  + ...  tO   00  [+  Hm   |  l?,,|  . 

We  suppose  that  the  terms  an  which  appear  in  the  denominator  Qp  are  all 
real  and  positive,  though  the  terms  K  may  be  complex  ;  then  write  17  for 
the  upper  limit  to  the  differences 

I  BJA,-a- 1 ,     I  BjA^-cr  I  ,     ...,     I  BplAp-o-  \ , 

and  ffm  for  the  upper  limit  when  the  suffixes  are  not  less  than  m. 

We  get  at  once,  since  Vn—  Vn+i  =  |  v^—  v^^i  | ,    Fn  >  1 1;»  |  (see  p.  63), 

iBp-crQpl  <  fjlA.iV.-V^+A^iV^-V^  +  ^.+Am-iiV.a-i-VJ'] 

Now,  let  us  write 

Mn  =  a,Vi+a^V^+...+anVn 

=  ^(Fi-F2)+^2(Fa-F8)+...+^„-l(Fn-l-F.)+^nF., 

and  then  |  Rp—a-Qp  |  <  fiMn^+fim  {Mp—MJ. 

Thus 


(11) 


Rp  \^  Mp     ,   .  V   Mrn 


Applioation. — The   Theorem    of  Comparison  for  Complex  Divergent 
Series. 

The  direct  application  of  (11)  is  not  so  easy  as  that  of  (8),  owing  to  the 
fact  (already  mentioned  on  p.  65)  that  we  cannot  infer  the  divergence  of 

lim  2  an  t?»  from  that  of  2a„.     To  avoid  this  difficulty  we  introduce  the 
0  0 

idea  of  uniform  divergence,  as  suggested  by  Fringsheim  ;  this  implies  that 

for  all  points  x  under  consideration 


Urn  {(|a,Fn)/|iani;»  \  <  K, 


where  K  is  fixed. 
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Making  this  hypothesis,  it  follows  that 


lim  I  Sa^Vn  I  —  oo, 

0 


because  lim  2  an  F„  =  oo , 

r->l    0 

in  virtue  of  §  1« 

Then  (11)  yields  at  once 

and  by  the  usual  argument  this  can    be  proved  to  tend  to  zero  as  x 
approaches  1,  provided  that  i/^  tends  to  zero  as  w  tends  to  infinity.     Thus 

lim    (2  hnVn)       [1  QnVn)    =   lim    (Bn/An). 
x->i    \o  //     \0  /  n->oo 

Hiis  result  inolades  Pringsheim's  for  the  case  of  power  series,  and  also  the  result  proved  in 
f  6  of  my  paper  on  **  Zonal  Harmonics/'  quoted  above. 
Thus  for  power  series  Vn  =  ^",  and 

r„=  |xl«|l-xi/{l-|arl}, 

80  thut  the  above  test  for  uniform  divergence  g^ves 

i!Si-i-i  u«.x»r^' 

which  in  Pringsheim'H  treatment  is  divided  into  two  separate  conditions 

Similarly  for  zonal  harmonics,  we  get 

Vn  -  r»P„  (cose)     and     r„  «  p>*/(l  - r), 
where  p^  „  i  _  2r  cos  $  -♦•  i-*. 

Then  the  condition  becomes       lim  -■-^-  r ?r r-.  <  ^i 

which  was  also  split  up  into  two  separate  conditions  in  my  paper  (see  pp.  205,  213). 


7.  Extension  of  ^  5  to  Qtwtients  of  Double  Series, 
Let  us  consider  the  quotient 

P         7 

where  Qp,  r^  =   2    2  ««,, » Vn, ,. , 

w=l  n=l 
P         *1 
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and  am,  n  is  positive,  while  i?w,  n  is  positive  and  decreasing  with  respect  to 
both  indices  (in  the  sense  defined  at  the  beginning  of  §  4). 

We  shall  now  use  the  notation  ^,u,  n,  and  j5„^  „  to  denote  the  sums  to 
w,  n  terms  YLa-m.n  and  Z26,rt, » ;  so  that  Am,n  is  what  was  denoted  by 
s„,,  n  in  §  4.     Then  Hardy's  equation  [see  (5),  §  4]  gives 

J)-l    7-1  ^.-1  q-\ 

Suppose  that  H,  h  are  the  upper  and  lower  limits  of  JS^,  n/-4», »  for  all 
values  of  m,  n  between  1,  p  and  1,  q  respectively,  while  IT,,,  K  are  those 
when  both  m,  n  are  greater  than  v.  Then  we  see  that  Bp^  ,^  will  be  in- 
creased by  writing  HAm,  n  or  HyA,n,n  in  place  of  JSm, «  ;  thus  we  find 

or  Jip. ,  <  H,Q,. ,+{H-HMQ,, ,-+Q:, ,-Q.,  X 

Now  H—Hy  is  positive  and  so  is  Qy,  y ;  thus  Qy,  y  may  be  omitted  from  the 
last  inequality,  and  we  find  (on  including  the  corresponding  lower  limit) 

(12)  hy-  ihy-h)     ^^^^l^^^'"     <    ^     <     Hy+  {H "  H ,)    ^^^'    ^^"^ "'  ''   , 

which  is  the  extension  of  (8)  given  above.  The  inequalities  corresponding 
to  (9)  and  (10)  are  necessarily  more  complicated ;  and  at  present  I  do 
not  see  that  they  are  likely  to  prove  of  much  use  in  practical  applications, 
I  do  not,  therefore,  write  them  out  here. 


Applioation. — The  Theorem  of  Comparison  of  Two  Divergent  Double 
Series. 

It  is  evident  that  (with  the  same  interpretation  of  r,„,  n  as  we  have  used 
in  §  4)  we  can  infer  from  (12)  the  theorem 

lim    (2  2  i,„,H  i\n, «)  /  (-  2  a,„, ,.  r„,.  J  .  =  lim  (Zi,«,  JA,,^  „), 

(r,  J,)    '    \0     0  /  /     \0     0  /   '  (w,  n) 

provided  that  for  any  given  value  of  i/, 

lim  ]  (  2    2  a,,,,  „  f,„,  J  /  (2  2  «„,.  „  r,,.,  „)  ,=0, 

(x,y)    i  \»n=0  n-0  //     \0     0  /i 

and  lim  -  (  2     2   a„,,  n «'»,,  ,J  /  ( 2  2  a,„, « v^,  n)  :  =  0. 

(x.y)    *  \wi=0  7»=0  /  /     \n     0  /  > 

There  does  not  seem  to  be  any  way  of  avoiding  these  two  conditions,  nor 
any  way  of  dividing  them  into  simpler  forms  in  general. 
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Consider  now  the  specially  interesting  case  v^, »  =  x'^y",  and  suppose 
further  that  the  coefficients  a^,  n  are  also  divisible  into  factors ;  so  that 

^«,  n  —  Jm  ffn  > 

where  Z/r,  S^n  are  two  divergent  series  of  positive  terms.     Then 

0    0  \0  /    NO  / 


m=0  H=0  \0 

SO  that  our  first  condition  reduces  to 


y->l    \0 

which  is  certainly  satisfied  since 


and  i    2  a^^  ,x^if  =  i^UxA  (s  ^.y^) , 

m=0  H=0  \0  /    \0  / 

^ion  reduces  to 

]im^{igny')l(^gny')  =0, 

since 

Km  i^gny'')  =  00 
(a  result  proved  in  §  1). 

Similarly  the  second  condition  is  satisfied. 
Thus,  if  we  write 

-F«  =/o+/i+...+.L.         <T„  =  {7o+{7i+ •••+</«, 
we  find  lim  f  (s  2  b,,,„x^y)  I (If^A  (i  ^^2/")  !  =  lim(B,.  »/!<;«(?"). 

(X,  y)    I  \  0     0  /  /     V  0  /    \  0  /  ^  (m,  «) 

This  enables  us  to  give  an  immediate  proof  of  the  extension  of  Frobenius's 
theorem  to  double  series,*  by  writing 

fm  =   1,  On  =  1. 

Then  2  Ux"*'  =  (1  -xy' ,         2  g^]!''  =  (1  -y)  -\ 

0  0 

iA       n 

and  so,  if  iw,,  n  =  s»«,7i  =2    2  Ci,j, 

i-O   j=0 

we  have         2  2  i„,  „a:'y  =  a-x)-'(l-y)-'  2  2  Cn,^nX^y\ 

0     0  0     0 

and  then  lim  (i  2  c„,. ,  x"^?/^)  =  lim  «£>  „ , 

(t,  y)    \  0     0  /  (w,  «) 

if  (m+l)(7t+l).<l>,.  =  2    2  Vn. 

1=0  j=0 

using  the  notation  of  the  paper  quoted. 


•  Bromwioh  and  Hardy,  Proc.  Lmidon  Math.  Soe,,  Set.  2,  Vol.  2,  p.  161  (see  f  8,  p.  173). 
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Similarly  we  can  extend  the  theorem  to  cases  of  greater  complexity  by 
writing 

0  0 

where  a,  /3  are  positive  integers  ;  this  gives  a  kind  of  extension  of  Holder's 
theorem,  although  the  means  employed  will  correspond  to  those  used  for 
the  summation  of  single  series  by  Cesaro,  rather  than  those  introduced  by 
Holder.*     Thus,  taking  a  =  2  =  )8,  we  get 

{2!)^i    2  {i+l){j+l)Si^j 
lim  (2  2  Cf.nX^y'')  =  lim  - — ^\^J  \  n\/ — rrn — r~^' 

The  analogue  to  Holder's  theorem  would  have  on  the  right  the  limit 

lim  4??/i, 

(m,  «) 


where  (m+l)(n+l)<>„  =  2    2  sf], 

the  sums  s^^^^  being  themselves  defined  by  arithmetic  means. 


*  Cumpare  the  form  of  the  theorem  given  in  Art.  1 23  of  my  book  on  Infinite  ISerieit. 
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The  object  of  this  paper  is  in  the  first  place  to  set  the  theory  of 
hypercomplex  numbers  on  a  rational  basis.  The  methods  usually 
employed  in  treating  the  parts  of  the  subject  here  taken  up  are,  as  a 
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rule,  dependent  on  the  theory  of  the  characteristic  equation,  and  are 
for  this  reason  often  valid  only  for  a  particular  field  or  class  of  fields. 
Such,  for  instance,  are  the  methods  used  by  Gartan  in  his  fundamental 
and  far-reaching  memoir,  Sur  les  groupes  bilineaires  et  Us  systemes  com- 
plexes. It  is  true  that  the  methods  there  used  are  often  capable  of 
generalisation  to  any  field  ;  but  I  do  not  think  that  this  is  by  any  means 
always  the  case. 

My  object  throughout  has  been  to  develop  a  treatment  analogous  to 
that  which  has  been  so  successful  in  the  theory  of  finite  groups.  An  in- 
strument towards  this  lay  to  hand  in  the  calculus  developed  by  Frobenius, 
and  used  by  him  with  great  effect  in  the  theory  of  groups.  This  calculus 
is,  with  slight  additions,  equally  applicable  to  the  theory  of  hypercomplex 
number-systems,  or,  as  they  will  be  called  below,  algebras.  Although  a 
short  account  of  this  calculus  has  already  been  given,  it  was  thought 
advisable  to  give  a  more  detailed  account  in  the  present  paper. 

A  word  or  two  on  the  nomenclature  adopted  will  perhaps  not  be  out 
of  place.  At  Professor  Dickson's  suggestion  I  have  used  the  word  algeh^a 
as  equivalent  to  Peirce's  linear  associative  algebra  which  is  too  long  for 
convenient  use.  An  algebra  which  is  composed  of  only  a  part  of  the 
elements  (or  numbers)  of  an  algebra  is  called  a  sub-algebra  of  that  algebra. 
It  is  assumed  throughout  that  a  finite  basis  can  be  chosen  for  any  algebra 
which  is  under  discussion,  that  is,  we  suppose  that  it  is  always  possible  to 
find  a  finite  number  of  elements  of  the  algebra  which  are  linearly  inde- 
pendent with  regard  to  some  given  field,  and  are  such  that  any  other 
number  of  the  algebra  can  be  linearly  expressed  in  terms  of  them.  This 
excludes  from  the  present  paper  an  interesting  class  of  algebras  which  I 
hope  to  discuss  in  a  subsequent  communication. 

Most  of  the  results  contained  in  the  present  paper  have  already  been 
given,  chiefly  by  Cartan  and  Frobenius,  for  algebras  whose  coefQcients  lie 
in  the  field  of  rational  numbers ;  and  it  is  probable  that  many  of  the 
methods  used  by  these  authors  are  capable  of  direct  generalisation  to  any 
field.  It  is  hoped,  however,  that  the  methods  of  the  present  paper  are, 
in  themselves  and  apart  from  the  novelty  of  the  results,  sufficiently  inter- 
esting to  justify  its  publication. 

The  greater  part  of  Sections  1,  2,  4-6  was  read  in  the  Mathematical 
Seminar  of  the  University  of  Chicago  early  in  1905,  and  owe  much  to 
Professor  Moore's  helpful  criticism. 

A  list  of  memoirs  referred  to  is  given  at  the  end  of  the  paper,  and 
these  memoirs  are  quoted  throughout  by  their  number  in  this  list. 
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1.   The  Calculus  of  Complexes. 

The  definition  of  the  term  algebra  or  hypercompUx  nuviber-system  is 
now  so  well  known  that  it  is  unnecessary  to  give  here  a  formal  set  of 
postulates."^ 

Let  Xi,  i;^,  ...,  j;„  be  a  set  of  elements  which  are  linearly  independent 
in  a  given  field  F.     The  set  of  all  elements  of  the  form 

». 

X  "^     2^     £rXtj 

the  ^s  being  any  marks  of  jP,  is  said  to  form  an  algebra^  if 

(i.)     'Li,Xr+'ZiUr='^{ir+^r)Xr. 

(ii.)  The  product  of  any  two  x's  is  linearly  dependent  on  a^j,  x^,  ...,  x^, 
in  F,  in  such  a  way  that  the  multiplication  so  defined  is 
associative. 

(iii.)  For  any  three  elements  x,  y,  z  of  the  algebra 

^  {y+z)  =  xy+xz,         iy+z)  x  =  yx+zx. 

The  algebra  is  said  to  be  of  order  ;/  with  respect  to  F.  In  what 
follows  the  term  **  linearly  independent  "  will  always  be  understood  to  be 
with  respect  to  a  ^ijiven  field  F  wliich  is  supposed  to  be  constant  through- 
out but  otherwise  arbitrary. 

The  complex  A  =•  Xi,  x^,  ...,  ^„  is  defined  as  the  set  of  all  quantities 
linearly  dependent  on  x^,  x^,  ...,  j^«.  The  greatest  number  of  linearly 
independent  elements  which  can  be  simultaneously  chosen,  is  called  the 
order  of  the  complex. 

If  A  and  B  are  two  complexes,  the  complex  formed  by  all  elements  of 
A  and  B  and  those  linearly  dependent  on  them,  is  called  the  sum  of  A 
and  -B,  and  is  denoted  by  A  +-B.  The  operation  of  addition  so  defined  is 
evidently  associative  and  commutative. 

If  a  complex  B  is  contained  in  a  complex  A,  we  write  B<A  or 
A  >  B.  Similarly,  if  x  is  an  element  of  a  complex  .1,  we  write  x  <  A. 
This  amounts  to  representing  a  complex  of  order  one  by  one  of  its  ele- 
ments, and  will  be  found  to  lead  to  no  confusion  if  certain  obvious  pre- 
cautions are  observed. 

If  J5  <^,  we  can  always  find  C  such  that  B-\-G  =  -4.  (7  is  called 
the  supplefnent  of  B  with  regard  to  ^.      It  is   bbviotisly   not  uniquely 


♦  The  reader  i»  referred  to  the  following  papers  on  this  Hubject : — DickHon  2,  3. 
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determined,  but  ii  B+C  =  B+C,  any  element  of  C  can  be  expressed 
as  the  sum  of  an  element  of  B  and  an  element  of  C.  This  is  conveniently 
denoted  by  writing  C  =  C  (mod  B). 

The  elements  common  to  two  complexes  evidently  also  form  a  complex. 
The  greatest  complex  common  to  A  and  B  is  denoted  by  A  ^B.  Thus 
the  statement  that  A  and  B  have  no  element  in  common  is  equivalent  to 
^  ^  J5  =  0. 

If  A  and  B  are  any  two  complexes,  and  if  x  and  //  are  any  elements 
of  A  and  B  respectively,  the  complex  of  elements  of  the  form  xij  and  those 
linearly  dependent  on  them,  is  called  the  product  of  A  and  B  and  is 
written  AB.     For  instance,  if  -4  =  Xj,  x^..,  Xa  and  -B  =  yi,  y^^^.ybt  then 

AB  =  ...,  Xrj/s,  ...     (r  =  1,  2,  ...,  a;  s  =  1,  2,  ...,  6). 

AB  of  course  is  not  in  general  the  same  as  BA.  The  operation  of 
multiplication  so  defined  is  associative,  and  it  is  also  distributive  with 
regard  to  addition. 

The  following  is  a  summary  of  the  laws  of  the  calculus  described 
above : — 

(i.)  A+B  =  B+A. 

(ii.)  A  +  {B+0  =  U+B)+C. 

(iii.)  A.BC  =  AB.C. 

(iv.)  A  {B+O  =  AB+AC,     (B+OA  =  BA+CA. 

(v.)  A^(P^C)  =  {A^B)^C. 

(vi.)  A^B  =  B>^A. 

(vii.)  A{B^C)^AB^AC. 

Integral  powers  of  a  complex  are  defined  by  the  methods  usually 
employed  in  hypercomplex  numbers,  e.g.,  A.A"^  =  A^'^^  =  A^.A.  A 
necessary  and  sufficient  condition  that  a  complex  A  be  an  algebra  is  then 
obviously  A^  ^A. 

The  above  definitions  will  perhaps  be  made  clearer  by  a  special 
example.  Consider  the  algebra  (quaternions)  formed  by  four  units  e^,  ^i, 
^2,  (^3,  where  ^^^^  =  _^,^^    (r,s=^0\ 

eoCr  =  er    and     — fj  =  ^  J  =  ^;«  =  ^~  —  Cq. 

If  Greek  letters  are  used  to  denote  marks  of  the  given  field,  elements  of 
he  form    ^^o+^i^i  *orm  a   complex  A  =  Cq,  ^i.      If    B  =  ^i,  e^    then 
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A  ^B  =  Ci;  we  have  also  A^  =  A  and  B^  =  «o»  ^it  ^2»  «3  =  ^.     Again, 

^B  =  B^  =  ^     and     B  U  ^  B)  =  eo,  ^3, 
but  B^  -^B^  =  B«  >  B  W  ^B). 

2.  TA^  Theory  of  Invariant  Sub-algebras. 

A  sub-complex  B  of  a  complex  A,  which  is  such  that  AD ^  B  and 
B^  ^  B,  is  called  an  invariant*  sub-complex  of  ^.  If  B  is  contained  in 
no  other  sub-complex  of  A  which  has  this  property,  it  is  said  to  lie 
maximal.  B  is  necessarily  an  algebra,  since  J5^  ^  BA  ^  B.  An  algebra 
which  has  no  invariant  sub-complex  is  said  to  be  simple.^ 

The  theory  of  invariant  sub-algebras  is  of  great  importance,  as  will  be 
seen  in  the  succeeding  sections.  As  most  of  the  present  section  has 
already  appeared  elsewhere  t  it  is  given  here  in  a  somewhat  condensed 
form. 

Theorem  1. — If  AB  <  B  and  A*  ^  A,  either  BA  =  A  or  BA  i$  an 
invariant  sub-algebra  of  A. 

For  BA.A  ^BA  and  A.BA  ^BA.  This  theorem  is  fre^juently 
applied  in  the  sequel. 

We  may  also  notice  that  B+BA  is  also  an  invariant  sub-algebra, 
onless  it  is  identical  with  A. 

Theorem  2. — If  Bj  and  Bj  are  invariant  sub-algebras  of  an  algebra 
A,  B|+Bj  is  also  an  invariant  sub-algehra^  unless  A  =  B^+h^ 

For  A  fBi+B^  =  ABi+AB^  <  i^j+B*. 

iBi+B^A  =  BiA+B^A  <  Bj+B,. 

CoBOLLjJKT. — If  Bi  15  maximiSiU  then  either  A  =^  B-^+B^  or  h^<i  B<^. 
Henee,  if  B^  and  B^  are  I'xfy  different  maximal  inrariant  hfx\*-hX^e\,ri^^  me 
ma«c  necessarily  have  B^-rb^,  =  A. 

Jmeoslex  3. — IfB  u  an  invariant  suh-algehra  of  an  algebra  A,  a  new 
algehra  can  4<  derived  frr/m  A  hfj  regarding  as  identical  those  elements  of 
A  nckick  differ  f/^lg  h^j  an  element  of  h.\ 
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The  set  of  elements  defined  by  regarding  as  identical  those  elements 
of  A  which  differ  only  by  an  element  of  J5,  is  evidently  closed  under  the 
operations  of  addition  and  multiplication,  and  the  distributive  law  holds. 
The  only  law  that  is  not  evidently  satisfied  is  the  associative  law  for 
multiplication.     This  law  is  shown  to  hold  as  follows. 

Let  A  =  JB+C,  and  let  elements  of  B  and  C  be  respectively  denoted 
by  X  and  y  with  subscripts  attached.  If,  then,  j/p,  yq  and  yr  are  any 
three  elements  of  C, 

Vp  •  Vq  Vr  =  Up  iyqr  +  Xrjr)  =  Vp  y.jr       (mod  B\ 

since  y^x^^r  <  B.     Similarly, 

l/pyq •  Vr  =  iy^+^i^)  Vt  =  yvqyr     (mod  B) ; 

therefore,  since  y^, .  y^^yr  =  y,, y« .  j/r , 

we  have  ?/^,?^,  =  y^.^?/,.     (mod  B), 

which  shows  that  multiplication  is  associative. 

The  alpjebra  defined  in  this  way  is  called  the  difference  algebra  of  A 
and  jB,  and,  on  the  analogy  of  the  symbolism  used  for  the  quotient  group 
in  the  theory  of  finite  groups,  it  is  conveniently  denoted  by  {A—B). 
(A—B)  is  said  to  accompany  A  and  to  be  complementary*  to  B. 

Theorem  4. — If  Bi  and  B^  are  invariant  sub-algebras  of  an  algebra  Ay 
and  Bi^Bzi  {A—B^  has  an  invariant  sub-algebra  which  is  simply 
isomorphic  with  (Bi—B^  and  conversely. 

To  show  this,  let      A^B^+C,     J5i  --  C  =  0, 

then  A  =  B^+D+C. 

If  D'  is  the  complex  of  {A—B^,  which  corresponds  to  JD,  we  have 

(A  -Ba)  i)'  <  D', 

since  (D + (7)  -D  <  -D     (mod  B^) . 

Similarly  D'  {A  -  B^)  <  D'. 

Now  JD'  is  derived  from  D  by  regarding  those  elements  as  equal  which 
differ  only  by  an  element  of  B2.     Hence 

D'  =  (B,-B,), 


♦  Molien  (10),  p.  92  ;  Frobenius  (6),  p.  623. 
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Conversely,  if  {A—B^  has  an  invariant  sub-algebra  D\  and  if,  as 
before,  Z)  is  a  complex  of  A  which  corresponds  to  JD',  then  since 

AD^D     (mod  Bj), 

we  have  A  (B^+D)  <  B^+D,     (B^+D)  A  <  B2+D. 

Hence  B2+D  is  an  invariant  sub-algebra  of  -4. 

Corollary. — ^An  immediate  consequence  of  this  theorem  is  that  (A^E) 
is  simple,  if  B  is  a  maximal  invariant  sub-algebra. 

Theorem  5. — If  Bi  and  B^  are  tivo  different  maximal  invariant  sub- 
algebras  of  an  algebra  A,  then  D  =  Bj^Ua  is  a  maximal  invariant 
sub-algebra  of  both  B^  and  B^.  Further  (A—B^)  and  (A—B^  are 
simply  isomorphic  with  {B^—D)  and  {Bi—D)  respectively. 

Let  Bi  =  -D+C2,        B.2  =  -D+Ci, 

where  D  '-^  Cj  =  0,         D^C2  =  0; 

and  therefore,  since 

D  =  Bi'^B2     and     A  =  Bi+B^, 

A  =  D+C1+C2.     Ci  -  C2  =  0. 

If  we  denote  simple  isomorphism*  by  the  symbol  ^,  we  have 

(A—Bi)  ^Ci     (modBi), 

and  (B^—D)  --  C^     (mod  D),         --  Ci     (mod  I?i), 

since  Ci  <  J5i,  and  therefore  any  two  elements  of  Cj  which  are  equal 
modulo  Bi,  are  also  equal  modulo  JD.     We  have  therefore 

(J-Bi)-(B,-Z)), 

i.e.,  iB^—D)  is  simple  since  (A—B^)  is  simple.  Hence  D  is  a  maximal 
invariant  sub-algebra  of  B^-  In  exactly  the  same  way  it  can  l>e  shown 
that  it  is  a  maximal  invariant  sub-algebra  of  B,,  and 

(A-B^^iB^-D). 

If  A  I,  A  2:,  ...,  Ar  is  a  series  of  algebras  such  that  Ar  is  a  maximal 
invariant  sub-algebra  of  Ar^u  the  series  is  called  a  composition  series  of 
J:-  The  series  (A^—A^K  (A^^A^),  ...,  (Ar-i—Ar),  ...  is  said  to  l>e  a 
din  trench  series  of  A-^.  An  algebra  can  of  course  have  many  comix>sition 
series. 


*  I.t..  iMmorphiem  with  re^nrd  bo^h  Xo  additioo  a&d  mnltipikataon. 
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Let  (i.)     Ai,  A^y  ^3,  ...,  (ii.)     A^,  B^,  B.^,  ..., 

be  two  composition  series  of  A  for  which  A^ ^  B^,     Then,  if  A^^^B^-^ D, 
(iii.)     ^1,  ^2»  A  A»  •••»  (iv.)     ^1,  A»  A  A»  •••» 

where  D,  JDi,  ...  is  a  difference  series  for  D,  are  two  composition  series 
for  ^1,  and,  by  Theorem  5,  the  corresponding  differences  are  identical 
apart  from  the  order  of  their  terms.  If  we  now  assume  that  all  possible 
difference  series  of  the  same  algebra  are  equivalent  for  all  algebras  of 
order  less  than  the  order  of  A,  (i.)  and  (ii.)  are  respectively  equivalent  to 
(iii.)  and  (iv.)  and  hence  to  each  other.  For  algebras  of  one  unit,  there  is 
only  one  difference  series  possible,  hence  we  have  by  induction  the  follow- 
ing theorem. 

Theorem  6. — Any  two  difference  series  of  the  same  algebra  are 
identical  apart  from  the  order  of  tlieir  terms. 

If  in  forming  the  series  Ai,  A^,  ...  we  make  each  term  the  largest  sub- 
algebra  of  the  preceding  algebra  which  is  an  invariant  sub-algebra  of  ^i, 
the  corresponding  difference  series  is  called  a  principal  difference  series. 
It  can  be  shown  by  a  method  analogous  to  that  used  above,  that  the 
principal  series  is  also  independent  of  the  particular  composition  series 
from  which  it  is  formed. 

8.  Reducibility. 

If  an  algebra  A  is  expressible  as  the  sum  of  two  algebras  Ai  and  ^2» 
which  are  such  that  A1A2  =  0  =  A^Ai,  A  is  said  to  be  reducible,  and  to 
be  the  direct  sum  of  ^1  and  A  2-  It  was  in  this  sense  that  the  word  sum 
was  first  used  by  Scheffers.  To  avoid  circumlocution,  we  shall  in  this 
section  call  Ai  an  integral  sub-algebra  of  -4,  if  there  is  another  sub- 
algebra  Aq  such  that  A  =  A1+A2,  and  ^^^^  =  0  =  A^Ai.  This  term 
is  not  used  except  in  this  section.  An  integral  sub-algebra  is  always 
invariant. 

Theorem  7. — If  B  is  an  invariaiit  sub-algebra  of  A,  and  both  A  and 
B  have  a  modulus*  tJien  A  is  redu^ble. 

Let  A=B+C,        B-C'=0, 


*  An  algebra  is  said  to  hare  a  modulus  ^,  if  «  is  an  element  such  that  ex  ^  x  ^  xe  for  ererj 
element  x  oi  A. 
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and  let  e  and  ^  be  the  moduli  of  A  and  B  respectively,  then 

C  =  (c-«i)  C  (e-^i)  =  C     (mod  B\ 

and  (e—e^)  B  =  0  =  B  («— Ci), 

since,  if  y  <  B,  then  ey  =  y  =  e^y.     Hence  JBC  =  0  =  C-B ;  and  C  =  0, 
since  ^*  =  -4.     «— ei  is  evidently  the  modulus  of  C. 

Corollary. — If  B  is  an  integral  sub-algebra  of  A  and  both  A  and  B 
have  a  modulus,  A  is  expressible  uniquely  as  the  direct  sum  of  B  and  an 
algebra  C.     For  e  and  ^i  being  as  above,  we  have 

C  =  {e—Ci)  A  (e—Ci). 

Theorem  8. — If  Ai  and  A^  are  two  different  maximal  integral  sub' 
algebras  of  A,  then  A  =  A^+A^- 

Let      A  =  ^i+Bi,       A^B^  =  0  =  B^A^,       A^^B^=i  0, 

=  ^a+^2»       ^2^2  =  0  =  Bj^a,       A^^B^^  0. 

Every  element  of  -^a  can  be  expressed  in  the  form  x+y,  where  x  K.Ai 
and  y  <  Bi,  and  the  complex  of  y's  so  defined  forms  a  snb-algebra  C^  of 
Bi  which  does  not  vanish. 

Similarly,  any  element  of  Ba  can  be  expressed  in  the  form  x+y,  the 
y*8  defining  a  sub-algebra  D^  of  Bi.     But 

^iBi  =  BiAi  =  0  =  ^a^2  =  ^2^2  ; 

therefore  CaDj  =  0  =  BaCa- 

Now  A  =  Ai+B^  and  -i^  ^  Bi  =  0,  hence  we  must  have 

Bi  =  Ca+Ba. 

But,  since  ^^  is  maximal,  B^  must  be  irreducible ;  from  which  there 
results  Ba  =  0.  Hence  B^  is  contained  in  Ai  and  A  =^  Ai'\'A^.  It 
follows  also  that  B^  is  an  integral  sub-algebra  of  A^.  For,  if  the  elements 
of  A^  are  expressed  in  the  form  x-\ry  as  before,  the  x's  compose  a  sub- 
algebra  B  of  ^1,  which  is  also  a  sub-algebra  of  A^  since  the  y*%  have 
been  shown  to  be  elements  of  yla.     Since 

Ja  =  D+B^     and     ^i  -  Bj  =  0, 

we  must  evidently  have  D  =■  A^^  A^ 

If  Ax^  A^  ...  be  a  series  of  algebras  such  that  Ar  is  k  maximal 
integral  sub-algebra  of  Ar^i,  the  series  (Ai^Ai)^  (Ai—Aff,  ...  b  said  to 
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form  a  reduction  series  of  Ai.  It  then  follows  exactly  as  in  Theorem  6, 
that— 

Theorem  9. — Any  two  reduction  series  of  an  algebra  are  identical 
except  as  regards  the  order  of  tlieir  terms.* 

There  are  evidently  sub-algebras  of  the  given  algebra  which  are 
isomorphic  with  the  terms  of  the  reduction  series,  but,  as  Holder  has 
noticed,  these  sub-algebras  are  not  in  general  uniquely  defined.  The 
following  theorem  is  a  slight  extension  of  one  by  Scheffersf  dealing  with 
this  point. 

Theorem  10. — An  algebra  A  can  be  uniquely  expressed  as  the  direct 
sum  of  irreducible  algebras  which  liave  each  a  modulus,  and  an  algebra 
which  has  no  modulus. 

Let  A=:B+C,      BC  =  0  =  CB,      B  -  C  =  0, 

where  B  has  a  modulus  Cj,  and  C  has  (1)  no  modulus,  (2)  no  integral  sub- 
algebra  which  has  a  modulus.  A  has  then  no  integral  sub-algebra  which 
contains  B,  and  at  the  same  time  has  a  modulus. 

We  can  form  an  algebra  A'  by  adjoining  a  modulus  e^  to  the  basis 
of  A  ;  and  if  Ci  is  the  modulus  of  B,  and 

then  A'  =  B+(e'-e^)  C"  (e'-e^) 

=  B  +  C\ 

Hence  C,  and  therefore  C,  is  unique  for  a  given  B  by  Theorem  7. 
Suppose  there  is  another  algebra  Bi  satisfying  the  same  conditions  as  B. 
As  in  Theorem  8,  we  can  express  Bi  as  the  direct  sum  of  two  algebras 
B2<,B  and  Cg  <  C,  where  Bg  and  C^  have  both  moduli,  unless  one  is 
zero,  seeing  that  B  has  a  modulus.     Now 

Bi  <  ABi  =  BB2+CC2 ; 

therefore  CC^  =  C2,  and  similarly  C^C  =  C^;  and  therefore  C2  is  an 
integral  sub-algebra  of  C  which  has  a  modulus,  contrary  to  the  conditions 
previously  laid  down  for  C.  Hence  we  must  have  C2  =  0,  from  which  it 
follows  that  B  =  Bi,  i.e.,  B  is  unique. 

Let  B  =  B^+B.,+  .,.+Bn,  (1) 


♦  Epsteen  (4),  p.  444. 
t  Scheffers  (13). 
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be  two  expressions  of  B  as  the  direct  sum  of  irreducible  algebras.  From 
Theorem  9  we  have  m  =  n.     Again,  since  B  has  a  modulus,  we  have 

B;  =  BB;B  =  S  BrB'.Bs  =  ^BrB^Br, 

remembering  that  BrBpBg  (r  ^  $)  is  contained  in  both  Br  and  £«,  and 
that  Br^B,=  0.  But,  since  Bp  is  irreducible,  BrB^Br  must  vanish 
except  for  some  particular  value  rp  of  r  which  is  necessarily  different  for 
each  value  of  ^.  We  may  therefore,  by  rearranging  the  terms,  set  r^  =  j?. 
But  BpBpBp  =  Bp,  since  Bp  is  invariant.     Hence  Bp  =  Bp^ 


4.  Nilpotent  Algebras. 

It  was  mentioned  in  §  1  that  a  necessary  and  sufficient  condition,  that 
a  complex  A  shall  be  an  algebra,  is  that  ^^<^  ^1.  It  A  has  a  modulus, 
i,e.,  an  element  e  such  that  ex  =  x  =^  xe  for  any  element  a:  of  -4,  we 
must  evidently  have  A^  =^  A,  In  general,  since  we  are  dealing  only  with 
algebras  which  have  a  finite  basis,  we  must  have  -4*^^  =  ^*  for  some 
integer  a.  The  smallest  integer  a  for  which  this  is  the  case  is  called  the 
index*  of  the  algebra.  For  instance,  in  the  algebra  whose  multiplication 
table  is 

«1        ^2       ^2 

e^     ^2     ^2 

we  find  4^  =  ^2  =  -4^     Hence  its  index  is  2. 

It  may,  of  course,  happen  that  some  power  of  A  vanishes  as  in  the 
algebra 

«1    j    «2       0 

e^     0     0 
where  ^^  =  0. 

If  for  some  integer  a,  A'^  =  0,  A  is  said  to  be  nilpotent.  Nilpotent 
algebras  are  of  great  importance  in  the  discussion  of  the  structure  of 
algebras. 

Theorem  11. — If  a  is  the  index  of  A,  the  elements  of  A  can  be  divided 
into  a— 1  complexes  Bi,  B^,  ...,  J5a-i,  ^tich  that 


BpB^i  ^  Bp^q-\-Bp+,i^i  + . . .  +£._!  , 


*  The  index  might  also  be  suitablj  defined  as  the  least  integer  a  for  which  (^*)'  ^  A^. 
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i.e.,  such  that  the  product  of  two  elements^  belonging  to  complexes  with 
subscripts  p  and  q  respectively,  lies  entirely  in  th^  sum  of  the  complexes 
with  subscripts  greater  than  p+q—1. 

For  let  A  =  B^+A''  =  B^+B^+A"^  =  ... 

where  A^  =  J5^+^^+\     ^-"^  =  B..i ; 

then  Bp  B,  <  A^A^  <  4^+^ , 

which  proves  the  theorem. 

This  theorem  is  evidently  considerably  stronger  than  the  similar 
theorems  enunciated  by  Scheffers*  and  others. 

Corollary. — Since  A  =  B^+A^,  we  have  on  squaring 
A^  =  Bl+B,A^+A^B,+A'  =  B^+A"" ; 
hence  Bf  =  B^     (mod  A\ 

and  similarly  B*  =  Bn     (mod  ^"+^). 

From  this  we  readily  derive  the  interesting  result 

a  =  b,+b',+...+b:-'+a\ 

If  ^''  =  0  is  zero,  A  is  said  to  be  generated  by  Bj.  In  this  case  A  is 
reducible  if  jBi  is  reducible,  and  conversely. 

If  a  is  the  index  of  a  nilpotent  algebra,  we  have  ^""^  :^  0,  ^*  =  0 ; 
and  hence  the  product  of  any  element  of  A  and  any  element  of  -4*"^  is 
zero.  This  is  a  simple  proof  of  a  theorem  by  Cartant  to  the  effect  that 
there  is  at  least  one  element  in  a  nilpotent  algebra  whose  product  with 
any  other  element  is  zero.  It  must  be  noticed,  however,  the  above  defini- 
tion of  a  nilpotent  algebra  is  not  verbally  identical  with  Cartan*s.  The 
identity  of  the  two  definitions  will  be  shown  in  the  next  section. 

An  algebra  in  which  the  product  of  any  two  elements  is  zero,  may  be 
called  a  zero-algebra.  For  example,  if  A^  <  -4,  A^  is  an  invariant  sub- 
algebra  of  Af  and  {A—A^  is  a  zero  algebra.     Let  A  =  B+A\  where 

-B  =  yu  y2f  ...»  y^f      A^  =  x^,  x^,  ...,  Xn, 

and  m+n  is  the  order  of  .4.      A'  =  y^,  y^y  ,,,,  y^,  Xj,  ...,  a;*  is  evidently 


*  Scheffera  (12). 
t  Cirtan  (1),  p.  31. 
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an  in  variant  sub-algebra  of  A,  such  that  {A^A')  is  a  zero  algebra  of 
order  1.  This  gives  the  following  theorem  regarding  the  difference  series 
of  each  an  algebra. 

Thborem  12. — If  a  is  the  index  of  an  algebra  A,  and  if  the  difference 
of  the  orders  of  A  and  A""  is  n,  the  difference  series  of  A  can  be  so 
arranged  that  the  first  n  terms  are  zero  algebras  of  order  1. 

The  following  theorem  also  simplifies  the  study  of  the  difference  series 
considerably. 

Theorem  13. — If  N  is  a  maximal  nilpotent  invariant  sub-algebra  of 
an  algebra  A,  all  other  nilpotent  invariatit  sub-algebras  of  A  are  con- 
tained in  N. 

Let  ^1  be  any  nilpotent  invariant  sub-algebra  of  A,  then,  by 
Theorem  2,  N+Ni  is  also  an  invariant  sub-algebra  of  A.  It  is,  however, 
nilpotent.     For,  if  N2  =  N  ^  Ni,  then 

since  NNi  .^  ^2  and  NiN  ^  N^-     Similarly, 

whence,  if  a  is  greater  than  the  indices  of  N  and  ^1, 

{N+N,r  <  N^. 

But  -^^2  is  nilpotent  and  therefore  also  ^+^1.  Hence,  since  JV  is 
maximal,  we  must  have  ^1  ^  JV. 

An  immediate  deduction  from  this  theorem  is  that  {A—N)  has  no 
nilpotent  sub-algebra.  This  theorem  is  very  important,  its  importance 
lying  in  the  fact  that,  in  studying  the  difference  series,  it  enables  us  to 
confine  our  attention  to  algebras  which  have  no  nilpotent  invariant  sub- 
algebra.     Such  algebras  are  called  semi-simple. 


5.  Potent  Algebras. 

An  algebra  which  is  not  nilpotent  is  called  a  potent  algebra.  If  the 
index  of  a  potent  algebra  is  a,  the  index  of  A'^  is  1.  It  is  therefore  suf&cient 
in  many  investigations  to  consider  only  algebras  with  unit  index. 

Let  A  be  an  algebra  such  that  A^  =  A.  There  will  in  general  be 
some  complex  C  <  A,  such  that  AC  =^  A.  In  fact,  if  A  has  a  modulus  «, 
it  is  possible  to  find  elements  x,  such  that  Ax-=^  A.     Let  us  suppose, 


90  Mr.  J.  H.  Maclagan  Wedderburn  [Nov.  14, 

however,  that  Axi <  A  for  every  Xi<,A.  Again,  suppose  that  AxiX2 < Axi 
for  every  x^  <  Axi,  and  so  on.  We  thus  derive  a  series  of  algebras  each 
one  containing  the  preceding  one,  and,  as  we  are  dealing  with  algebras 
with  a  finite  basis,  this  process  must  terminate  at  some  stage.  This  may 
happen  in  either  of  two  ways.     After,  say  r— 1  steps,  we  must  find  either 

AXiX,2...Xr-lXr=  0  (1) 

for  every  Xr<.  AxiX^.-^Xr^iy  or 

AXiX^.-.Xr-iXr  =^  AXiX.2  ,,.  Xr-l  (2) 

for  some  Xr<,AxiX.2,,,Xr-i.  In  the  first  case,  if  B  =  AxiX^..,  Xr^iA, 
then 

B^:^iAx^X^,,,Xr-l)^A=0, 

and  AB  ^  B,  BA  ^  .B,  i.e.,  B  is  an  invariant  sub-algebra  of  A,  unless 
£  =  0  when  Axi  ...  Xr-i  is  an  invariant  sub-algebra  of  A.  The  first  case 
then  cannot  arise  if  A  is  simple. 

In  the  second  case,  if  A'  =  Axi  ...  Xr-i,  there  is  an  element  x,  such 
that  A'x  =  A'.  Hence  every  element  of  A'  can  be  put  in  the  form 
y  =  zx.  Here  2  is  unique.  For  were  zx  =  z'x,  then  (Z'—z^)x  =  0,  and 
the  order*  of  the  basis  of  A'x  would  be  less  than  the  order  of  the  basis 
of  A\  In  particular  we  have  x  =  yx,  hence  yx  =  y^x  and  therefore 
y  =  7/^.  Such  an  element  is  said  to  be  idetnpotenty  and  the  result  we  have 
obtained  may  be  stated  in  the  form  that  a  simple  algebra  always  contains 
an  idempotent  element.  By  means  of  this  result  we  can  now  establish 
the  following  important  theorem  : — 

Theorem  14. — Every  potent  algebra  contains  an  idempotent  element. 

For,  let  B  be  a  maximal  invariant  sub-algebra  of  -4*,  where  -4*^^  =  -4*. 
(-4*--B)  is  simple  and  has  1  as  its  index.  +  A  has  therefore  a  non- 
nilpotent  element  x,  namely  any  element  which  corresponds  to  an  idem- 
potent  element  of  the  simple  algebra  (A'^—B)  Now  for  some  value  of  n, 
we  must  have  ^^,,^,  ^  ^^,^ 

for  otherwise  we  should  have 

A  >Ax>Ax^>...  >Ax''>Ax"''+^>  ..., 


*  In  other  words,  ii  e^,  e^^  ..,,  ea  is  a  basis  of  A,  e^x,  e^,  ...t  ^a^  are  necessarily  indepen- 
dent if  Ax  a  A, 

t  Since,  if  -4-  -  i?+  C,  then  B+ C^  =>  A^  '^  A*  ^  B  +  C,  and  therefore  C  -  (7*  (mod  £). 
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which  as  before  is .  impossible.     Ax^^  and  a  fortiori  A,  must  therefore 
contain  an  idempotent  element.* 

The  converse  of  this  theorem  is  that  an  algebra,  every  one  of  whose 
elements  is  nilpotent,  is  itself  nilpotent.  This  shows  that  the  definition 
of  a  nilpotent  algebra  which  was  given  in  §  4,  is  identical  with  the  one 
given  by  Gartan  and  others. 

Corollary. — If  x  is  nilpotent,  then  Ax  <ZA. 

The  following  extension  of  a  theorem  due  to  Peirce,t  is  easily  deduced 
from  the  results  obtained  above. 

Theorem  15. — If  an  algebra  A  possesses  only  one  idempotent  element  e, 
every  element  which  does  not  possess  an  inversel  tvith  respect  to  e,  is 
nilpotent. 

This  is  shown  as  follows.  If  for  a  given  x  there  is  no  y,  such  that 
xy  =  e,  the  same  is  true  of  all  elements  of  the  form  xz.  For  were 
xzz'  =  e,  it  would  suflSce  to  put  y  =  zz\  It  follows  that  e  is  not  con- 
tained in  xA,  which  is  therefore  nilpotent  by  Theorem  14.  Hence 
X*  =  0  for  some  integer  w. 

An  obvious  corollary  to  this  theorem  is  that  if  an  algebra  A  contains 
only  one  idempotent  element  e  and  no  nilpotent  element,  then  every 
element  possesses  an  inverse  with  respect  to  e.  Further,  e  is  the  modulus 
of  A.  For,  since  Ae  =  A,  every  elemental  can  be  put  in  the  form  x  =  ye, 
and  hence  xe  =  x.  Similarly  ex  =  x.  Such  an  algebra  is  said  to  be 
primitive.  Also,  if  ^  is  the  only  idempotent  element  of  an  algebra  A, 
which  is  contained  in  eAe,  e  is  said  to  be  a  primitive  idempotent  element 
of  .^. 

Theorem  16. — Every  algebra  A,  which  does  not  possess  a  modulus,  has 
a  nilpotent  invariant  sub-algebra. 

If  ^  is  nilpotent,  the  theorem  is  obvious,  and  it  may  therefore  be 
assumed  that  this  is  not  the  case.  Under  this  assumption  A  has  at  least 
one  idempotent  element  e^.  If  Ae^^A,  there  must  be  elements  x  such 
that  xci  =  0.  All  such  elements  form  a  sub-algebra  Bioi  A;  because,  if 
Zi^i  =  0,  x^ei  =  0,  then  (Xj+Xj)  «i  =  0  and  x^x^Ci  =  0.     Let  A  =  B^+C, 


*  In  iDO«t  proofs  of  this  theorum,  the  idempotent  dement  which  is  foand«  is  in  genenil 
irxmtional.    This  objection  does  not  applj  to  the  proof  giren  bj  Hswfces  (7),  p.  320. 
t  Peirce(ll),  p.  112. 
^  X  is  sftid  to  pospcHB  an  invene  with  raspect  to  r,  if  there  exijit  elements  Xi  and  Xj,  soeh  that 
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where  J5i  ^  C  =  0.     C  can  be  chosen  so  that  Ce^  =  C.     For 

C^i  <  C     (mod  J5i), 

and,  if  Ce^  <  C     (mod  J5i), 

there  would  be  an  element  x  ol  C  such  that  xci  <  B,  which  is  impossible 
since  Bi^i  =  0  and  ir^i:^  0.  C6i=  ^ej  can  therefore  take  the  place  of 
C,  and  Cei.ei  =  Cej. 

We  have  then  ^  =  I?i+^ei,     B^ei  =  0,  (1) 

and  similarly  A  =  B^+CiA,    ej-Bj  =  0.  (2) 

From  (1)  follows  CiA  =  eiBi+e^Aei,  (3) 

and,  from  (2),  Aei=:  B^ei+eiAcj^.  (4) 

Now  CiBi  ^  U2C2  =  0,  since  BjCi  =  0  and  ^i^a  =  0,  hence 

61 -4  --^  ^61  =  CiAci, 
and  if  B  =  Bi^  Bg.  we  find  similarly  that 

B,  =  B+61B1,         Ba  =  B+B^e,. 
Hence,  from  (2)  and  (3), 

A  =  B+eiBi+B2e2+eiAei. 

If  B  is  not  nilpotent,  it  contains  an  idempotent  element  e^,  such  that 
«ie2  =  0  =  62^1*  ^i+Ca  is  then  also  idempotent  and  may  take  the  place  of 
Ci  in  the  above  discussion. 

Again,  if  Ci  is  not  primitive,  eiAci  can  be  broken  up  in  the  same 
manner  as  A,  and  so,  by  repeated  application  of  this  process,  A  can  be 
expressed  in  the  form 

A  =  B+eBi+B^e+eAe 

=  B+2^pBi+2B26?p+2«p^c„  (5) 

where 
B^  =  0,     Bi  =  -B+ejBi,     I?2  =  B+i?2^»     «  =  2cp,     <?i»6'i  =  0     (p  :^  g), 

and  e^  (^  =  1,  2,  ...,  r)  are  primitive  idempotent  elements  of  A.  This 
form  is  due  to  Peirce.*  e  is  called  b.  principal  idempotent  of  -4.  li  A  has 
a  modulus,  it  is  evidently  the  only  principal  idempotent  element.  Hence 
two  principal  idempotent  elements  differ  only  by  an  element  of  the 
maximal  invariant  nilpotent  sub-algebra. 

•  Peipoe  (11),  p.  109. 
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If  A  has  a  modulus  e\  Bi  and  B^  are  zero,  and  e  =  e\     For 
(e'—e)^  =  e'—e     and     (e'—e)  e  =  0  =  e  (e'—e). 
Hence  e'--e<,B,  and  is  therefore  zero. 
In  (5),  BiB^  is  nilpotent.     For,  from  (5), 

BiA  =  BiB2  =  ABo, 
and  B^Bi  <  JB,     B*  =  0, 

hence  (Bi^)*"^'  <  B^B^B^  =  0. 

But  ABiA  =A.AB^^AB2^BiA, 

BiA.A  <jBi^. 
Hence    BiA  =^  BiB^   is    a    nilpotent  invariant   sub-algebra    of    .^l.       If 
B,B^  =  0,  then  (B,+B^^  =  B,B,  <  B, 

(B1+B2)  ^  <  Bj.^  <  Bi+B^    and     B^+B^  =^  0, 

onless  A  has  a  modulus.     Hence,  if  an  algebra  has  no  modulus,  it  has  a 
nilpotent  invariant  sub-algebra. 

CoROLLABT  1. — Bj  and  B^  are  also  nilpotent.  For  suppose  y*  =  y, 
y<Bi.  y  can  be  expressed  in  the  form  y=yi+y4,  where  y,  <  B, 
y^  <  fBj,  and  therefore  ^  =  yi^a  =  0.     It  follows,  then,  that 

in  =  (y—yif  =  y—yyi—yiy+yl 
=  yi+yi—yiyv 

But  eBiB  <  eBj  and  B*  ^  B ;  hence  we  must  have 

y\  =  yi^       yi  =  yiyi, 

which  is  impossible,  since  B,  and  therefore  yj,  is  nilpotent.     Hence  Bj  and 
B2  are  nilpotent. 

G>BOLLABT  2. — Unless  eBiB^e^O,  it  is  a  nilpotent  invariant  eub- 
algi^ra  of  eAe. 

ComohLABT  3.— If  the  index  of  .^  is  1,  then  B  =  B^^bi,  and  coo- 
verscJT.     For  from  A*  =  A   we  deduce 

b  =  B^^B.fB:  =  B*+C  «say;. 

If  B*  =  0.  :ben         b  =  B-^C-rB-*^'-r...+C. 
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But  J5C  <  (7  ;  hence  B  =  C,  and 

A  —B^eB^+eB^+B^e+eAe. 

If  A  has  no  modulus,  it  is  always  possible  to  add  one  to  the  algebra. 
Let  e*  be  the  added  modulus  and  let  6^^=^  e'—e\  then 

A  =^  e'Ae'  =  eQBeQ+eBieQ+eQB^e+eAe. 

This  form  will  be  of  use  later. 

Algebras  which  have  no  nilpotent  invariant  sub-algebra  form  a  very 
important  class.  Such  algebras  are  called  semi-simple*  A  semi-simple 
algebra  always  has  a  modulus. 

Theorem  17. — A  semi-simple  algebra,  which  is  not  simple,  is  reducible. 

Let  A  be  the  algebra  and  B  an  invariant  sub-algebra.  A,  having  no 
nilpotent  invariant  sub-algebra,  has  a  modulus.  Hence  AB  =  B  =  BA, 
If  B  has  no  modulus,  it  has  a  nilpotent  invariant  sub-algebra  N.  BNB 
is  a  nilpotent  invariant  sub-algebra  of  A  and  is  therefore  zero,  seeing  that 
A  is  semi-simple.  Also  ANA  is  an  invariant  sub-algebra  of  A  which  is 
contained  in  jB,  and,  since  A  has  a  modulus,  it  is  not  zero  unless  N  is 
zero.     Now,  since  ANA  ^  B,  we  have 

{ANA)^  =  ANA. N. ANA  <  BNB  =  0. 

Hence  ^  =  0  and  B  has  a  modulus,  and,  by  Theorem  18,  ^  is  reducible. 
It  follows  immediately  that  A  can  be  expressed  in  the  form 

A  =  A,+A^+,,.+An, 

where  ApAq  =  0  =  A^Ap    {p  -4=-  q) 

and  Ap     {p  =  1,  2,  ...,  n) 

are  simple.     A  is  therefore  the  direct  sum  of  Ai,  A^,  ...,  An- 

Theorem  18. — If  e  is  an  idempotent  element  of  a  semi-simple  algebra 
A,  then  eAe  is  semi-simple. 

If  eAe  is  not  semi-simple,  it  must  necessarily  have  a  nilpotent  sub- 
algebra  N.  Then  ANA  is  an  invariant  sub-algebra  of  A  which  is  not 
zero.     Also  ANA^A,  since 

eANAe  =  cAeNeAe  =  N  <  eAe. 

Hence,  if  A  is  simple  the  theorem  is  proved.     The  main  theorem  can  now 
be  made  to  depend  on  this  particular  case,  since  any  semi-simple  algebra 


*  CartaD  (1),  p.  67. 
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can  be  expressed  as  the  direct  sum  of  simple  algebras.  The  following 
proof  is  more  direct  and  also  more  comprehensive.  Let  e^  be  the  modulus 
of  A.     If,  then,  e^  =  e'— «,  we  have  e^j  =  0  =  ^i^ ;  and  therefore 

eiN=0  =  Ne^.  (1) 

We  have  also  A  =  cAe+eiAe+eAei+eiAe.  (2) 

From  (1)  and  (2),  it  follows  that 

A  NA  =  cA  eNeA  e+eA  eNeA  e^ + ^  i  A  eNeA  e+CiA  eNeA  e^ 

=  N+NAe^+e^AN+e^ANAei, 

and    (ANA?  =  AN  AN  A  =  A  (N^+N^Ae) 

=  N^+e^AN'+N^Ae^+e^AN^Ae^  =  .4^^^^. 

Similarly  (ANAf  =  AN^A, 

and  so  on.  Hence  ^^^-l  is  nilpotent  and  therefore  ^  =  0,  since  A  is 
semi-simple. 

Corollary. — If  in  the  above  theorem  e  is  primitive,  eAe  is  also 
primitive. 

6.  The  Classification  of  Potent  Algebras. 

This  section  is  chiefly  concerned  with  the  classification  of  semi-simple 
algebras.  The  result  is,  however,  incomplete  in  so  far  as  the  classification 
is  given  in  terms  of  primitive  algebras  which  have  themselves  not  yet 
been  classified.  At  the  same  time,  a  considerable  step  is  made  towards 
the  classification  of  non-nilpotent  algebras  in  general. 

Let  €p  (p  =  1,  2,  ...,  n)  be  a  set  of  primitive  idempotent  elements  of 

n, 

A,  which  are  so  chosen  that  «  =  2  g^,  is  a  principal  idempotent  element 

of  A,  and  e^,e,^  =  0  Q;  =^  q).  This  was  shown  to  be  possible  in  the  proof 
of  Theorem  IG,  where  it  was  also  shown  that  A  can  be  expressed  in  the 

A  =■-  B-\-€Bi+B.2e+eAe,       eAe=^  2  e„Aen. 

V,'l 

The  algebras  e^,Ac,i  occur  so  frequently  in  the  sequel  that  the  following 
notation  is  convenient,  viz., 

and  so  on.     It  is  also  convenient  to  denote  elements  of  Apq  by  Xj^,  ypq,  .... 
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Theorem  19. — If  A  is  simple,  Apq  ^  0  for  any  p  and  q  ;  a^nd  if  semi- 
siviple,  but  not  simple,  then  A^^  =  0  entails  Agp  =  0. 

Suppose  that  Ajyq  =  0,  then 

Ap  +  q,p  +  q  Aqp  =   (App-^ Aqp-f- Aqq)  Agp  ^  Aqp, 
AqpAp  +  q^p^q  ^  Aqp, 

Hence  ^,;j,  is  a  nilpotent  invariant  sub-algebra  oi  Ap+q^p+g,  and  is  there- 
fore zero  by  Theorem  18.  This  proves  the  second  part  of  the  theorem. 
To  prove  the  first  part,  we  observe  that,  if  e'  =  ep+eq,  App  is  an  invariant 
sub-algebra  of  Ap+q^p+q  =  e'Ae^  when  Api  =  0  =  Aqp.     But  AAppA  ^  A, 

e  AApj)  A.e  =  e  Ae  Appe  Ae  ^^  App  "^  Ap^q^p^q ', 

and  therefore  A  App  A  is  an  invariant  sub-algebra  of  A.  Hence  we  cannot 
have  Apq  =  0,  if  ^  is  simple. 

Theorem  20. — If  A  is  simple,  tlien  ApqAqr  =  Apr,  and  the  order  of  Apq 
is  the  same  for  all  values  of  p  and  qA 

Liet  A     ^  ApqAqp, 

From  the  definition  of  App,  we  have 

A  ^  epA  ep  ^^  -^TV' 

But  A' App  ^  A'     and     AppA' ^A\ 

Therefore,  either  A'  is  identical  with  App  or  it  is  zero.  If  it  is  zero,  then 
also  AqpApq  =  0.     For,  were  Aqp  Apq  =  Aqt^,  we  should  have 

Aqq  =   Aqp.  Apq  Aqp,  Apq  =  U, 

which  is  impossible,  since  Aqq  is  primitive.     If  -4'  =  0,  then 

-^P  +  ^iP+^-^W   ^^   \App'TApq-\'Aqp-\-Aqq^Apq^Apq, 
ApqAp^q^p^q  ^  Apq, 

which  is  impossible  by  Theorem  18,  since  A  is  simple  and  Apq  is  nilpotent. 

Hence  ^v^^qp  =  ^vp^  (1) 

Again,  since 

\App-\r  Apq-\-  Aqp-y-  Aq,ii      =   Apj^q^p^q  =   Ap^q^p^q  =    App-^  Apq-^  Aqp-\-  Aqq, 


*  Cf .  the  proof  of  Theorem  18. 
t  Cartau  (1),  p.  60. 
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on  multiplying  on  the  left  by  e^  and  on  the  right  by  e^,  we  get 

•I^nt  Apf,Ap,j   =  Ap(fA,fpApii   ^   ApqAqq 

by  (1) ;  hence  ^pp^^  =  Apq  =  Ap,iAqq,  (2) 

and,  finally,  from  (1)  and  (2), 

ApqAqr  ^  AprArqAqr  -—  AprArr  -—  Apr. 

It  will  now  be  shown  that,  if  Xpq  and  x^jr  are  any  elements,  not  zero,  of 
Apq  and  Aqr  respectively,  then  Xp,jXqr  "4=-  0. 

If  XpqXqr  =  0,  then  Xpt^XqrAr^i  =  0.  But  XqrArq  ^  Aq^j ,  which  is  primi- 
tive; and  therefore  for  any*  yn,  such  that  Xqryrq^O,  there  is  an  Xqq, 
such  that  XqryrqXqq  =  Cq,  Hence,  as  x^^^O,  XpqXqrArq=^0  entails 
i^9rArq  =  0.  It  foUows  for  auy  Xrq  that  XqrXr,i  =  0 ;  therefore,  as  above, 
XrqAqr  =  0  ;  aud,  as  this  is  true  for  any  Xrq,  we  must  have  ArqAqr  =  0  in 
contradiction  to  the  first  part  of  the  theorem.  Hence  XpqXqr^O  for  any 
Xpq  and  Xqry  and,  since  XpqAqr  ^  Ap^.  and  XqpApr  <  A,^,  we  have  evidently 
XpqAqr  =  Aprf  from  which  the  second  part  of  the  theorem  follows  imme- 
diately. 

Corollary. — For  any  x^^  ::^  0,  there  is  an  Xqp  such  that  XpqXqp  =  ep. 
This  is  evident  from  the  relation  XpqAqp  =  App. 

Theorem  21. — If  A  is  simple,  it  is  possible  to  find  a  set  of  n^  elements 
^pq  (Pt  ?  =  1,  2,  ...,  71)  such  that  ep^^eqr  =  e^r  and  epqCn  =  0  (g  =jfc  r)  ;  and 
e  =  ^rr  is  the  modulus  of  A  A 

Let  epp  =  Cp  ip  =  1,  2,  ...,  n).  By  the  corollary  to  the  previous 
theorem,  we  can  find  for  any  Xpq=^0  an  Xqp  such  that  XpqXqp  =  epp. 
Forming  the  square  of  XqpXpq,  we  get 

XqpXpqXqpX^itl    =    Xqp  Cp  Xpq    =    Xqp  Xpq  ] 

therefore,  since  Cq  is  primitive, 


XunXna  Cq 


Vqq, 


It  is  therefore  possible  to  find  an  algebra  of  order  4  which  has  the  required 
laws  of  combination.     Suppose  that  m^  elements  Cp^,  (p,  q  =  1,  2,  ...,  m) 


•  As  previously  stated,  Xp^,  //p„  ...  will  be  used  to  denote  elements  of  Ap^. 

t  Molien  (10),  p.  124  ;  Cartan  (1;,  p.  46  ;  Frobenins  (6),  p.  h'21  ;  Shiiw  (14),  p.  275. 
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have  been  found  which  satisfy  these  laws,  and  let  ^i,  ,»+i  be  any  element 
of  -4i,„+i.     There  is  then  an  element  tfw+i.i  of  -4,»+i,  i  such  that 

^l.w+l  ^w+l,  1  =  ^11  ^  ^V 

^  r  (i>  =  1>  2,  ...,  m). 

^W  +  1,  1  ^Ip   ^W  +  1,  J)  J 

Together  with  the  previous  m^  elements  and  6^+1,^+1,  these  form  an 
algebra  of  (m+1)^  elements  satisfying  the  given  laws;  for 

^pq^q,m+l  =  ^pg^gl^l,  m+1  ^  ^pl^l,  m+1  =  ^p,m+l> 

and  similarly  e^,  m+i  «m+i. r  =  ^pr. 

By  induction  it  is  therefore  possible  to  find  n^  such  elements. 

This  form  of  algebra  we  shall  call  a  simple  or  quadrate  matric  algebra 
of  order  n^.*  When  a  semi-simple  algebra  is  expressed  as  the  sum  of 
simple  matric  algebras,  it  is  said  to  be  a  matric  algebra. 

In  accordance  with  the  corollary  of  Theorem  20,  we  have 

App  =  ApiCip  ^  epiAiieip. 

This  gives  a  1,  1 -correspondence  between  the  elements  of  the  algebras  App 

and  All,  which  is  obviously  preserved  under  the  operations  of  addition  and 

multiplication — i.e.,  the    two  algebras    are  simply    isomorphic.        More 

generally,  ^     _       j 

Apq  —  epiAiieiqy 

which  establishes  a  1,  1-relation  between  the  elements  of  Apq  and  An. 
Let  Xn  be  any  element  of  An,  and  let  the  element  Xpq  of  Apq,  which  is 
associated  with  it  by  the  above  relation,  be  denoted  by 

Xpq  =    I  Xji,  epq  \  . 

Then  Xpq  =  {xn,  epq}  =  «pi«u dis- 

similarly, if  yrs  <  An,  we  may  write 

Vn  =  i^ii*  ««}  =  erij/neuy 
if  i/n  corresponds  to  yr$>     This  form  of  relation  is  preserved  under  addi- 
tion and  multiplication,  since 

^M+Vpq  =  epi(xii+yu)eiq  =  {{Xpq+yj^),  Spq}, 
Xpq  yrt  =  epi  Xn  eiq  e^i  yn  eu 

^(0  (?=?fcr), 

\  epiXiiy^eu  =  {x^yuy  e^^e,^}  =  liCnyu,  vl  (?  =  ^)- 

*  The  algebra  is  also  said  to  be  of  degree  n.     Cartan  calls  thia  type  of  algebra  a  quaternion. 
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This  result  can  be  expressed  as  follows.  If  C  is  an  algebra  simply  iso- 
morphic with  -4 11,  and  D  is  a  simple  matric  algebra  of  order  ii^ ;  and  if 
every  element  of  C  is  commutative  with  every  element  of  D ;  then 
A  =  CD.  In  general,  if  C  and  D  are  any  algebras  such  that  every 
element  of  the  one  is  commutative  with  every  element  of  the  other,  and  if 
the  order  of  the  complex  A  =  CD  is  the  product  of  the  orders  of  C  and  D, 
then  A  is  an  algebra  which  is  called  the  direct  product*  of  C  and  D. 
The  final  result  can  therefore  be  stated  as  follows. 

Theorem  22. — A7iy  simple  algebra  can  be  expressed  as  the  direct  pro- 
duct of  a  primitive  algebra  and  a  simple  matric  algebra  A 

Since  semi-simple  algebras  can  be  reduced  to  the  direct  sum  of  several 
simple  algebras,  Theorem  22  amounts  to  a  determination  of  the  form  of 
all  semi-simple  algebras. 

Theorem  23. — The  direct  product  A  of  a  primitive  algebra  B  and  a 
quadrate  matric  algebra  C  is  simple ;  and  any  element  which  is  commu- 
tative with  every  other  element  of  A  is  an  element  of  B, 

Let  the  basis  of  C  be  (?^  {p,  g  =  1,  2,  ...,  n),  e^  =  e^.^  {p  =  1,  2, ...,  n) 
being  a  primitive  set  of  idempotent  elements.  If  D  is  any  invariant  sub- 
algebra,  then  Cpp  De,,q  ^  D,  and  is  not  zero  for  some  value  of  p  and  q 
unless  D  =  0.  But  every  element  of  CppDcp^  is  the  product  of  Cpq  and  an 
element  of  B  ;  and  if  a:  <  B,  then  Bx  =  B  =  xB.     Hence  Bep,^  <  D. 

We  have,  however, 

BeptjCqr  =  BCpr,  CgpBepr  =  etpCprB  =  CgrBy 

for  every  value  of  s  and  r.  This  gives  A  =  D,  which  proves  the  first  part 
of  the  theorem. 


*  Schc£Fers  used  the  term  '*  product  '*  in  this  sense.  As  this  term  is  used  in  this  paper  in 
a  different  sense,  I  employ  the  term  *'  direct  product,*'  which  is  used  in  the  theory  of  g^ups  in 
a  similar  sense.     Cf.  §  11. 

t  Gartan  (1),  p.  67,  gives  this  form  of  a  simple  algebra  in  the  field  of  all  real  nomberi, 
apparently  without  observing  that  his  result  is  capable  of  this  simple  description. 

The  theorem  may  also  be  proved  as  follows,     li  x  <  Ay  then 

X  =»  Xxpq  =  Xepxe,, 

Xpq  ^  fpq  2  frp  Xfqr  ^  2  *rj»  ^^qr  •  ^pqt 


€fn  Xtf,f  ^  €r»  XitQ  60, 


Cfp  XrCqr  ^  Crp  Xpq  Vqr» 

This  method  is  fully  developed  in  (9),  where  it  is  shown  that,  if  if  is  any  matric  sub- algebra 
of  A,  which  has  the  same  mod\ilus  as  A,  then  A  can  be  expressed  as  the  direct  product  of  B  and 
some  other  algebra  f^-. 

H    2 
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Again,  if  x  is  any  element  which  is  commutative  with  every  element 
of  Ay  then  rr  =  2  Xrte„,   where  x„  <  B.     But  Cp^x  =  xcpq ;  hence 

therefore  Xr,  =  0  (r^s)  and  ar^^p  =  a:^,/,  i.^.,  x  is  an  element  of  B. 
This  theorem  is  the  converse  of  the  preceding  one. 

Corollary. — The  only  element  of  a  quadrate  matric  algebra  which  is 
commutative  with  every  other  element  is  the  modulus. 

Theorem  24. — If  N  is  a  maximal  nilpotent  invariant  sub-algebra  of 
an  algebra  A  which  possesses  a  modulus ,  and  if  (A—N)  is  simple,  then  A 
can  be  expressed  as  the  direct  product  of  a  simple  matric  algebra  and  an 
algebra  which  contains  only  one  idempotent  element. 

From  Theorem  22,  we  have 

ApqA^  =  App    (mod  N), 

Hence,  as  any  invariant  sub-algebra  of  App  is  necessarily  nilpotent,  we 
must  have  A^A,ip  =  App.  In  particular,  A^j^^App,  and  since,  when 
p  =  q,  the  proof  does  not  assume  that  Cp  is  primitive,  we  also  have 

It  may  now  be  proved,  as  in  Theorem  20,  that  A^^A,Jr  =  Apr.  If  Xpq  is  an 
element  of  Ap,,  which  is  not  contained  in  Np^,  then  x^^Aqr  =  Apr*  The 
proof  of  this  is  almost  exactly  as  it  is  given  in  the  proof  of  Theorem  20, 
and  it  is  therefore  only  necessary  to  give  it  very  briefly.  If  XpqA^  <  Apr, 
there  must  be  some  x^^r  such  that  XpqX^^r  =  0.  But,  by  Theorem  20,  there 
is  an  x^ip  such  that  x^^q  =  XqpXjtq  is  not  zero,  and  therefore  has  an  inverse, 
g,pjy  with  respect  to  e^.     Hence 

and  therefore  x^^Aqr  =  Apr.  An  important  consequence  of  this  is  that, 
for  any  Xpq  which  is  not  contained  in  Np^j,  there  is  an  Xqp  such  that 

•^J>1  *^qp  ^p  . 

It  can  now  be  proved,  exactly  as  in  Theorems  21  and  22,  that  A  con- 
tains a  simple  matric  sub-algebra,  and  that  it  can  be  expressed  as  the 
direct  product  of  this  matric  algebra  and  an  algebra  containing  only  one 
idempotent  element. 

It  is  possible  at  this  point  to  state   Cartan's  main  theorem  regarding 
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the  classification  of  algebras  in  the  field  of  ordinary  complex  or  real 
numbers,  if  use  is  made  of  the  fact  that,  in  the  latter  field,  quaternions  is 
the  only  primitive  algebra ;  and  in  the  former  the  algebra  of  one  idem- 
potent  unit.  The  result  for  an  arbitrary  field  seems  much  more  difficult 
to  obtain,  the  difficulties  centring  round  the  proof  of  the  theorem  that  an 
algebra  with  only  one  idempotent  element  can  be  expressed  as  the  sum  of 
a  primitive  and  a  nilpotent  algebra ;  a  theorem  which  is  obvious  in  the 
above  two  special  cases.  The  proof  given  in  the  next  section  is  rather 
long,  but  much  additional  information  is  obtained  in  the  course  of  the 
work. 


7.  The  Identical  Eqimtion, 

This  section  is  not  intended  as  a  development  of  the  theory  of  the 
identical  equation,  and  so  only  those  points  are  dealt  with  which  are  of 
importance  from  our  present  point  of  view. 

If  X  is  any  element  of  an  algebra  A,  which  has  a  finite  basis,  the 
algebra  generated  b}'  -r,  l>eing  a  sub-algebra  of  A ,  must  itself  have  a  finite 
basis.     X  therefore  satisfies  a  relation  of  the  form 

x''+a,x"-'  +  ...+a^.^x+aa  =  0,  (1) 

where  a^,  a^,  ...,  a«  are  marks  of  the  <^iven  field,  and  a,,  is  to  be  taken  as 
zero,  if  the  algebra  has  no  modulus,  and  otherwise  as  the  product  of  the 
modulus  and  a  mark  of  the  field.  If  x^,  x^,  ...,  x.,  is  a  basis  of  A  and 
X  =  ^^rJCr,  the  r-th  power  of  x  can  be  expressed  in  the  form 

where  ^  is  a  rational  integral  function  of  the  ^'s ;  hence  not  more  than  a 
powers  of  x  can  be  independent,  and  x  satisfies  an  equation  of  the  form  (1), 
where  aj,  a^,  ...,  an  are  now  rational  integral  functions  of  the  ^s.  This 
equation  being  an  identity  in  the  f's,  there  must  be  an  equation  of  this 
form  of  lowest  degree  which  is  satisfied  by  x  whatever  values  are  assigned 
to  the  f*s.  This  equation  is  called  the  identical  or  characteristic  equation 
of  the  algebra.  For  particular  values  of  the  f's,  x  may  satisfy  an  equation 
of  lower  degree  ;  but  there  is  evidently  at  least  one  x  which  satisfies  no 
equation  of  lower  degree.  The  equation  of  lowest  degree  satisfied  by  a 
particular  x  has  been  called  by  Frobenius  the  reduced  equation  of  that 
element. 

The  characteristic  of  the  identical  equation  will  be  denoted  by  f(x),  or 
by/t^jr)  where  it  is  desirable  to  emphasise  the  fact  that  the  coefficients 
are  functions  of  x. 
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If  N  is  the  maximal  nilpotent  invariant  sub-algebra  ot  A,  a  being  its 
index,  and  if  g{x)  =  0  is  the  identical  equation  of  (A—N),  then  g (x)  <  N, 
ii  X  <Af  and  hence  ,    ,  . )  ^      ^ 

\gix)}'^  is  therefore  divisible  by /(rr).     It  may,   of  course,  happen  that 
g  {x)  =  /(«),  as  in  the  algebra 


«i 

Cl         0         Cg        0 

«2 

0         Cg         0        C4 

«« 

0     «8     0     0 

«4 

64     0      0     0 

where 

'       x«-(^i+^^a;+^i^,  =  0. 

if 

X  =  ^i< 

'l  +  ^!lCs  +  ^8«8+^4«4 

In  a  primitive  algebra,  f{x)  is  irreducible  ;  for  otherwise  the  product 
of  two  rational  elements  would  be  zero.  An  immediate  consequence  of 
this  is  that,  if  the  given  field  is  so  extended  that  every  equation  is 
soluble,  the  only  primitive  algebra  in  the  extended  field  is  the  algebra  of 
one  unit,  e  =  e^. 

Thborbm  26. — If  A  is  an  algebra  tohich  is  senii-simple  in  a  give^i 
field  Fj  and  if  F'  is  another  field  containing  F,  then  A  is  also  semi- 
simple  in  F\* 

Since  a  semi-simple  algebra  is  the  du*ect  sum  of  a  number  of  simple 
algebras  and  a  simple  algebra  can  be  expressed  as  the  direct  product  of 
a  matric  and  a  primitive  algebra,  it  is  sufficient  to  consider  the  latter 
type  of  algebra. 

Let  the  identical  equation  of  the  primitive  algebra  A  be 

f{x)  =  x~+aia:"-i+...+a,  =  0.  (1) 

If  A  has  a  nilpotent  invariant  sub-algebra  N  in  the  extended  field,  the 
identical  equation  of  {A—N)  is  also  f{x)  =  0,  since  the  latter  has  no 
multiple  roots.  Hence,  if  z  is  any  element  of  N  and  x  any  element 
of  A^  X  and  x-^z  have  the  same  identical  equation,  since  they  are  equal 
modulo  N. 


*  It  IB  here  asiiumed   that   rational  elemente   which  are  independent  in  F  are   alao  in- 
dependent in  F, 
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a 

Let  z  =  ^^r3Cr  be  any  element  of  N,  the  x's  forming  a  rational 
basis  for  A.     Then 

Z^  =  X.Z^ZX.  =  l^X^r-XrX.)  =  l^rXr, 

where  rcr  (r  =  1,  2,  ...,  a)  are  rational  and  x,  =  0.     Similarly 

^'  =  X[z'  —  2'X    =  X^rixXr  —  XrX'^  =  'E^rX", 

where  there  are  now  at  most  a— 2  terms  mider  the  summation  sign. 
This  process  may  be  continued  till  each  of  the  terms  Xr  under  the  sum- 
mation sign  after  the  jp-th  operation  is  commutative  with  /^\  i.e., 
;8fO>+i)  =  0.  sf^\  being  commutative  with  each  of  x^^  (r  =  1,  2,  ...,  a),  is 
also  commutative  with  every  element  of  the  algebra  generated  by  them. 
Let  this  algebra  be  denoted  by  B  and  its  identical  equation  by  f{x)  =  0. 
Since  x^\  xfy  ...  are  rational,  B  has  a  rational  basis  and  is  therefore 
primitive  in  F.  There  is  then  a  rational  element  x  whose  identical  equa- 
tion, with  regard  to  JS,  is  also  its  reduced  equation,  and  a  non-zero  element 
z  of  jB,  which  is  also  an  element  of  N,  such  that  xz  =  zx.  Since  z  is 
nilpotent,  we  can  obviously  assume  ;2r^  =  0.  As  before,  f{x+z)  =  0 ; 
hence,  on  expanding,  we  get 

0  =  f{x+z)  =  f{x)+f{x)z  =  f{x)z. 

But,  seeing  that  B  is  primitive,  f{x),  being  of  lower  degree  than  /(rr), 
has  an  inverse  ;  hence  -?  =  0,  i.e.,  A  has  no  nilpotent  invariant  sub- 
algebra  and  is  therefore  semi-simple  in  F*. 

Theorem  26. — If  an  algebra  is  rational  in  a  field  F  and  F  is  any 
field  containing  F ;  and  if  B  is  the  algebra  composed  of  all  elements 
of  A  which  are,  in  F,  commutative  with  every  element  of  a  sub-complex 
C  of  A  ;  then,  if  a  rational  basis  can  be  chosen  for  C  every  element  of 
which  possesses  an  inverse,  B  is  also  rational  in  F. 

Let  Xi,  X2f  ...,  ajo  be  a  rational  basis  of  A,  then  an  arbitrary  element 
y  oi  B  can  be  expressed  in  the  form  y  =  ^irXr,  where  ir  {r  =  1, 2, ...,  a) 
are  marks  of  F\  If  6  is  the  order  of  B,  at  least  b  of  the  ^s  are  linearly 
independent  in  F.  We  may  therefore  suppose  that  the  first  n  (n  >  6) 
of  the  ^s  are  linearly  independent  in  F  and  that  the  remainder  are 
zero. 

Let  X  be  any  rational  element  of  C  which  has  an  inverse. 
xxi,  xx^,  ...,  xxa  are  then  linearly  independent  and  so  also  are 
x^x,  x^Xy  ...,  x^x\   hence 

a 
XrX  =  S)7rf^^f      (^  =  1>  ^9  -'-y  ^i 
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the  fi*B  being  rational.     Since  asy  =  yx,  we  must  have 

a  a 

0  =  xy—yx  =  ^{$r—^fini^xxr ; 

a 

hence  ^'•~,?i ''«'^'  ~  ^     (r  =  1,  2,  ...,  n). 

But  the  ^s  are  linearly  independent  and  therefore  these  equations  must 
reduce  to  identities.     Hence 

xxr  =  x^     (r  =  1,  2,  ...,  n).  (1) 

Now  a  rational  basis  can  be  chosen  for  C  in  which  every  element  has  an 
inverse,  so  that  (1)  is  true  for  every  x<.C,  Hence  it  is  possible  to  choose 
a  rational  basis  for  JS,  viz.,  Xi,  x^,  ...,  .Tn. 

Theorem  27. — If  F'  is  a  field,  containing  the  given  field  F,  in  which 
every  equation  is  soluble,  and  if  a  pHviitive  algebra  A  is  expressed  in 
F'  as  the  direct  sum  of  r  simple  algebras  Ai,  A^,  ...,  Ar,  these  algebras 
are  simply  isomorphic  with  each  other  and,  in  F\  A  can  be  expressed 
as  the  direct  product  of  a  commutative  algebra,  which  is  rational  in  Fy 
and  an  algebra  isomorphic  with  Ai,  A^,  ...,  Ar- 

Let  ^1,  ^a,  ...,  Cr  be  the  moduli  of  Ai,  A 2,  ...,  Ar  respectively.  Then 
every  element  of  the  algebra  B  =  e^,  e^,  ...,  ^r  is  commutative  with  every 
element  of  A,  and,  conversely,  every  such  element  is,  by  Theorem  28, 
contained  in  B.  Hence,  by  the  previous  theorem,  a  basis  can  be  found 
for  B  which  is  rational  in  F.  It  is  easily  shown  (as  in  the  theory  of 
finite  groups)  that  we  can  find  ajb  =  c  rational  elements  Xj,  x^,  . . . ,  Xe 
such  that  any  element  of  A  can  be  expressed  uniquely  in  the  form 

c 
X  =  ^yrXr, 

y^  (r  =  1,  2,  ...,  c)  being  elements  of  B,  Hence  we  have  a  primitive 
algebra  C  of  c  units  in  the  field  F*  obtained  by  adjoining  B  to  F,  and 
in  this  algebra,  scalar  multiples  of  the  modulus  are  the  only  elements 
commutative  with  every  element  of  (7.  In  F\  C  can  therefore  be  expressed 
as  a  simple  matric  algebra  C  =  (^^.y)  of  degree  n  =  \/c*  It  follows  that 
A  can  be  expressed  as  the  direct  product  of  C  and  B. 


*  This  gives  a  proof  of  a  theorem  by  Allan  to  the  effect  that  the  order  of  a  primitive  algebra 
is  of  the  form  hri^,  I  have  only  seen  an  abstract  of  this  paper.  See  AtMr.  Hath,  Soc,  Bull,, 
Vol.  XI.  (1906),  p.  351. 
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Theorem  28. — If  A  is  an  algebra  in  which  every  element,  which  has 
no  inversCy  is  nilpotenty  it  can  he  expressed  in  the  form  A  =  B+Ny  where 
B  is  a  primitive  algebra  and  N  is  the  m>aximxil  nilpotent  invariant  sub- 
algebra. 

We  shall  first  show  that  the  theorem  is  true  in  the  case  where  (A—N) 
is  commutative.  To  do  this  it  is  only  necessary  to  show  that  there  is 
a  sub-algebra  of  A  which  has  the  same  identical  equation,  f(x)  =  0,  as 
(A—N).  Let  X  be  an  element  of  A  which  corresponds  to  an  element 
of  {A^N)  whose  identical  equation  is  also  its  reduced  equation.  If 
f(x)  =  0,  the  theorem  is  proved.  We  therefore  set  f{x)  =  z^O,  z  being 
then  an  element  of  N  which  is  commutative  with  x.  Let  us  first  suppose 
that  ^  =  0.     Then,  putting  x—zjfix)  for  x  infix),  we  get 

f[x-zlf(x)-]=f{x)-'Z  =  0. 

The  theorem  is  therefore  true  in  this  case  and  so  is  also  true  of  (A—N^ 
when  N^^O.  Hence  we  can  so  choose  B'  in  A  =  B'+N  that  B'^  =  B' 
(mod  N^,  and  therefore  B'+N^  is  an  algebra  which  can  be  treated  as 
before.  The  theorem  then  follows  for  commutative  algebras  by  in- 
duction. If  the  given  field  is  a  Galois  field,  it  can  be  shown  *  that  there 
is  no  non-commutative  primitive  algebra.  In  this  case,  therefore,  the 
proof  of  the  theorem  is  complete  at  this  point. 

Let  us  now  consider  the  case  where  (A—N)  is  not  commutative. 
Suppose,  first,  that  (A—N)ia  not  simple  when  the  given  field  is  sufficiently 
extended.  There  is  then  a  commutative  sub-algebra  whose  elements 
are  commutative  with  every  element  of  (A—N).  To  this  algebra  there 
corresponds  a  sub-algebra  of  A,  in  which  the  primitive  part  B'  can  be 
separated  from  the  nilpotent  part  as  above.  Hence,  t  by  adjoining  B'  to 
the  given  field  as  in  Theorem  27,  we  obtain  an  algebra  A'  such  that 
(A'^N)  remains  simple  when  the  given  field  is  extended.  It  is, 
therefore,  sufficient  to  confine  our  attention  to  such  algebras.  We  shall 
therefore  suppose  that,  in  the  extended  field  F',  A  can  be  expressed  as 
the  direct  product  of  a  simple  matric  algebra  B  and  an  algebra  M\ 
which  consists  of  the  modulus  and  a  nilpotent  algebra  M,  of  index  a. 
Since  ilf *  =  0  and  every  element  of  M  is  commutative  with  every  element 
of  By  it  follows  that  every  element  of  3/*"^  is  commutative  with  every 
element  of  A,  and  therefore,  by  Theorem  26,  we  can  choose  a  basis  for 
M'^~^  which  is  rational  in  F.  Similarly  there  is  a  rational  sub-algebra 
of  (^— iV*~^)  corresponding  to  (A/"~-  — il/*~^).     This  means  that  we  can 
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choose  a  basis  for  M*"*  such  that  each  element  consists  of  a  rational 
element  and  an  element  of  Jlf*"^  which  is  not  necessarily  rational.  But, 
since  ilf*"^  contains  ilf*"S  which  has  a  rational  basis,  we  may  neglect 
the  non-rational  parts,  i.e.,  we  can  choose  a  rational  basis  for  Jlf*"^  and 
hence,  by  induction,  for  M.  The  problem  can  now  be  still  further 
simplified  by  showing  that  the  general  case  can  be  made  to  depend  on 
the  case  where  M  consists  of  a  single  unit.  Let  y  be  any  element  of 
M  which  is  not  an  element  of  M^ ;  then,  as  in  Theorem  12,  we  can 
express  M  in  the  form  M  =  y+Mi,  where  AMi  is  an  invariant  sub- 
algebra  of  A  and  N  =  Ay+AMi  (since  N=BM=AM).  The  algebra 
of  {A— A  Ml)  which  corresponds  to  M  then  consists  of  a  single  unit. 
If,  now,  the  theorem  is  true  in  this  particular  case,  (A—AM^  can  be 
expressed  as  the  sum  of  a  primitive  and  a  nilpotent  algebra,  and  hence 
A  can  be  expressed  in  the  form  A  =  Bi+Ny  where  Bi  =  Bi  (mod  AMi). 
Hence  Bi+AMi  is  an  algebra  which  can  be  treated  as  before,  and  so 
on  till  all  the  elements  of  M  are  exhausted.  We  shall,  therefore,  now 
suppose  that  the  basis  of  M  consists  of  a  single  element  of  y.  IP  is 
then  zero. 

For  the  remainder  of  the  proof  we  require  certain  identities  *  which 
can  be  derived  from  the  identical  equation  as  follows : — 

If  in  the  identical  equation  fx{x)  =  0  we  substitute  x+^  for  x, 
^  being  a  scalar,  and  expand  as  a  polynomial  in  ^,  we  have  a  relation 
which  is  true  for  any  value  of  ^,  and  hence  the  coefficients  of  the  various 
powers  of  ^  vanish.  The  following  notations  are  of  value  in  expressing 
these  identities.     Let  the  coefficient  of  ^  in  the  expansion  of  {x+$y)^  be 

denoted  by  (  ^  ^j  and,  similarly,  the  coefficient  of  i^'il^'-'-il'  in 
(^ia:0>+^,a^^>+!..+J.^'>)'^   by  (f  ^J'^f).     Thus 

{l^^  =  x-y+x--'yx+.,.+yx\ 
Also  let  the  coefficient  of  x''"'' in  f^ix)  be  denoted  by  \^\.     r^    is  of  degree 

denote  the  co- 

Ti    ?'2     •••  ^»  J 

efficient  of  fX'-f.'  in  the  expansion  of  [^i^'''+^«^^*^+-+^.«^'^, 
where  r  =  ri+r^+.-.+r,.    We  may  here  observe  that 

x(^  y)-(^  y)x=(  ^    y  )y-y(  ^    y  ). 

\r  sJ      \r  s)         Vr+1  s— 1/^     ^Vr+l  s—V 
*  Sylvester  (15) ;   Shaw  (14),  p.  284. 
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With  this  notation  the  above  mentioned   identities  can  be  expressed  as 
follows : — 


Mx)=  i  r    ^   la:''  =  0, 
r=:o  Ln— rJ 


(0) 


r=o  LrJ  \n— r— 1   1/       r=o  Lr   iJ 

iYp^K      ^  M  =  0,  (r) 

fy(7j)=  ijy   ly'^0.  (n) 

r^o  Ln—rJ 

Similar  identities  can  easily  be  obtained  by  the  same  method  for  three 
or  more  elements. 

In  the  algebra  we  are  considering,  the  primitive  algebra  (-4—^  is, 
in  F',  equivalent  to  a  matric  algebra  Cpq  {p,  q  =  1,  2,  ..,,  n),  which,  by 
Theorem  24,  is  a  sub-algebra  of  A  in  the  extended  field  F',  Hence, 
if  xu  X29  ...,  Xnt,  are  elements  of  {A—N)  corresponding  to  the  rational 
elements  Xj,  0:2,  ...,  ^m  of  A,  we  must  have  a  relation  of  the  form 

Xr  =  Xrjp^p^epq,  (1) 

Consider  these  relations  now  as  defining  Xu  ^2»  --M^m  as  elements  of  A  and 
so  giving  a  primitive  algebra,  isomorphic  with  {A  —N),  but  not  necessarily 
rational  in  F.     We  have,  however,  Xr  =  Xr  (mod  N)  or,  say, 

' '/ 

Xr  —  Xr       Xr  J/f 

where  it  is  immaterial  whether  Xr  is  expressed  in  terms  of  x{,  xj,  ...  or 
Xi,  X2,  ...,  since  these  differ  only  by  elements  of  N  and  ^  =  0.  We  can 
choose  one  of  the  elements,  say  x[  =^  e,  so  that  xi  =  Xi.  For  this  it  is 
suificient  to  choose  Xi  so  that  fxiixi)  =  0  and  then  to  choose  e^,  e^, ,..,  e^n 
so  that  the  primitive  idempotent  elements  of  the  algebra  generated 
by  Xi  are  linearly  dependent  on  e^,  e^^  ...,  d*».  Further,  if  x'p  (p  ^  1) 
is  irrational,  we  may  suppose  Xp  =  2^p,a;^^^  where  x^^^  (5  =  1,  2,  ...)  are 
rational  and  ^p,  are  irrational  scalars  which  are  linearly  independent* 
in  F.     Let  us  now  consider  the  r-th  of  the  series  of  invariant  relations 


*  In  general  we  have  Xp  »  2 (pad;,  +4^^,  where  Xp^  is  rationAl.    We  majr,  however,  suppose 
that  the  rational  element  Zp  yiB  induded  in  Zp, 
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connecting  Xi  and  x'p  as  elements  of  (A—N),  viz., 

»  '  Lf    sJ  \n—r — t  r — s/ 
Patting  x'p+x'py  for  x'p  in  the  left-hand  side,  we  get 

»  '  L<     sJ  Vn— r— <  r—s—1   1  / 

where  ^  is  rational,  since  Xp  =  Xp+ar^'y  is  rational.     Also 

/      ii       x'p+Xpy  x;\ 
*  Vn— r-<  r—s—1    1  / 

•^Un-r-<  r-s-1    1  /     -^  \n-r-t  r-s-2   1     1/* 

(/  //v 

^1  ^p       ^p  ] 

n—r-t  r-s-1    1/' 

since  y^  =  0.  Hence  we  may  put  Xp  for  Xp  in  (i.).  The  left-hand  side 
of  (i.)  then  becomes  a  linear  and  homogeneous  expression  in  ^p,  (5=1,2,.. .) 
with  rational  coefficients  and,  as  the  ^'s  are  linearly  independent  in  F,  it 
cannot  equal  a  rational  quantity.  Hence  it  must  vanish  identically,  i.e., 
z  =  0.  Hence  fHiXi+ipXp)  =  0  for  all  values  of  ^i  and  ^p  and  for 
|)  =  1,  2,  ...,  ?t.  By  a  repetition  of  this  argument,  iiXi-\- ^pXp  taking 
the  place  of  Xi,  we  can  show  that  fi^isXa)  =  0.  Furthermore,  in  the 
above  process  Xi  may  be  replaced  by  a  rational  integral  function  of  it, 
say  h{xi),  and,  since 

h(x^)Xp  =  h(x[)Xp+h(Xi)Xpy, 

which  is  linear  in  Xp,  x'p  may  be  replaced  by  h{Xi)Xp,     Hence 

f{hi{xi)  +  }i^{Xi)Xph^(Xi))  =  0, 

where  Jhixi),  h^ixi),  and  h^ix-^  are  rational  integral  functions  of  Xi.    Again, 

^P  =  ^p  +  ^^p^p+^p^^y  =  ^rP+^ppVy 

where  x^^  =  ^ip,{XpX^+x^^x,), 

the  ^'s  remaining  linearly  independent.  Hence  ic^,  or  any  rational 
integral  function  of  Xp,  may  take  the  place  of  Xp.  Combining  these 
results,  we  find  that,  if  x  is  any  element  of  the  algebra  C  generated 
by  Xi  and  X;„  then  fx(x)  =  0.  This  algebra  cannot  be  identical  with  A, 
For  it  would  then  contain  the  element  y  which  is  commutative  with  every 
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other  element.     Hence,  sinee  /x(x)  =  0  is  the  identical  equation  both  of 
iA—N)  and  of  C  =  J,  therefore  /,(x+y)  =  0.     But 

Mx+y)  =  fAx)+Mx)y  =  fAx)y  ^  0. 

Let  the  theorem  be  now  assumed  to  hold  for  algebras  of  order  leas 
than  the  order  ot  A.  C  then  has  a  rational  primitive  sub-algebra  C^ 
which  contains  elements  congruent  to  x^  and  Xp  modulo  Nj  and  is  there- 
fore of  higher  order  than  the  algebra  generated  by  Xj.  Let  D  be  any 
rational  primitive  sub-algebra  of  A  of  order  r.  Since  in  the  extended 
field  it  is  equivalent  to  a  matric  algebra,  we  may  suppose  e^^ 
(p,  ^  =  1,  2,  ...,  Ft)  so  chosen  that  xi,  Xe,  ...,  Xr  form  a  rational  basis 
of  D,  and  hence  xi'  =  ...  =  Xr  =  0-  But  the  algebra  generated  by  D 
and  Xp  (p  >  r)  has,  as  we  have  shown,  /six)  =  0  as  its  identical  equation. 
As  before,  it  cannot  be  equal  to  A  :  hence  it  has  a  rational  primitive 
sub-algebra  which  is  greater  than  D,  since  x'p  <^  D.  Hence,  by  a 
repetition  of  this  process,  A  can  be  expressed  as  the  sum  of  a  primitive 
and  a  nilpotent  algebra.  Now  the  theorem  is  obviously  true  of  algebras 
of  one  unit.     Hence,  by  induction,  it  is  true  for  algebras  of  any  order. 


8.  The  Classification  of  Potent  Algebras  (continued). 

The  results  of  the  preceding  sections  may  be  summarised  as 
follows  : — 

(i.)  An  algebra  can  be  expressed  uniquely  as  the  direct  sum  of  two 
algebras,  one  of  which  has  a  modulus,  and  the  other  no  modulus  and  no 
integral  sub-algebra  which  has  a  modulus.     (Theorem  10.) 

(lL)  An  algebra,  which  has  a  modulus,  can  be  expressed  uniquely  as 
the  direct  sum  of  a  number  of  irreducible  algebras.     (Theorem  10.) 

(iii.)  Any  algebra  can  be  expressed  as  the  sum  of  a  nilpotent  algebra 
and  a  semi-simple  algebra.  The  latter  algebra  is  not  unique,  but  any 
two  determinations  of  it  are  simply  isomorphic.     (Theorems  24  and  28.) 

(iv.)  A  semi-simple  algebra  can  be  expressed  uniquely  as  the  direct 
sum  of  a  number  of  simple  algebras.     (Theorems  10  and  17.) 

(v.)  A  simple  algebra  can  be  expressed  as  the  direct  product  of  a 
primitive  and  a  simple  quadrate  algebra.     (Theorems  22  and  23.) 

(vi.)  A  simple  quadrate  algebra  can  be  expressed  as  a  matric  algebra. 
(Theorem  22.) 

The  classification  of  algebras  cannot  be  carried  much  further  than 
this  till  a  classification  of  nilpotent  algebras  has  been  found  which  is 
much  more  complete  than  any  that  has  as  yet  been  found. 
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9.  Non-associative  Algebras. 

Many  of  the  results  of  the  previous  sections  are  true  of  a  much  larger 
class  of  number-systems  than  the  linear  associative  algebras.  In  this 
section  I  discuss  the  extension  of  some  of  these  results  to  non -associative 
algebras. 

A  non-associative  algebra  differs  from  an  associative  one  only  in  that, 
for  some  elements,  the  associative  law  does  not  hold  true.  Throughout 
this  section  the  term  '*  algebra  "  will  be  used  to  include  non-associative 
algebras  as  well  as  associative  ones,  the  appropriate  adjective  being 
affixed  when  it  is  necessary  to  distinguish  between  them. 

The  calculus  of  complexes  is  the  same  as  in  §  1,  except  that  A.BC 
is  not  necessarily  the  same  as  AB .  C.  Hence,  any  of  the  previous 
theorems  which  do  not  involve,  directly  or  indirectly,  products  of  more 
than  two  members,  hold  unaltered  for  non -associative  algebras.  Thus  an 
invariant  sub-complex  of  an  algebra  is  itself  an  algebra,  and  so  on,  the 
terms  **  simple  "  and  "  invariant "  being  defined  as  in  §  2.  Hence  also, 
if  Bi  and  B2  are  invariant  sub-algebras  of  A,  Bi+B^  is  also  an  in- 
variant sub-algebra  ;  and,  if  B^  and  B^  are  maximal,  A  =  Bi+B^, 
when  Bi  ^  Bg. 

If  B  is  any  sub-algebra  of  A  and  A  =B+(7,  the  elements  of  C 
define  a  new  algebra  if  elements,  which  differ  only  by  elements  of  B, 
are  regarded  as  equal.  This  algebra,  which  may  be  said  to  be  com- 
plementary to  B,  is  not,  however,  unique,  since  C  can  be  chosen  in  a 
variety  of  ways.  But,  if  B  is  invariant,  it  is  easily  seen  that  the  algebra 
is  unique;  it  can  therefore  in  this  case  be  denoted  by  {A^B).  The 
proofs  of  Theorems  4-6  are  therefore  applicable  word  for  word  to  non- 
associative  algebras,  the  final  result  being  that  any  two  difference  series 
of  an  algebra  with  a  finite  basis  differ  from  one  another  merely  in  the 
order  of  their  terms. 

We  may  notice  here  a  peculiar  difference  between  associative  and  non- 
associative  algebras,  namely,  that  in  the  latter  an  algebra  may  have  all 
its  elements  nilpotent  and  yet  be  simple.  Consider  the  non-associative 
algebra  A  with  three  units  whose  multiplication  table  is 


ei 

«3 

«8 

0 

«i 

Ca 

«i 

0 

«3 

ej 

«8 

0 

the  given  field  being  GF[i].     Here 


1907.]  Hypbrcomplbx  numbers.  Ill 


2 


since  «i  =  0,     ^j^a+^^i  =  «i+^i  =  0. 

Also  eiX  =  io^i+ize^  =  xci. 

At  least  two  of  these  are  independent,  say  CiX  and  e^x.  Then,  if 
B  =  «iX,  «2^>  AB  =  Af  this  being  also  true  if  any  other  two  be  taken  to 
be  independent.     A  is  therefore  simple. 

We  may  also  observe  that  A^  =  A,  although  A  has  no  idempotent 
element.  This  marks  another  difference  between  the  two  classes.  Another 
interesting  example  of  this  is  the  algebra 

^1     ^ 


ei     Ci+e^  e^  (2) 

€2         €.2     61 

the  field  being  the  same  as  before.  It  is  easily  verified  that,  in  this 
algebra,  the  equation  xy  =  z  has,  for  given  values  of  y  and  z,  not  both 
zero,  a  unique  solution  x.  The  algebra  has  therefore  many  of  the 
properties  of  a  primitive  algebra,  although  it  has  no  modulus. 

The  formation  of  powers  in  a  non-associative  algebra  is  rather  com- 
plex. Thus  a?. a;*  is  not  necessarily  the  same  as  x^.x,  nor  A  .A^  the  same 
as  -4^.^.     We  shall  use  the  following  notation  : — 

^UU...U)...))=^*, 

W.A'^)A^  =  ^(«+«)+p, 

and  so  on,  the  index  indicating  the  manner  in  which  the  terms  are 
grouped.  All  powers  for  which  the  sum  of  the  indices  is  r,  are  said  to  be 
of  the  r-th  degree. 

If  all  the  n-th  powers  of  an  algebra  are  zero,  it  is  said  to  be  a  nilpotent 
algebra  of  index  n.  If  A  is  nilpotent,  the  sum  of  the  r-th  powers  is  less 
than  the  sum  of  the  (r— l)-th  powers.  To  show  this,  let  ^W  be  the  sum 
of  the  s-th  powers,  and  suppose  that  the  theorem  holds  for  s  <  r.     Then 

But  ^Wzjt^tr-i]^  and  A^^^  :=A'^<A\  hence  the  theorem  follows  by 
induction.  Now  ^W^W^^[r+.]^  ^nd  ^W-^^W.  Hence,  as  in 
Theorem  7,  we  may  express  A  in  the  form 

where  B^B^^  Bp+,+Bp+,+i+  — 
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Every  element  of  a  nilpotent  algebra  is  nilpotent  in  the  sense  that,  for 
some  n,  all  its  n-th  powers  are  zero.  This  condition  is,  however,  not 
sufficient  to  render  the  algebra  nilpotent,  as  may  be  seen  from  the  first  of 
the  examples  given  on  p.  110.  A  sufficient  condition  is,  however,  not 
difficult  to  find.  If  n  is  the  index  of  a  nilpotent  algebra  A,  then  A^^^  =  0, 
and  in  particular,  if  x  and  y  are  any  two  elements, 

yiyi-'-yiyx)  ...))  =  o. 

Now  the  proof  of  Theorem  14  holds  for  non-associative  algebras  step  for 
step,  except  that  we  cannot  deduce  from  A*x  =^  A*  that  A  has  an  idem- 
potent  element.  There  is,  however,  an  element  y  such  that  yx  =  x, 
from  which  it  follows  that 

y(y(...t/(i/;r)...))=jfcO, 

and  A  is  therefore  not  nilpotent.  Hence  a  necessary  and  sufficient  con- 
dition that  A  is  nilpotent  is  that  it  contains  no  pair  of  elements  y  and  x 
such  that  yx  ^=  X  {x  ^  0).     y,  of  course,  need  not  be  distinct  from  x. 

Of  the  remaining  theorems  of  Section  5,  Theorems  9  and  13  hold  also 
for  non-associative  algebras.  The  others  deal  chiefly  with  idempotent 
elements  and  do  not  seem  to  have  any  direct  analogue  in  the  general 
theory. 

A  rough  classification  of  non-associative  algebras  may,  however,  be 
obtained  as  follows. 

In  an  algebra  A  there  will,  in  general,  be  a  sub-algebra  Mi  composed 
of  all  elements  z,  such  that  z.xy  ^=  zx.y  for  any  elements  x  and  y  ot  A. 
The  modulus,  if  the  algebra  has  one,  will  be  contained  in  it.  For  this 
reason  I  shall  call  it  the  modular  sub-algebra  of  the  first  kind.  Similarly, 
the  elements  z  such  that  x.zy  :=ixz.y  form  an  associative  algebra  if^ 
which  may  be  called  the  modular  sub-algebra  of  the  second  kind;  and 
elements  such  that  x.yz  =^  xy .z  form  an  associative  algebra  M^  called 
the  modular  sub-algebra  of  the  third  kind.  The  elements  common  to  all 
three  will  be  called  the  principal  modular  sub-algebra  of  A.  For 
example,  in  the  algebra 

1       ^2       ^3       ^4 


Cl 

0 

0 

0 

0 

Ca 

^3 

Bi 

% 

0 

0 

e^ 

Ca 

0 

ei 

0 

we  have  Mi  =  M^  =  il/g  =  Af  =  ^i,  ^2 ; 
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and  in 


«1 

Ca     <       «3 

«1 

«1 

0        .    0 

«a 

0 

«a             «« 

«3 

«a 

Cs— «2      ^a 

Ml  =  Ci,  eg*  ^2  ==  -^fg  =  3f  =  (^  +  «a). 

If  «i,  «2,  ...,  6m  is  a  primitive  set  of  idempotent  elements  of  M,  we  have 
A  =  ^Aj^,     ApqAr,  =  0  {q=f^r)y     ApqAgr^^Apr. 

This  is  analogous  to  Pierce's  form  for  a  linear  associative  algebra,  and  a 
partifid  classification  of  non-associative  algebras  can  obviously  be  based 
upon  it. 

.10.  Semi-invariant  Sub-algebra^.* 

A  sub-algebra  B  ot  A  is  said  to  be  semi-invariant  if  either  AB  ^B 
or  BA  ^  B.     We  shall  assume  throughout  this  section  that  AB  ^  B. 

If  Bi  and  B2  are  two  different  maximal  semi-invariant  sub-algebras 
of  -4,  then  evidently  Bi+B^  =  A,  since  A  {Bi+B^  ^Bi+B^-  Further, 
if  B  =^  Bi^^  B^,  it  may  be  shown  that  the  difference  algebras  comple- 
mentary to  jBi,  jBs  and  B,  may  be  so  chosen  t  that 

U-Bi)  -  (B2--B),       {A^B^  -^  {B,-B). 

It  then  follows,  as  in  Theorem  6,  that,  if 

Ay  Bi,  B2,  ... ;    A,  Bi,  JB2,  ... 

are  two  series  of  algebras  such  that  each  of  them  is  a  maximal  semi- 
invariant  sub-algebra  of  the  preceding  term,  then  the  corresponding  series 
of  difference  algebras  can  be  so  chosen  that  they  differ  merely  in  regard 
to  the  order  in  which  their  terms  occur. 

In   a    potent    associative    algebra    A,   a   maximal    nilpotent    semi- 

*  The  proofs  of  the  theorems  of  thin  section  are  merely  repetitions  of  what  has  already  been 
done  and  are,  therefore,  for  the  most  part  omitted. 

t  Since  (A—Bi)^  ...  are  not  uniquely  determined,  these  symbols  have  no  meaning  unless  it 
is  shown  how  these  algebras  are  to  be  determined,  ^.y.,  in  this  case  by  setting 

5i  -  6\  +  5,     (7,  -^  5  =  0  ;         ^j  *  C,  4-^5,     C,^B  ^  0; 

A       L\  +  C,-t-Ji, 

{A  —  B)  id  of  course  not  necessanly  simple  when  B  is  maximal. 

BKB.  2.     VOL.  G.     Jto.  9Sa.  I 
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invariant  sub-algebra  is  invariant,  and  is  therefore  unique.     For 

AN^N,      NA.A^NA,      A.NA^NA, 

(NA)^  =  NANA  <  N^A,        {NAr  <  N^A  =  0, 

if  ^"^  =  0.     Hence  NA  is  a  nilpotent  invariant  sub-algebra  of  A,    and 
therefore  either  NA  ^N  or  A  =  NA+N.    In  the  latter  case, 

A^^N^A+N^; 

and  therefore  A  is  nilpotent  contrary  to  our  assumption.     Hence  we  must 
have  NA  ^  N^  which  proves  the  theorem. 

Suppose  now  that  both  A  and  B  have  a  modulus,  the  moduli  being 
respectively  e  and  ^j.     Then,  if  €2  =  «— «i, 

A  =  Aei+CiAe^-^e^Ae^  =  jB+C+D, 

where  B  =  Ae^,     C  =  CiAe^y    D  =  e^Ae^, 

and  jB  ^  (G+D)  =  0    and     C  -^  2)  =  0. 

Since  ^4*  =  -4,  we  have 

Therefore  L^  =  D^  and  the  multiplication  table  of  A  has  the  form 


B 

C 

D 

B 

B 

G 

0 

C 

0 

0 

(7 

D 

0 

0 

D 

C  is  a  nilpotent  invariant  sub-algebra  of  A  whose  complementary  algebra 
is  reducible.  Hence  no  semi-invariant  sub-algebra  of  a  semi-simple 
algebra  has  a  modulus.  We  may  also  notice  that  D  is  a  left-hand  semi- 
invariant  sub-algebra,  and  that  B+C  and  D+C  are  invariant  sub- 
algebras  of  A. 

A  primitive  algebra  is  the  only  type  of  algebra  which  has  no  semi- 
invariant  sub-algebra.  For,  if  A  has  no  semi-invariant  sub-algebra,  it 
must  have  a  modulus,  and  if  x  is  any  element  of  A  which  has  no  inverse, 
Ax  is  a  semi-invariant  sub-algebra  of  A. 

11.  The  Direct  Product. 

Let  A  =  Xi,  X2f  ...,  Xay  B  =  t/i,  y2,  ...,  yt  be  two  complexes  of  order  a 
and  6  respectively,  such   that  every  element  of  A  is  commutative  with 
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every  element  of  B ;  and  farther,  let  all  the  elements 

Xry,  (r=  1,  2,  ...,  a;  «  =  1,  2,  ...,  6) 
be  linearly  independent ;  then  the  complex 

C  =  Xiyi,  x^y^y  ...,  Xry,,  ... 
is  called  the  direct  product  of  A  and  B. 

The  following  is  an  alternative  definition.  Consider  all  pairs  of 
elements  of  the  form  (a?,  y)  where  x  <.  A  and  y  <B,    Let 

{x+x\  y+7/)  =  (X,  y)+(x\  y')+(x,  y')+(x',  y) 

and  (x,  y){x\  y')  =  {xx\  yy'). 

The  elements  (x,  y)  generate  an  algebra  of  which  they  themselves  form  a 
complex  of  order  ab  which  is  said  to  be  the  direct  product  of  A  and  B  and 
is  denoted  by  ^  XjB.     ^  XjB  is  of  course  the  same  as  jBX^. 

We  shall  generally  take  A  and  jB  to  be  algebras,  in  which  case  AxB 
is  an  algebra. 

The  following  relations  follow  immediately  from  the  definition  of  ^1 X  £. 

AXiBxC)  =  (AXB)XC, 

AX(B+C)=ZAXB+AXC, 

Ax(B^O=AxB^AxC. 

If  A  =  BxC  has  a  modulus,  jB  and  C  must  each  have  a  modulus 
and  conversely.  In  this  case  there  is  also  a  sub-complex  of  A  isomorphic 
with  B,  namely,  the  direct  product  of  B  and  the  modulus  of  C  Also,  if 
B'  and  C  are  the  sub-complexes  of  A  which  correspond  to  B  and  C,  then 

A  =  C'B'  =  B'C. 

If  B  has  an  invariant  sub-algebra  Bi,  Bi  X  C  is  evidently  an  invariant 
sub-algebra  of  A  ;  hence,  if  A  is  simple,  B  and  C  are  also  simple.  The 
converse  of  this  is,  however,  not  always  true.     For  instance,  let 


be  the  table  of  B,  and  let  C  =  B ;  then  the  table  of  A  is 

^2         ^         ^4 


<4 


Cl         «4         <8 
*8         *«         *1 

I  2 
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where  Ci  =  (^i,  ^i),       Cg  =  (e^  eg),       ^  =  (Cj,  «i), 

and  e^  =  {e^,  e^). 

If  we  put  ei  =  J  (ei+ej,       62  =  J  (eg— ^a)* 

«s  =  i  («i—«4)»       «4  =  i  (ea+«8)» 
the  table  becomes 


/ 
^2 

64 

ei 

0 

0 

«2 

e^' 

— Cl 

0 

0 

«8 

0 

0 

«» 

^4 

«4 

0 

0 

/ 

C4 

Hence  £  X  (7  is  reducible.  If,  however,  the  given  field  is  such  that 
every  simple  algebra  is  matric,  the  converse  does  hold ;  therefore,  in  any 
field,  the  product  of  two  simple  algebras  is  simple  or  semi-simple. 

It  is  interesting  to  note  that  the  algebra  given  above  can  also  be  ex- 
pressed as  the  direct  product  of  B  and  the  algebra  Ci  whose  table  is 

ei     62 


^2 


Ci     0 
0     ftj 


Hence,  from  A  =  B  X  (7  =  B  X  Cj,  it  does  not  necessarily  follow  that 
C  ^  Ci.  This  is,  however,  probably  true  if  the  field  is  sufficiently 
extended. 


12.  Conclusion. 

It  is  remarkable  that  the  properties  of  a  field  with  regard  to  division 
are  not  used  in  many  of  the  theorems  of  the  preceding  sections.  The  first 
place,  where  it  is  used,  is  where  it  is  assumed  that,  if  -4*  <  ^,  the  order  of 
A^  is  less  than  the  order  of  A.     Thus,  if  the  table  of  an  algebra  is 


Ci     2<5i     2e2 


62  j  2^2     2ei 

and  the  set  of  positive  and  negative  integers  takes  the  place  of  the  given 
field,  then  -4'^  =  2^^,  2e2,  which  is  not  equivalent  to  A,  but  is  still  con- 
tained in  ^.  In  other  words,  ii  B  <  A  and  A  =  B+C,  then,  for  every 
such  C,  B  is  contained  in  C. 
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If  we  now  call  B  a  proper  sob-complex  of  A  when  we  can  find  C  such 
that  A-^B+C,  B^C  =  0,  and,  in  Theorem  2,  substitute  "proper 
invariant  sub-complex  "  for  "  invariant  sub-complex  "  throughout,  we  find 
that  all  the  theorems  of  the  section  hold  without  further  modification. 
Most  of  the  theorems  of  the  other  sections  can  be  modified  in  a  similar 
fashion.  Thus,  Theorem  15,  when  modified,  would  read : — If  A  is  an 
algebra  with  not  more  than  one  idempotent  element,  and  x  is  any  eUment 
such  that  Ax  is  a  proper  sub-complex  of  A,  then  x  is  nilpotent. 

I  have  not  carried  out  this  process  in  detail,  as  the  results  obtained  do 
not  seem  to  be  of  sufficient  importance. 

[Added  February  1st,  1908. — Since  the  above  paper  was  in  print  I 
have  noticed  a  mistake  in  the  proof  of  Theorem  28  ;  this  mistake  is,  how- 
ever, easily  remedied.     The  notation  used  below  is  that  of  page  105. 

It  is  there  assumed  that  the  algebra  B'  is  commutative  with  every 
element  of  A.  Suppose  that  this  is  not  the  case,  and  let  M  be  the  maxi- 
mum sub-algebra  of  N  which  is  composed  of  elements  commutative  with 
every  element  of  B\  As  on  page  105,  we  may  assume  N^  =  0,  Let  x,  //, 
and  z  be  elements  of  A,  B\  and  M  respectively.  Prom  the  definition 
ol  B\  we  have  xy—yx<,N,  and  therefore,  since  J^/^  =  0  and  M^iV, 
xzy  =  xyz  =  yxz.  Hence  xz  <  M,  i.e.,  M  is  invariant.  Now,  if  we  prove 
the  theorem  for  (A—M),  it  follows  for  A  as  in  the  text;  for  if  the  theorem 
is  true  for  (A—M),  then  A  can  be  expressed  in  the  form  Ai-^-Ni  where  Ni 
is  nilpotent  and  ^j  is  an  algebra,  containing  jB',  of  which  M  is  the  maximal 
invariant  nilpotent  sub-algebra ;  B^  is  then  commutative  with  every 
element  of  Ai  and  the  proof  proceeds  as  on  page  105.  We  may  therefore 
suppose  that  there  are  no  elements  of  N  commutative  with  every  element 
of  B\  i.e.,  ilf  =  0. 

If  the  given  field  is  sufficiently  extended,  it  follows  from  Theorems  22 
and  27  that  A  contains  a  simple  matric  algebra  A'  such  that  {A—N)  ib 
the  direct  product  of  A'  and  B' ;  and,  since  ilf  =  0,  evidently  the  elements 
of  A'B'  are  the  only  elements  of  A  which  are  commutative  with  every 
element  of  B'.  But  B'  is  rational ;  hence,  by  Theorem  26,  A'B'  is  also 
rational  if  B'  is  of  order  greater  than  1,  i.e.,  the  theorem  is  true  in  this 
case.  We  may  therefore  assume  that  every  element  of  B'  is  commutative 
with  every  element  of  ^,  as  we  have  shown  that  the  theorem  follows  if 
this  is  not  the  case.] 
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ADDENDUM   TO  A  PAPER   "ON  THE   INVERSION   OFJji« 
A    REPEATED    INFINITE    INTEGRAL"* 

By  T.  J.  I 'A.  Bromwich. 

[Received  June  29th,  1907.— Bead  Xoyember  14th,  1907.] 

Mr.  G.  H.  Hardy  has  pointed  out  to  me  that  the  conditions  (i.)-(v.) 
of  §  6  of  this  paper  are  satisfied  by  the  integral  (loc.  cit.,  p.  192) 


(1) 


Jo  Jo  y 


provided  that  q  (the  real  part  of  p)  is  positive ;  so  that  it  is  unnecessary 
to  suppose  q>\  as  I  did  in  my  original  investigation.  The  following 
method  is  substantially  the  same  as  Mr.  Hardy*s. 

It  will  be  seen  from  my  work  on  p.  193  that  the  condition  j  >  1  is 
only  introduced  in  proving  that  the  integral 


(2) 


r  x^-'^e'^dx  [   (c"^-6-*0  ^     (0  <  ^  <  1) 

h  u  y 


tends  to  zero  as  17  tends  to  infinity. 

Now  the  absolute  value  of  (2)  is  less  than 


(8) 


Jo  Jn  y 

and  [(e-^^e-^  ^  =  T  e-  ^-  (%-  ^  =  ("  e-  ^. 

J,  y      Jjt,       w     J,        w      J^       tt 

Thus  j*  {e-'^^e-y)  ^  <  .-^  j"  ^  =  e"^  log  (i-) , 

and  so  (8)  is  less  than  f 

(4)  r  e-"^  log  (-j)  a:«-^  cfo  <  T  e"*^  log  (— )  x«-^  dx. 

Now  the  last  integral  in  (4)  converges  (at  x  =  0)  uniformly  for  all 

•  Proe,  Undon  Math.  Soe.,  Ser.  2,  Vol.  1,  1903,  p.  176. 

t  This  inequality  constitutefi  the  essential  improYement  introduoed  bj  Mr.  Haidj  ;    the 
method  of  mj  paper  used  l/x  instead  of  log(l/4p). 
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positive  values  of  >;,  since  the  integrand  is  less  than  that  of  the  con- 
vergent integral  p,        / 1  \ 

logl—Jx^^-'dx      (if  q>0). 

Thus,  by  a  familiar  result*  relating  to  uniformly  convergent  integrals, 
we  find 

(5)  lim  r  e-*^  log^  Cjj  x*-^  dx  =  0 

because  lim  e''^  =  0     (if  a?  >  0). 

Prom  the  results  (8)-(5)  we  see  that  the  integral  (2)  tends  to  zero, 
provided  that  q  is  positive :  and  so  the  conditions  of  my  paper  are  then 
satisfied  by  the  integral  (1). 

Now  the  condition  j  >  0  is  certainly  necessary  +  as  well  as  sufficient 
for  the  inversion  of  the  order  of  integration  to  be  permissible  in  the 
integral  (1).  It  is  therefore  suggested  that  the  range  of  my  conditions 
is  not  so  limited  as  seemed  probable  from  the  original  discussion  of  this 
example  (see  p.  194,  top). 

As  a  matter  of  fact,  the  conditions  given  in  §  5  of  my  paper  will  be 
necessary  as  well  as  sufficient  whenever  the  equation 


(6) 


\    dx\    fix,y)dy  =  \    dy  \   f{x,y)dx 


is  true  for  all  values  of  ^,  jy.  And  this  will  be  true  in  the  ordinary 
applications  of  the  conditions,  although  it  would  seem  to  be  possible  to 
build  up  examples  in  which  (6)  might  hold  for  certain  values  of  ^,  ij, 
but  not  for  others.  Thus  it  appears  that  my  conditions  are  necessary 
as  well  as  sufficient  whenever  the  difficulty  is  due  solely  to  the  presence 
of  infinity  in  the  upper  limits  of  integration. 

Dr.  Hobson  has  remarked  I  that  the  condition  (ii.)  given  on  p.  186 
of  my  paper  really  contains  hath  conditions  (i.)  and  (ii.)  as  given  on 
p.  184 ;  and  therefore  condition  (i.)  is  rendered  superfluous  when  the 
second  form  of  condition  (ii.)  is  used.  This  fact  follows  at  once  from 
the  inequality  (4)  of  p.  185  :  since,  if  v  is  there  allowed  to  tend  to 
infinity,  we  find  that 

(7)  |^-y^|<e,         |a-y^|<€     (if  At  >  Wo), 


*  See,  for  instance,  Art.  172  of  the  Appendix  to  my  book  on  Infinite  Series, 
t  In  fact,  the  integral  (1)  is  not  oonvergent  unless  ^  >  0. 
J  Hobson,  Theory  of  Functions  of  a  Real  Variable^  p.  446. 
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where  A,  a  are  the  maximum  and   minimum   limits  of  Zy.     Thus  from 

(7)  we  have  .         ^  n      /r      ^      ^ 

A  — a  <  2€     {it  fA^  mo). 

But  A  and  a  do  not  depend  on  the  variable  /x>  s^nd  so  we  mus^Jiave 

(8)  A  =  a. 

Thus  from  (7)  and  (8)  we  see  that  y^  has  a  limit  a  whenever  the  in- 
equality (4)  of  p.  185  is  satisfied,  and  that  z^  has  then  the  same  limit  a. 
Thus  the  sufficiency  of  condition  (ii.)  on  p.  185  is  completely  established, 
and  its  necessity  was  proved  by  my  former  investigation  ;  *  the  condition 
is  therefore  both  necessary  and  sufficient. 

On  the  other  hand,  if  we  apply  the  method  given  here  to  the  in- 
equality (3)  on  p.  184,  the  existence  of  a  =  lim  Zy  can  be  at  once  deduced ; 
but  we  can  only  prove  that  a  is  07ie  of  the  limits  of  y^,  and  accordingly 
the  existence  of  lim  y^^,  is  here  an  additional  necessary  condition. 


*  Hy  proof  shows  that,  if  lim  f/^  and  lim  z^  exist  and  are  equal,  then  the  inequality  (4)  of 
p.  185  can  be  inferred.  To  prove  the  sufScienoy,  I  contented  myself  with  the  remark  that  the 
inequality  (4)  is  more  stringent  than  (3) ;  the  reason  for  this  additional  stringency  is  now  erident, 
because  the  second  inequality  includes  the  first  and  aino  the  condition  (i.)  of  p.  184. 
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ON  THE  INVARIANTS  OF  A  BINARY  QUINTIC  AND  THE 
REALITY  OF  ITS  ROOTS 

By  H.  F.  Baker. 

[Reoeiyed  October  19th,  1907.— Read  NoYember  Uth,  1907.] 

The  present  note  consists  of  three  parts.  In  §  1  it  is  shewn  that  the 
known  rational  relation  connecting  the  four  fundamental  invariants  of  a 
binary  quintic  is  resoluble ;  namely,  that  three  rational  invariants,  each 
rational  in  the  four  fundamental  invariants,  can  be  taken,  in  terms  of 
which  each  of  the  four  fundamental  invariants  can  be  rationally  ex- 
pressed; thus  all  the  rational  invariants  of  the  quintic  are  rationally 
expressible  in  terms  of  three,  these  being  two  absolute  invariants  and  one 
of  effective  degree  2,  the  quotient  of  an  integral  invariant  of  degree  18  by 
one  of  degree  16.  In  §  2  a  discrimination  of  the  roots  of  the  quintic, 
when  its  coefficients  are  real,  is  given  in  terms  of  the  two  absolute 
invariants  spoken  of.  In  §  8,  a  proof  of  the  results  of  §  2  is  given,  by 
means  of  Sylvester's  canonical  form.  The  roots  of  the  quintic  were  first 
discriminated  in  terms  of  the  invariants  by  Hermite  {Camb.  and  Dublin 
Math.  Jour.,  Vol.  ix.) ;  much  simpler  results  were  obtained  by  Sylvester 
(PhiL  Trails.,  Vol.  cliv.,  1864 ;  Compt.  Bend.,  Vol.  lix.,  1864),  and  these 
have  been  partly  reconsidered,  and  the  i-esults,  as  stated  by  Sylvester  in 
the  first  of  these  papers,  corrected  by  Salmon,  Higher  Algebra,  and 
Cayley,  Coll.  Papers,  Vol.  vi.  In  general  the  method  followed  here,  in 
§  8,  is  put  together  from  Sylvester's  memoir  ;  but  for  the  case  when  the 
quintic  has  a  repeated  root,  which  is  not  considered  by  Salmon  or  Cayley, 
I  have  made  an  independent  examination. 


Let  J,  J,  K,  L  be  the  invariants,  respectively,  of  degrees  18,  4,  8,  12, 
belonging  to  a  binary  quintic  form,  given  for  example  in  Salmon's  Higher 
Algebra,  1885,  Lesson  xviii. ;  they  are  connected  by  the  equation 

16J*  =  J{E^-JL)^+8E^L-72JKL^''^S2LK 
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bo  that  $,  n,  C  ^f^  invariants  respectively  of  degrees  0,  0  and  2 ;  also  let  sr 
denote  the  absolute  invariant,  rational  in  ^  and  >;,  given  by 

w  =  -  ^+.,»+72^,-482^«-64,» ; 
then  we  have 

ar  (£*-/L)«  =  -  L*(K'-JL)''+K^L*{K^-JL)''+72KL^  {K^-JL) 

-482L8-64X»L» 

=  L^  {J(K'-JL)'+8K'L-72JKL^-482L'') 

=  16PL^ 

so  that  ^=--^Ki_jL)i' 

hence  ^^^^  -    ^"^*'^'     (^-W^  _  r 

Wi:^^  _  2*rg'i>*--L'(g'-J'z>)1.f''  {iC-JLf  _  J 

2"^*^_    2"L"'I''      (g'-JL)",  J 

thatisl  =  ?^.     /  =  ?V^.     K  =  ^,     L=?W. 

whereby  the  four  invariants  J,  c/*,  iT,  L  are  rationally  expressed  in  terms 
of  the  three  invariants  i,  rj,  ^,  which  are  themselves  rational  in  I,  J,  K^  L. 

We  put  X=12«.^,       F=  48.17, 

and  regard  X,  Y  as  rectangular  Cartesian  coordinates.     The  discriminant 
Z),  of  the  quintic,  known  to  be  equal  to  eP— 2''jK',  is  given  by 

■D  =  S^[('r-^)"-2\^«,] 


=  oT^mY'-^'-^^n 


2*.8«or' 
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The  curve 


(f  Y^--X)2  =  fX^Y 


has  a  cusp  at  the  origin,  one  cuspidal  branch  lying  below  the  asymptote 
F  =  f ,  the  other  cutting  it,  either  of  these  being  continuous  at  infinity 
with  a  branch  lying  above  the  asymptote  for  every  point  of  which 
X^  —  1;  this  is  the  curve  against  which  the  letter  D  is  placed  in  the 
diagram. 

The  curve  ts-  =  0,  easily  seen  to  be  the  same  as 

(X-3r+2)H4  (Y-l)«  =  0, 

touches  the  curve  D  at  [-2(f)^  J|],  and  cuts  it  at  (2®/ll^  8.2^11^,  and 
for  the  present  need  only  be  drawn  between  these  points. 

Thereby  the  finite  portion  of  the  plane  may  be  said  to  be  divided  into 
four  regions.  The  quintic  being  supposed  to  have  real  coefficients,  each 
of  these  regions  corresponds  to  a  definite  number  of  real  roots  of  the 
quintic ;  these  numbers  are  placed  in  the  diagram. 

Further,  the  curve  D  is,  by  the  arc  of  tsr  =  0  which  is  drawn,  divided, 
we  may  say,  into  four  arcs  ;  each  of  these  corresponds  to  a  definite  number 
of  real  roots  of  the  quintic,  shewn  by  the  attached  numbers ;  and  the 
points  of  the  arc  of  tsr  =  0  which  is  drawn  correspond  to  one  or  other  of 
two  cases,  in  regard  to  the  number  of  real  roots,  according  as  L  ^  0. 

Finally,  the  origin,  and  the  two  points  spoken  of,  where  tsr  =  0  meets 
the  curve  2),  are  associated  with  certain  numbers  of  real  roots  of  the 
quintic.     These  are  given  in  association  with  the  diagram. 


J) i 


At  ^,  if  L  >  0,  there  is  1  real  root  and  two  complex  roots  both  repeated  ; 
if  L  <  0,  there  is  1  real  root  and  two  real  roots  both  repeated, 
5  in  all. 

At  B,ii  L>  0,  there  are  8  real  roots,  one  a  double  root ; 
if  L  <  0,  there  are  5  real  roots,  one  a  double  root. 
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At  0,  if  D  >  0,  there  is  1  real  root ; 
if  IX  0,  there  are  8  real  roots. 

Analytically, 

D<  0,  3  real  roots. 

D  >  0,  «r  <  0,  r  >  24/49,  5  real  roots. 

2)  >  0,  Tsr  >  0,  or  7  <  24/49,  or  both,  1  real  root. 

D  =  0,  Tsr  <  0,  F>  24/49,  6  real  roots. 

D  =  0,  Tsr  >  0,  or  7  <  24/49,  or  both,  3  real  roots. 

D  =  0,  Tsr  =  0,  7  =  24/49,  L  >  0,  1  real  root ;  L  <  0,  5  real  roots. 

D  =  0,  Tsr  =  0,  7  =  3.2*/ll*,  L  >  0,  3  real  roots ;  L  <0,  5  real  roots. 

D  >  0,  isr  =  0,  7=0,  1  real  root   )  •    i  j  ^  •       .  4^4.         4. 

'  '  '  ,       .    h  included  m  a  former  statement. 

-D  <  0,  cr  =  0,  7=0,  3  real  roots  J 

3. 

We  consider  the  quintic  with  real  coefficients 

aa^+5bx*y+lOca^y^+10ds^t^+5exy^+fy^, 

excluding  from  consideration  the  case  when  three  or  more  roots  are  equal. 
We  assume,  then,  that  the  quintic  can  be  brought  to  the  form 

where  u,  v,  w  are  linear  functions  of  x  and  y,  chosen  so  that  their  sum  is 
zero,  and  r,  s,  t  are  constants,  provided  that  the  invariant  L  does  not 
vanish ;  and  that,  if  L  vanishes,  and  no  other  restrictive  condition  is 
satisfied,  the  quintic  can  be  brought  to  the  form 

where  u,  v  are  real  linear  forms,  and  A,  E,  F  are  real  constants,  while  if 
L  =  0,  J  =  Oy  this  form  reduces  to 

Au^+5Euv\ 

and  that,  in  all  other  cases  in  which  L  =  0,  save  those  in  which  the 
quintic  has  three  or  more  equal  roots,  the  first  form 

is  valid  (Sylvester,  loc.  cit).     The  invariants  J,  K  of  the  form 

Au^^-^Euv^+Fv^ 
are  J  =  A^F^,  K  =  —  2A^E^  (Salmon,  Higher  Algebra). 
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and  interpret  X  =  12^^,         Y  =  4817 

as  rectangular  Cartesian  coordinates.  The  cases  L  =  0,  or  L  =  0, 
J  =  0,  lead  then  to  the  single  point  X  =  0,  7=0,  which  we  consider, 
briefly,  later  ;  for  all  other  cases  we  may  deal  with  the  quintic  under  the 
form  rM^+st?*+^w*. 

Calculated  for  this  form  the  invariants  of  the  quintic  are 

I  =  r^s^f{s-m-r){rs\    K  =  r'sV  (s^+^r+r*),     L  =  rV^S 

J  =  {st+tr+rsf—Arstir+s+t) ; 

these  give,  if  /a  =  4  (r+5+^), 

^(st^'tr+rs  =  17,     \rsHr+t+s)  =  J^,     •^r'^fi  =  ^^ 

fM,  fX  fX 

80  that  the  three  quantities  jti'^sty  fi^^tr,  fi^^rs  are  the  roots  of  the  cubic 
equation  in  yU,  ^8_^a+ i^^_^a  =  q  ; 

the  discriminant  of  this  is  at  once  found  to  be 

-e  (-^+>7^+72^i7~432^«-64i78), 

or  —  ^V, 

80  that  the  roots  of  the  cubic  are  real  when  vr  is  positive,  and  two  of  them 
conjugate  imaginaries  when  m  is  negative.     We  have  found 

tsr/L  =  16/^LV(X^-/L)«, 

80  that  the  signs  of  L  and  vr  are  the  same ;  thus,  as  Zr  is  a  negative 
multiple  of  the  discriminant  of  the  canonizant 

a         b  c        d    \ 

b  c  d         e     \ 

c  d  e        f     \' 

of  which  Uj  Vf  w  are  the  linear  factors, 

(1)  When  isr  is  positive,  in  the  canonical  form 

Tl(^  +  SV^+tW^=  0, 

u,  t?,  w,  r,  s,  t  are  real ; 

(2)  When  tsr  is  negative,  two  of  the  linear  forms  w,  «,  w,  which  we  take 
to  be  u  and  i;,  are  conjugate  imaginaries,  and  w  is  real,  while,  correspond- 
ingly, r  and  8  are  conjugate  imaginaries  and  t  is  real.     Taking  account 
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of  the  fact  that  the  original  quintic  is  real,  these  results  are  easily  found 
to  hold  also  when  ^  =  0,  in  which  case  both  L  and  the  canonizant  vanish 
identically. 

Conversely,  when  $  and  n  are  assigned,  the  above  cubic  determines 
ratios  for  the  coefficients  r,  s,  U  and,  when  isr,  which  is  a  definite  function 
of  i,  rj,  is  positive,  we  may  take  real  linear  functions  u,  v,  Wy  while,  when 
VT  is  negative,  we  may  take  u,  v  conjugate  complex  linear  functions ;  thus, 
save  when  ts-  =  0,  to  each  value  of  i  and  17  belongs  a  class  of  quintic 
forms.  When  tsr  =  0,  and  D  ^  0,  we  may  take  r  =  5,  both  these  being 
real  since  they  are  roots  of  a  cubic  equation  with  real  coefficients,  but  the 
linear  forms  u,  v  may  be  either  real  or  conjugate  complexes. 

Consider  now  the  discriminant,  2),  of  the  quintic  ;  it  is  known  that, 
when  it  is  negative,  the  quintic  has  three  real  roots,  and,  when  it  is  posi- 
tive, the  quintic  has  either  one  or  five  real  roots ;  its  value  is 

D  =  J^-^^K 


where,  as  before,  f  =  j^_jj^  ; 

thus   D  is  positive    or  negative  according  as  {f?—i)^^^i\  or,  sub- 
stituting ^=  12"^ Z,  17  =  48"^  Y,  according  as 

(fY^-X)^  >  §X^Y, 


namely,        (l-fY)Jz 


lY^ 


'-(?)'r 


0. 


The  curve  Z)  =  0  is  thus  as  in  the  figure 


having  a  cusp  at  the  origin,  the  line  Y  =  f  for  an  asymptote,  cutting  the 
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ftsymptote  at  (3^.2-*,  3.2~*),  or  ('05,  3.2-*),  and  having  a  vertical  tan- 
gent  at  (— 1,  f).     The  portion  of  the  plane  for  which  D  is  negative,  and 
the  qaintic  has  three  real  roots,  is  that  shaded. 
Consider  next  the  function  tsr  ;  putting 


-48-^r, 


we  have 


cr  =  -^+i;^+72^i7-482^«-64i,» 

=  _     1     [4X-8Y^-QXF+X»+4Y«] 


8».4* 


=  -  35i5i[(X-3Y+2)»+4  (Y-l)"]. 


Thus  the  curve  tsr  =  0,  like  D  =  0,  is  unicursal,  satisfied,  for  instance^ 
by  taking 

_   4    81.F-7.Z-24        x._o8  n8     5t-4  y_o  o5    5t+4 

"""T  X=^r '      ^-^-^   (6t+28)»'      ^-^-^   (5t+28)«^ 

where  the  parameter  r  is  chosen  for  its  simplicity  in  a  subsequent  applica- 
tion.    The  curve  is  as  in  the  figure 


having  a  cusp  at  X  =  1,  Y  =  1,  whose  tangent  passes  through  (—2,  0), 
one  side  of  the  curve  cutting  F=f  in  (— 1*86,  3.2""')  and  Y  =  0  in 
(—4,  0),  while  the  other  side  touches  Z  =  0  at  the  origin  and  cuts  Y  =  | 
in  ('11,3. 2"*),  that  is,  to  the  right  of  the  point  in  which  2)  =  0  cuts  Y  =  f ; 
in  fact,  this  side  of  isr  =  0  lies,  so  long  as  Y  is  positive,  inside  the  shaded 
portion  of  D  =  0  for  which  X  is  positive.  Putting  r  =  1  in  the  formulae 
above,  we  obtain  ^ ^  ^s/ns,     y^Q. 2'^/ll^ 

which  is  a  point  also  on  the  curve  Z)  =  0,  obtained  by  taking,  in  the 

formula  ^  ^  8».2-».AtV0u+l),     Y  =  S.2'\A 

which  give  a  parametric  representation  of  Z)  =  0,  the  value  /u  =  2^/11 ; 
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putting,  in  the  above  formulae  for  isr  =  0,  the  parameter  r  =  0»  we  obtain 

A-      2^^j,       r-^g,       ^^-3g, 

which  are  also  obtained  by  taking  /a  =  —  f  in  the  formulae  just  put  down 
for  D  =  0 ;  the  curve  isr  =  0  thus  touches  Z>  =  0  at  this  point.  Finally, 
m  is  positive  in  the  shaded  region  of  the  diagram  between  the  two  sides  of 
the  curve. 

There  is  another  curve  which  it  is  useful  to  trace  for  the  sake  of  com- 
parison with  Sylvester's  results,  though  it  is  not  necessary  for  our 
purpose.     We  have 

the  curve  2"I/— cT*®  =  0  is  thus  given  by 

fr  =  x(i+|.xi), 

or  by  X=  3».2-^(r»-l)-»,  Y  =  3.2-»(r((r»-l)-^ 

(r  =  3^2-*— f—  — -1^^  : 
X\4     X        /' 

the  curve  has  therefore  such  a  shape  as  given  in  the  figure 


cutting  Y  =  0  in  (— f|,  0)  and  (0,  0),  and  cutting  F  =  f  in,  approximately, 
(—1,  f)  and  ('065,  f),  so  that  for  positive  X  the  right  hand  branch  of  the 
curve  lies  to  the  right  of  the  branch  X  =  ^Y^/ll+i^Y)^]  of  D  =  0,  and 
to  the  left  of  the  portion  of  tsr  =  0  which  is  on  the  right  of  the  cuspidal 
tangent  of  this.  It  is  important  to  notice  that  the  curve  passes  through 
the  point  of  contact  of  D  =  0  and  tsr  =  0,  namely, 

X  =  -2.6^7-^         Y  =  24.7-^ 

The  portion  of  the  plane  for  which  (2"Z/— cT^Tsr  <  0  is  that  shaded  in  the 
figure ;  for  part  of  this  tsr  is  positive  and  for  part  of  it  negative. 
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DeDoting  ^^L—J^  by  A,  the  relations  of  the  three  curves  are  shewn 
in  the  following  diagram,  which  is  drawn,  however,  with  only  approximate 
accuracy. 


w 


A- 


Consider  now  the  equation 

when  isr  =  0,  so  that  we  may  take  r  =  5.     Then,  beside  the  root  given 
by  u+v  =  0,  we  have 


2    I        Q 

the  left  side  is  a  function  of      6  =  — ^t_- 

uv 

and  the  equation  gives,  if       T=|flH — j, 

the  values  expressed  by  6  =     .   ^^ , 

and  thence,  if  c^  =  1,  ^  =  1,  the  four  values  for  ujv  expressed  by 

ii  ^  1+^(6a/t-1)*  . 
V        l-f(eVT-l)*' 
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n  terms  of  r,  s,  t,  taking  account  of  r  =  s,  the  invariants  of  the  quintic  are 
J  =  (f^+2tr)^-^f^t  &r+t\     K  =  r^f  {f^+2rth     L  =  7^t\ 

from  which  Z,  Y  are  expressible  in  terms  of  r ;  the  result  is  that  para- 
metric expression  f or  tsr  =  0  which  was  given  above ;  we  can  thus  obtain, 
as  we  know  the  values  of  this  parameter  for  the  various  portions  of  this 
curve,  the  forms  of  the  four  values  of  ulv  for  the  various  portions. 

Thus,  for  the  portion  of  tsr  =  0   for  which  Z  >  0,   F  <  0,  and  the 
portion  for  which  Z<  —  2.6^.7'"*,  through  which  the  parameter 

4  31.Y-7.-S:-24 
"  =  ^ X=Y 

remains  negative,  constantly  increasing  from  —  oo  to  0,  we  have,  if  w  be 
a  real  positive  quantity,  and  tan  0  =  —  eo), 

ii  __  l  +  ^(fia)--l)> 
V         l-^(eia)-l)* 

_  1+^(1+0)^^  COS  ie+i^(l+ft)V  sin  ^g 
\-\{X+J)^  cos  i0-if  (1+0)^^  sin  je' 

and  this  is  always  a  complex  quantity  of  modulus  other  than  unity  (save 
for  the  final  point  cosi0  =  O,  t  =  0).  Therefore,  if  L  be  positive,  in 
which  case  u,  v  are  real  linear  functions  of  the  original  variables  x,  y  of 
the  quintic  equation,  the  quintic  has  only  one  real  root,  given  by  t^  =  —  v ; 
while,  if  L  be  negative,  in  which  case  u,  v  are  conjugate  complex  linear 
functions  and  u/v  is  of  modulus  unity,  there  is  still  only  one  real  root,  that 
given  by  w  =  —  V.  Next,  for  the  portion  of  isr  =  0  lying  between  the  two 
branches  of  2)  =  0,  for  which  X  varies  from  —2.6^.7"^  to  2®.  11"*,  and  t 
varies  from  0  to  1,  each  of  the  four  numbers  expressed  by 

[l  +  f(6VT-l)i]/[l-^(6VT~l)i] 

is  complex,  but  of  modulus  unity ;  thus,  when  L  >  0,  the  quintic  has  four 
complex  roots  corresponding  to  these,  and  one  real  root  given  by 
u+v  =  0,  while,  when  L  <  0,  the  quintic  has  five  real  roots.  Lastly, 
for  the  portion  of  isr  =  0  lying  between  the  cuspidal  branches  of  D  =  0 
for  which  X  >  0,  Y  >  0,  the  value  of  t  increases  constantly  from  1  to  oo  ; 
thus,  for  e  =  1,  the  two  corresponding  numerical  values  of  u/v  are  real, 
while  those  belonging  to  e  =  —  1  are  complex  of  modulus  unity ;  where- 
fore, when  1/  >  0,  the  quintic  has  three  real  roots,  including  that  given 

K  2 
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by  w-f- V  =  0,  and  the  same  is  true  when  L  <  0 ;  this  result  only  verifies 
a  previously  obtained  result,  for  along  this  portion  of  the  curve,  as  we 
have  seen,  we  have  2)  <  0.     These  results  are  summarised  in  the  diagram 


We  have  already  remarked  that  to  any  point  (X,  Y)  not  upon  isr  =  0, 
corresponds  first  a  definite  set  of  ratios  for  the  coefficients  r,  $,  t,  and 
then,  either  three  real  linear  forms  Uy  Vy  w,  or  three  of  the  form 
—  i(«^+io-),  —  i  (z£?— io-),  Wj  where  w,  a-  are  real,  according  as  tsr  >  0  or 
isr  <  0 ;  and  it  is  clear  that  all  equations  of  the  form 

fix,  y)  =  r(Xx+My)'+5(X'x+At'y)«-^[(X+V)x+(M+M')  y]'=  0, 

in  which  r,  s,  t  are  given,  have  the  same  number  of  real  roots  whatever 
the  values  of  the  real  coefficients  X,  /a,  X',  m'  ;  as  also  have  all  equations 
of  the  form 

F{x,y)  =  ri\x+|JLy+^{Wx+^l'y)Y+si\x^'^JLy-iQ^'x+^L'y)'f 

-^[2Xa:+2Aty]^  =  0. 

But  further,  still  supposing  tsr  :^  0,  and  supposing  also  now  that  D  ^0^ 
this  number  will  be  unaffected  by  variation  of  X,  Y,  that  is,  of  r,  s,  t,  pro- 
vided the  variation  be  sufficiently  limited  in  extent.  For,  putting  y  =  1 
and  ^  =  1,  let  a;  be  a  root  of  one  of  these  equations,  and  x+Sx  the  root 
correspondingly  belonging  to  the  values  r+Svy  s+Ss ;  we  then  have,  in 
the  two  cases, 

5  {:r\u^+s\'v^)Sx'{-8r.u^+&8.v^  =  0, 

or  b[r{\+iW)u^+8{\-iW)v^^Sx+8r.u^+&8.v^  =  0, 

shewing  that  8x  is  real  when  x  is  real,  and  complex  (including  real)  when  x  is 
complex.     The  inference,  however,  holds  equally  well  when  r,  5,  t  corre- 
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spond  to  a  point  upon  m  =  0,  provided  that  the  variation  of  r,  5,  t  is  such 
as  to  preserve  the  forms  of  w,  v,  w,  that  is,  such  as  to  preserve  the  sign 
of  L. 

Now,  for  the  portions  of  tsr  =  0  corresponding  to  —  oo  <  r  <  0,  we 
have  seen  that  there  is  one  real  root,  whether  we  have  L  >  0  or  L  <  0  ; 
there  is  thus  one  real  root  for  the  regions  of  the  plane  on  either  side  of 
these  portions  of  tsr  =  0,  the  limitation  of  these  regions  of  the  plane  being 
only  parts  of  the  curves  2)  =  0  or  tsr  =  0.  There  are  similarly  three  real 
roots  on  either  side  of  the  portion  of  the  curve  tst  =|0  for  which  1<  t  <  oo  , 
a  fact  which  we  have  proved  independently.  For  the  portion  of  tsr  =  0 
for  which  0  <  r  <  1,  we  have  proved  that  there  is  one  or  j&ve  real  roots 
according  as  L  >  0  or  L  <  0 ;  when  therefore  we  pass  to  the  side  of  this 
portion  of  tsr  =  0  for  which  tsr,  =  l&PL^I{E^—JLf/\Q  positive,  and  there- 
fore L  positive,  we  shall  move  into  a  region  for  which  there  is  one  real 
root,  and  when  we  pass  to  the  side  of  this  portion]  of  tst  =  0  for  which 
Tsr  <  0  or  L  <  0,  there  will  be  J&ve  real  roots  ;  this  is  the  region,  in  the 
figure,  above  ct  =  0  and  between  the  branches  of  2)  =  0.  We  therefore 
have  the  diagram 


the  only  separations  of  regions  being  the  curve  Z)  =  0  and  the  portion 
of  Tsr  =  0  for  which  0  <  t  <  1.  Taking  account  of  the  behaviour  of  the 
curve  A  =  0,  the  results  may  be  stated  analytically  by  saying  that  if 
D<  0,  there  are  three  real  roots,  while  if  2)  >  0,  there  are  five  real  roots 
when  both  L  <  0  and  A  >  0,  but  only  one  real  root  if  either  or  both  of 
Z/  >  0,  A  <  0.  This  is  the  result  as  stated  by  Salmon,  correcting  the 
form  given  by  Sylvester  in  his  paper  in  the  PhiL  Trans.,  which,  however, 
does  not  agree  with  the  result  of  his  own  arguments.  If  an  analytical 
statement  is  required,  it  is  more  natural  from  the  present  point  of  view  to 
say  that,  when  2)  >  0,  there  are  five  real  roots,  when  L  (or  tsrX  0  and 
Y  >  If,  but  only  one  real  root  if  L  >  0,  or  Y  <  |4,  or  both ;  the  condi- 
tion Y  >  fl  is  the  same  as  9SKL^  >  {K^—JLf.  Our  diagrams  show  at 
once  the  reason  for  the  indeterminate  form  which  Sylvester  was  able  to 
give  to  one  of  his  criteria — the   curve    A  =  0    only  intervenes  in    the 
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analytic  statement  in  order  to  divide  the  curve  tsr  =  0  into  por- 
tions. 

A  part  verification  of  the  preceding  results  is  worth  noticing :  suppose 
2)  >  0,  so  that  the  number  of  real  roots  is  6  or  1 ;  suppose  further  that 
isr  >  0,  so  that  in  the  form 

all  of  Ty  s,  t,  u,  V  are  real ;  if  this  equation  had  5  real  roots  its  derivative 
in  regard  to  w,  or  a     4/    i    m      n 

would  have  4 ;  it  has  however  at  most  2,  and  this  only  when  r  and  t  are 
of  the  same  sign.  Thus  for  D  >  0,  tsr  >  0,  the  quintic  has  only  one  real 
root.  We  have  seen  that  it  has  only  one  real  root  also  in  some  cases  in 
which  these  conditions  are  not  satisfied. 

We  examine  now  equations  for  which  D  =  0.     When  the  equation 

ru^+sv^—t{u+v)^  =  0 

has  the  repeated  root  tc/v  =  0,  this  is  also  a  root  of  the  two  derivatives 

ru^—tiu+v)^  =  0,         sv^—t{u+v)^  =  0, 

and  the  original  equation  may  be  written 

the  left  side  of  this,  multiplied  by  d,  is 

where  A  =  408+60^+4^+1, 

B  =  308+120^+80+2, 
G  =  208+80^+120+3, 
D  =  08+402+60+4, 

and  the  discriminant  of  the  cubic  factor  of  this,  in  regard  to  t^/i-,  save  for 
a  positive  numerical  factor,  is  found  to  be 

(^)'(0'+l)(0'+20+2)(202+20+l). 
Now,  unless  the  original  quintic  have  two  pairs  of  equal  roots  which  are 
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conjugate  imaginaries,  a  case  which  will  be  proved  to  correspond  only  to 
the  single  point  X=  —  2.6®.7"'*,  Y=24.7~^  the  repeated  root  of  the 
quintic  will  be  real ;  thus  when  L  >  0,  and  u,  v  are  real,  d  is  real,  and 
when  L  <,0,  and  Uy  v  are  conjugate  imaginaries,  6  is  of  the  form  e*^.  In 
the  latter  case,  if  t*  =  —  iiw+ia),  v  =  —  J(t(,— ior),  the  discriminant  of 
the  cubic  in  regard  to  the  real  quantities  w,  a-  will  differ  from  that  just 
put  down  by  a  factor 

"a(^,  i;)n^'^-^_        1 
64' 


and  may  be  taken  to  be  the  negative  of  that ;  putting,  when  6  =  e^, 
cos  iS  =  ^,  the  discriminant  of  the  cubic  in  regard  to  the  real  quantities 
to,  cr  may  thus  be  found  to  be,  save  for  a  positive  numerical  factor, 

-(1  +  0^^(6  +  12^+8^; 

the  sign  of  this  is  therefore  the  sign  of  —  ^,  while  the  sign  of  the  former 
discriminant,  for  6  real,  is  always  positive. 

Next,  putting   r  =  (0+1)*/^,  $  =  {d+l)\  ^  =  1,  and  calculating  the 
invariants  «/*,  K,  L  of  the  quintic,  and  hence  the  values  of  Zand  Y,  we  find 

3^eP(d+l)^  y_  3g*(g+l)^[e*+(g+ 1)^+1] 

which,  puttmg  1-  _  =  _j-^  =  (eqie+ip ' 

q8    0-8     .A 

lead  to  Z=  ^  ;r^  -^  ,         Y  =  ^A 

1+M 

which  is  the  previously  obtained  parametric  expression  of  the  curve 
D  =  0 ;  to  each  point  of  this  curve  there  belong  the  six  values  of  6  given 

by 

ft    1.     -n^as I-     -ttl ^ 

which  eorreepond  to  the  six  ways  in  which  we  may  permute  the  coefficients 
r,  s,tia  the  quintic.  When  B  =  e*^,  the  expressions  for  X,  F  in  terms 
of  t,  =  cos  /8,  are 

y  3^2*«+l)«  y_        3.2««+l)' 
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Now,  if  9  is  real  and  0  <  d  <  1,  we  have 

-oo<-(i+|)<-2<-(i+e)<-i<--^^ 
<-i<-iT^<^' 

l<|<oo; 

thus,  in  the  equation  /ga  ■.gVi)3  =  -Xi' 

to  obtain  the  points  of  the  curve  D  =  0  f or  which  6  is  real,  it  is  sufficient 
to  take  0  <  0  <  1,  and  each  point  of  the  curve  will  only  arise  for  one 
value  of  6;  then  /x  will  vary  from  0  to  2Vll  and  (X,  Y)  from  (0,  0)  to 
(2®/ll^  3.2^11^ ;  we  have  in  fact  already  seen  that  these  are  the  extreme 
points  of  the  arc  of  D  =  0  which  lies  where  tsr  >  0.  On  this  arc  the  cubic 
obtained  by  dividing  the  quintic  by  (u—vO)^  has  a  positive  discriminant, 
and  only  one  real  root ;  the  quintic  has  thus  three  real  roots  and  two  con- 
jugate imaginary  roots. 

We  have  next,  it  6  =  e^,  cos  ^8  =  ^ 

40^(0+1)'  _    4(e^+g-y   ^  8(1  +  0 

and  the  equation  l?^  =  1?^^ 

gives,  beside  t  =  t^, 

[2t+l+i  (2^0+1)?  =  i (2^0+1)'^, 

of  which,  when  —  1  <  ^q  <  1,  the  roots  are  imaginary  ;  to  a  value  t  such 
that  — 1<  ^  <  1  correspond  both  d  =  e*^  and  6  =  e-^  =  I/O.  We  shall 
thus  obtain  every  point  of  the  curve  D  =  0  f or  which  0  =  e^  hy  supposing 
13  to  vary  continuously  from  0  to  tt. 

The  whole  path  of  d,  in  its  plane,  corresponding  to  one  description  of 
the  curve  D  =  0,  is  thus  given  by  the  open  curve  0 ABODE 
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consisting  of  a  radius  OA  and  a  semicircle  ;  as  6  varies  from  0  to  ^,  that 
is,  from  0  to  1,  the  portion  of  D  =  0  is  described  lying  between  the  origin 
and  the  point  (2®.ll-^  3.2Ml-^,  where  D  =  0  is  cut  by  tsr  =  0 ;  along 
this  arc  the  discriminant  of  the  cubic  factor  is  positive  and  the  quintic 
has  three  real  roots.  As  6  passes  along  the  semicircle  towards  0  =  i, 
t,  =  cos  ^,  diminishes  from  1  to  a  value  (between  '7  and  '68)  for  which 
(2^+1)8  =  8(^+1),  for  which  /x  is  inlfimte  and  (X,  Y)  =  (oo,  oo) ;  the 
corresponding  value  of  j8  is  denoted  by  the  point  B  of  the  semicircle ;  the 
point  (Xy  Y)  of  D  =  0,  corresponding  to  the  arc  AB  of  the  semicircle, 
passes  from  the  intersection  of  D  =  0  and  tsr  =  0,  along  the  left  hand 
cuspidal  branch  of  D  =  0  for  which  X  >  0,  to  infinity  ;  along  this  arc 
the  discriminant  _^^_^^^,  ^  (5+12<+8^ 

is  negative  and  the  quintic  has  five  real  roots.  As  0  passes  along  the 
semicircle  from  B  to  C,  the  fraction  8(^+l)/(2^+l)^  or  /a/Ou+I),  con- 
stantly increases  from  unity,  being  for  ^  =  0  equal  to  8,  and  /a  is  negative, 
passing  from  —  oo  to  —7;  thus  (X,  Y)  describes  the  branch  of  D  =  0  for 
which  X <  0,  from  (00 ,  oo)  to  the  point  (— 2.  6^.7-\  24.7--)  at  which 
D  =  0  is  touched  by  tsr  =  0 ;  along  this  portion  the  discriminant  of  the 
cubic  is  still  negative  and  the  quintic  has  five  real  roots.  As  Q  passes 
along  the  semicircle  from  C  to  D,  where  /3  =  §x,  the  fraction 
8(^+l)/(2^+l)^  passes  to  infinity  and  /a  passes  to  —  1  ;  the  point  (X,  Y) 
thus  passes  to  (— oo ,  |) ;  along  this  portion  the  discriminant  of  the  cubic 
is  positive  and  the  quintic  has  three  real  roots.  Finally,  as  ^  passes 
from  §7r  to  X,  the  fraction  /it/(/x+l)  becomes  negative,  and  m,  which  is 
negative,  is  numerically  less  than  unity ;  thus  X  is  positive,  and  (X,  Y) 
passes  from  (oo ,  §)  to  the  origin,  corresponding  to  ^  =  —  1,  or  the  point 
E  of  the  semicircle,  along  the  portion  of  D  =  0  which  is  below  the 
asymptote ;  for  this  branch  the  discriminant  of  the  cubic  remains  positive 
and  the  quintic  has  three  real  roots.  The  results  are  thus  those  repre- 
sented in  the  diagram 
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and,  analytically,  upon  D  =  0,  there  are  five  real  roots  for  isr  <  0, 
Y  >  f^,  but  three  real  roots  in  all  other  cases  ;  or  otherwise,  introducing 
Sylvester's  criterion  A  =  2^^!/— c7^  there  are  five  real  roots  for  L  <0, 
A  >>  0,  and  three  in  all  other  cases. 

It  remains  now  to  examine  the  points  of  intersection  of  the  curves 
D  =  0,  Tsr  =  0. 

At  the  point  of  contact  (—2.6^.7"^,  24.7"^,  regarded  as  lying  on 
tsr  =  0,  we  have  seen  that  the  values  of  u/v  are  given,  for  t  =  0,  by 


that  is,  by 


V  "'       V        i-^(eVT~l)*' 


^  =  -l» 


M  __       -        u  _  1+i     1+i     l—i     1— i    _  .    . 

regarded  as  lying  on  D  =  0,  we  have  found  that  the  point  corresponds  to 
0  =  i,  for  which  the  discriminant 

0-«(e+l)Ve^+l)(0^+20+2)(20^+2e+l) 

vanishes;  the  other  vanishing  factors  d+i,  ^+20+2,  2^+26+1  corre- 
spond in  fact  to  the  same  point,  arising  by  transforming  the  root  d  =  i  by 

0'  =  d-\    6' =  "{6+1),    .... 

Thus,  if  1/  >  0,  and  u,  v  are  real  linear  functions,  there  are  two 
imaginary  roots  of  the  quintic,  each  repeated,  and  one  real  root  given  by 
u+v  =  0,  while  if  L  <  0,  and  u,  v  are  conjugate  linear  functions,  there 
are  two  real  roots,  each  repeated,  beside  the  real  root  given  by 

u+v  =  0. 
Conversely,  if  the  original  quintic  have  the  form 

10(cxi+dyi)x]yl, 

proper  to  the  case  of  two  repeated  roots,  Xi  and  yi  being  real  or  conjugate 
imaginary  linear  functions  of  the  original  variables  x,  y,  the  canonizant  is 

{cxi+dyi)(cxi+idyi){cxi'-idyj), 

and,  supposing  neither  c  nor  d  to  be  zero,  we  have 
10  (cx,+dy,)xlyl 

=  2^  {mi^-i)(cx,+idy,)J+4lia+i^{cx,'^idy,)J^l^c^^^ 


1907.]  Invariants  of  a  binary  quintig  and  the  reality  of  its  roots.  139 
from    which    we   calculate,    save    for    respective    factors  of  the    forms 

M^  M*^,  m", 
J  =  (16-8)^+4. 16.7  =  2»,       K  =  16.16  (16-8)  =  2^       L  =  2^ 

and  hence  X  =  -2(^)«,         T  =  |$. 

Next,  at  the  point  (2Ml-*,  3.2M1-2),  where  D  =  0,  cr  =  0  cut  one 
another,  given  on  tsr  =  0  by  taking  the  parameter  t  to  be  unity,  and  on 
D  =  0  by  taking  the  parameter  fi  to  be  2711,  we  have 

Ji__i        n  _l+^(e-l)^_.,    .    l+iV2    1-V2. 
V  ■"         '       V  -  l-f  (e-l)4  ~  ^'  ^'  1-V2'  1+V2  ' 

thus,  if  L  >  0,  there  are  two  conjugate  complex  roots  of  the  original 
quintic,  and  three  real  roots,  one  of  these  repeated  ;  and,  if  L  <  0,  and 

there  are  five  real  roots  given  by  ?(?  =  0,  <r  =  0  twice,  and  a-Jw  =  ±  V'2. 
Finally,  the  origin  corresponds  to  L  =  0,  and  a  canonical  form 

where  u,  v  are  real  linear  forms,  and  A,  E,  F  are  real.  This  cannot  have 
five  real  roots,  since  the  derivative  -4tt*+-Er*  can  vanish  only  for  two  real 
values  of  ufv^  and  that  only  when  El  A  is  negative.  By  examining  the 
signs  of  Au^+bEuv^+E'ifi  for  the  values  of  ujv  for  which  the  derivative 
vanishes,  we  easily  prove  that  the  condition  for  three  real  roots  is 

since  J  =  ^^F^         iiC  =  -  2A^E\ 

this  is  the  same  as  D  =  J^—^K  ^  0 ; 

when  D  >  0  there  is  only  one  real  root.  In  our  figures,  the  curve  we 
have  denoted  by  D  =  0  passes  through  the  origin  ;  but  the  discriminant 
D  of  the  quintic  does  not  necessarily  vanish  when  L  =  0,  being  in  fact 
equal  to 

iind  the  vanishing  of  m  allows  D  to  be  positive  or  negative.     In  fact 
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L  =  0,  K^  0,   gives  Z  =  0,  Y  =  0   and  8r*/4X  =  K^KK^-JL)  =  1. 
The  case  L  =  0,  Z  =  0  gives,  on  examination,  Z  =  0,  F  =  finite. 

The  numbers  of  real  roots  of  the  quintic  at  the  three  points  are  then 
given  by  the  diagram 


^,L>0;S^L<0 


3^D<0;I^B>0 
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A   NEW   DEVELOPMENT    OF    THE    THEORY   OF    THE 
HYPERGEOMETRIC    FUNCTIONS 

By  E.  W.  Barnes. 

[ReadJanuary  10th,  1907.— Kcceived  September  16th,  1907.] 

1.  The  differential  equation  of  the  hypergeometric  series  may  be  written 

[0+ai)(&+a^-  -i  90+p-l)]  y  =  0, 

where  S  =  x  -— ,  or 
ax 

^y  I  p— (l+qi+qa)a?  ^  _    qiQa    «  =  o 
dx^^        xd-x)         dx      xiX-x)^ 

It  is  known  to  be  satisfied  by  the  hypergeometric  series 
which  is  convergent  when  |x|  <  1. 

ThiB  series  was  first  discussed  in  detail  bj  Gauss-^'  in  1812.  Kununer'^,  in  1836,  obtained 
the  twenty- four  solutions  of  the  hypergeometric  equation  usually  given  in  the  text-boolm  by 
a  process  which  can  be  traced  back  to  Euler.^'^  These  twenty-four  solutions  are  reducible  to 
six  sets  of  four,  each  four  being  identical  functions  differently  expressed.  The  six  sets  can  be 
diyided  into  pairs  Fi,  Y^;  Ij,  i\;  Fj,  Fg,  each  pair  corresponding  respectively  to  one  of  the 
three  singularities  0,  1,  co  of  the  differential  equation. 

Kiemaun/^'  in  1857,  extended  the  theory  by  introducing  his  P- function,  and  discussed  the 
genend  tlieory  of  transformation  of  the  variable.  Riemann  did  not  connect  his  theory  directly 
with  that  of  Kummer,  and  it  was  reserved  for  Thomae,^*^  in  1879,  to  work  out  in  detail  from  the 
theory  of  linear  differential  equations  the  relations  which  connect  any  one  of  the  twenty-four 
solutions  of  the  hypergeometric  equation  with  the  two  essentially  different  solutions  which  are 
Viditl  in  the  neighbourhood  of  either  of  the  singularities  not  associated  with  the  particular 
solution  chosen. 

The  differential  equation  for  Kiemann's  P-function  was  first  given  by  Papperita,^*^  in  1885, 
in  the  form 

dx'       {     x  —  a  x  —  b  X  -e     )  dx 

\  x  —  a  x—b  x—c  )  {x—a){x—b){x^e) 

wherein  a  +  a'  +  /5  +  3'  +  7  -^  7'  =  1  • 
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Denoting  a  linear  relation  between  a,  by  chj  {a,  by  e)  «  0,  these  twelve  relations  will  be 
(F„  75,  ¥,)  -  0,         I. ;  (Fa,  Y,y  1\)  -  0,        VII. ; 

(r„  ny  T,)  -  0,      II. ;  (r„  r„  r«)  -  o,      vm. ; 

(Fi,  Fj,  F5)  -  0,  in. ;  (Fj,  F3,  F,)  -  0,  IX. ; 

(F„  F„  F«)  -  0,  IV. ;  (F„  F,,  F4)  -  0,  X. ; 

(F»,  F„  F.)  -  0,  V. ;  (F„  F„  F,)  -  0,  XI. ; 

(F4,  Fj,  Ffi)  «  0,  VI. ;  (F„  F„  FJ  -  0,  XII. ; 

Now  the  advantage  of  the  contour  integrals  which  I  have  introduced  is,  that  the  contour 
integral  Is  or  the  alternative  contour  integral  ijt  gives  at  once,  bj  an  almost  obvious  trans- 
formation, the  relation  (It).     The  relations  I.,  ...,  XII.  thus  arise  almost  intuitively. 

3.  We  can  apply  the  same  process  to  Riemann's  P-fimction. 

Since  Papperitz's  equation  can  be  transformed  into  Kummer*s,  we  can,  from  any  contour 
integral  which  satisfies  the  latter  equation,  deduce  a  contour  integral  which  satisfies  Papperitz's 
equation  for  aU  values  of  1 2;  |  on  a  suitably  dissected  plane. 

A  tjrpical  integral  obtained  in  this  way  is 

*  2»iU-a  *-J    J  r(l-a'-7i-«)     ^'^       '     ^'^       '\       e-a  x-bj       ' 

wherein  I  argf  -  ^"^  ^i)  I  <  », 

and  the  contour  of  the  integral  is  parallel  to  the  imaginary  axis  with  loops  if  necessary  to  ensure 
that  a -1-7,  a +  7  +  1,  ...  are  to  the  right  and /—/3, —/3—1, ...    are  to  the  left  of  the  contour. 

1-3', -iT-l,... 
This  integral,  by  an  obvious  interchange   of     (  a,  by  <?,    can  take  twenty-four  different 

•  a,  /8»  7 

forms.  The  twenty-four  solutions  of  Papperitz*s  equation  are  thus  in  evidence.  And  the 
relations  between  them  and  Riemann's  fimctions  P«,  F^* ;  P^y  F/^ ;  P,,  P/,  and  lUemaimV 
relations  between  the  latter,  arise  with  complete  symmetry.* 

4.  The  idea  of  taking  contour  integ^rals  involving  gamma  functions  in  the  subject  of  in- 
tegration appears  to  be  due  to  Pinoherle,^^^  who  has  been  followed  by  Mellin,^^^^  though  the  type 
of  contour  and  its  use  can  be  traced  back  to  Riemann.'"^  The  author  has  made  the  method 
fundamental  in  several  recent  investigations.^^'''^ 

In  conclusion,  it  may  be  observed  that  the  contour  integprals  introduced  in  this  paper  are 
valid  when  any  of  the  quantities  ai,  C4,  p  are  integ^ers  or  differ  by  integers,  and  in  the  case  of 
Riemann's  P-function,  when  a—oly  j3  — /S',  or  7—7'  are  integers.  The  corresponding  solutions, 
even  when  they  involve  logarithmic  terms,  are  readily  obtained.    The  results,  in  general,  agree 

*  Some  of  the  relations  I.-XII.  are  given  in  Chapter  vi.  of  Forsyth's  TreatxM  on  IHffermtial 
Equations  (Third  Edition,  London,  1903) ;  but  the  forms  there  g^ven  are  not  in  complete  accord  with 
the  forms  obtained  in  this  paper.  The  twenty-four  solutions  of  Papperitz's  equation  are  given  in 
Whittaker's  Courne  of  Modem  AneUytiSy  but  the  forms  which  he  gives  are  not  in  complete  aooord 
with  the  forms  g^ven  by  Thomae  (loc,  eit.y  p.  329).  The  fact  that  many- valued  fimctions  are 
involved  in  the  expressions  which  Whittaker  gives  would  be  an  obstacle  in  the  way  of  determining 
Riemann's  coefficients  Oy,  cy  by  the  method  which  he  sugg^ts. 
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with  those  of  Lindeldf/^^^    As  an  example  of  this  particularizatioD,  the  difPerential  equation  of 
the  quarter-periods  of  the  Jacobian  elliptic  functions  is  discussed  in  Part  III. 
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Part  I. 
The  ordinary  Hyper  geometric  Equation. 
5.  We  take  the  diflferential  equation  of  the  ordyaary  hypergeometric 
functions  in  the  form 

[o+aiXS+oa)- -i-SO+p-l)]  y  =  0, 

where  a;  —  =  9.     We  shall  refer  to  this  as  Rummer's  equation.     It  may 

be  written         d^  ,  p--(ax+a2+l)3;  dy  _     aia^        _  ^ 
dx^^        xil-x)         dx      x(l—x)^^    ' 

Suppose  now  that  x  has  any  value,  real  or  complex,  such  that 

I  arg  i—x)  I  <  TT. 
Then  I  say  that  the  integrals 

^■=-^r'°'n^f--''--r '""'-'•"■ 
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exist  and  are  solutions  of  Rummer's  equation.  Each  integral  is  taken 
along  a  contour  which  is  parallel  to  the  imaginary  axis  with  loops  if 
necessary  to  ensure  that  those  sequences  of  poles  of  the  respective  sub- 
jects of  integration  which  are  ultimately  positive  are  to  the  right  oi  the 
contour,  while  those  sequences  which  are  ultimately  negative  lie  to  the 
left.    ' 

In  the  first  place,  the  integrals  exist.     For,  when  s  tends  to  infinity 
along  a  parallel  to  the  imaginary  axis  in  the  finite  part  of  the  plane . 


T{s+a)\exp[[f-.]\v\ 


tends  uniformly  to  zero  if  s  =  u+tv,  where  u  and  v  are  real  and  e  >  0. 
The  integrals  therefore  exist  if  |  arg  (— x)  |  <  tt. 

In  the  second  place,  the  integrals  satisfy  Rummer's  equation.  Take, 
for  instance,  the  integral  Zj.  We  may  obviously  differentiate  it  with 
regard  to  a;  by  differentiating  under  the  sign  of  integration. 

Hence 

2x1  J  l(p+5— 1) 

taken  along  a  contour  which  is  derived  from  the  former  by  moving  it 
through  a  distance  unity  in  a  positive  direction  parallel  to  the  real  axis. 

The  original  contour  was  evidently  so  chosen  that  we  may  take  the 
last  integral  along  the  original  contour :  we  may  therefore  write  it 

2x1  J  X  T(p+$)  dx         '^  * 

Thus  the  integral  satisfies  Rummer's  equation. 

Evidently  an  almost  identical  proof  will  apply  to  the  other  integrals 
^2,  is,  I^» 

6.  Let  us  denote  the  hypergeometric  series 

1+  o^  -B+  «i(«i+l)<^(^+l)  ^ga-}...,. 
l.p  1.2.p.p-t-l 

by  JP {01,09;  p)x]. 

The  series  is  convergent  when  | « |  <  1.     When  |  x  |  >  1, 

F|ai,  09;  p;  x} 

represents  the  continuation  of  the  function  represented  by  the  series 
when  |x|  <  1. 

8XB.  2«     TOL.  6.     NO.  984.  L 
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We  may  now  shew  that,  when  fa;  1  <  1,  F [a^.a^;  p\  x]  is  a  solution 
oj  Kuwmer^s  equation  and  that^  when  |a;  |  >  1,  the  function  F\ai,  og;  p;  «} 
can  be  expressed  in  the  form 

+  r^|)r^^I^(-x)-'«.P{aa,  l+oa-/.;  l+a,-ax;  1/*}.      (I.) 

provided  |arg(— a:)|  <  tt.     This  proviso  uniquely  prescribes  (— x)"**  and 
(—»)"*•,   and   indicates  that  F \ai,  a^\  p\  x]  outside  the  circle    |aj|  =  l 
needs  a  cross-cut  from  1  to  +  oo  along  the  real  axis  to  make  it  one-valued. 
Take  the  integral 

wherein  |arg(— a;)|<  tt,  and  suppose  that  |a;|  <  1.  Then  we  may  bend 
the  contour  of  the  integral  round  until  it  embraces  the  positive  half  of 
the  real  axis  and  encloses  the  poles  of  V{—s)  but  no  other  poles  of  the 
subject  of  integration.  And  by  the  asymptotic  expansion  of  the  gamma 
function  this  alteration  of  the  contour  will  not  affect  the  value  of  the 
integral,  provided  |u;  |  <  1. 

But,  by  Cauchy's  theorem,  the  value  of  the  new  integral  is  given  by 
the  sum  of  the  residues  within  the  contour.  The  residue  of  r(— s)  at 
«  =  n  is  (— )*"V^!.     We  therefore  have 

=  I   r(a,+n)r(<^+n)  (-)_« 
'      »=o  T{p+n)  n! 

=  ^^^^^F\a„a,;p;x],     (if  |x|<  1). 

Return  to  the  original  integral  Ii  and  suppose  that  |x|>  1.  Then 
we  may  bend  the  contour  of  the  integral  round  till  it  becomes  a  contour 
which  encloses  the  poles  of  r(ai+s)  and  r(a2+s),  but  not  those  of  r(— s). 

By  Cauchy's  theory  of  residues  we  get,  if  |  a;  |  >  1, 

»=o    n\     L(p — ai—n) 
+  a  similar  series  obtained  by  interchanging  a^  and  a^ 

By  equating  the  two  values  of  Zj  we  obtain  the  given  theorem. 
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7.  We   may  evidently  apply  the   previous   method  to  the   integrals 
/a,  la*  ^4  of  §  5. 

From  7a  we  see  that  the  series  which  represents 

(-a:)^-'»F{l+ai-p,  l+oj-p;  2-p ;  x] 

is  a  solution  of  Kummer*s  equation,  when  |x|  <  1,  and  that  this  function 
can,  when  |  j;|  >  1  and  |arg(— j:)|  <  tt,  be  expressed  in  the  form 

From  73  we  see  that  the  series  which  represents 

(-x)-'^F{ai,  l+ai-p;  l+oi-oa;  l/«} 

is  a  solution  of  Kummer's  equation  when  \x\'>  1,  and  that  this  function 
can,  when  |j;|  <  1  and  |arg(— a;)|  <  tt,  be  expressed  in  the  form 

From  J4  we  see  that  the  series  which  represents 

(-X)— i^-oa,  l+oj-p;  l+os-a,;  1/a;} 

is  a  solution  of  Kummer's  equation  when  |x|  >  1,  and  that  this  function 
can,  when  |;r  |  <  1  and  |arg(— x)!  <  v,  be  expressed  in  the  form 

T(l-p)Ta+<^-ai)  p,      „.„.,, 
r{l-a,)Ta+a,-p)^^'''''^'P'''^ 

+  '^^Fw?i.r;t'^(-^)---^il+a,-p,l+a.-p^  (IV.) 

8.  We  may  similarly  shew  that  the  integrals 

J  __    1    {  r(ai+<)r(aa+g)rOo— ai— og— g)  , ■,^.^. 

7,  =  -  J-  (  r(,-a,-a,-.)r(a,+.)r(-,)  y^ 

'  2iriJ  r(l— oj— s) 

7«  =  -  J-  (  rG>-a,-a.-«)r(a,+<)r(-5)  (^_i).d,, 

2x4  J  r(i— oj— s) 

2   L 
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which  exist  when  |arg(a5— 1)|  <  tt  for  all  values  of  \x\,  are  solutions  of 
Kummer's  equation.  These  integrals,  when  treated  in  the  manner  of 
§  6,  lead  to  the  relations 

Fjai,  a^;  l+ai+a^-'p;  1—x} 

I  I  1  <^I> 

(»-l)-"J'{^-o„as:  l-a,+Oi;  j-i-j- 

(VIII.) 

Each  of  the  series  which  represents  any  one  of  the  four  hypergeometric 
functions  involved  in  these  foimalffi  is,  when  it  is  convergent,  a  solution 
of  Rummer's  equation.  The  many-valued  functions  involved  are  limited 
by  the  cross-cut  defined  by  |arg(x— 1)|  <  x. 

9.  In  a  similar  manner  we  see  that  the  integrals 

'  2x£  J  T(ji+s)  \l—x/ 

^>»~    2x«^^  ""^    J  ra+s)  \i-x)  *"' 
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are  solutions  of  Kummer's  equation  which  exist  for  all  values  of  |  x  | 
when  |arg  |x/(l— a:)[|  <  ir.  These  integrals  are  therefore  defined  for  the 
whole  plane  with  a  cross-cut  along  the  entire  real  axis  except  between 
0  and  1.  These  integrals,  when  treated  in  the  manner  of  §  6,  lead  to 
the  relations 

{l-x)-r[a„e-v.  p:  ^^- 


_^  r(ai+aa— p)  T{p)  ^^  _^y,-.j_., j..,-p 


r(ai)r(ao) 


:jP|1— U8,/B— oa;  l+/o— uj— oj;  ^^,-.     (IX.) 


(l_a;)P-M-ij.i-P2f.|l-a2,  l  +  ai-p;  2-p;  -^| 


=  XxX,%-7'  -•■*'l'-'+<-  «.^  i-'+°.+'-^  ^} 


I      rCai+Oa— P)  r(2— p)     ,.5-p/i__y,-.i-., 

+  r(i+a,-p)r(i+«,-p)-'     ^^   -"^ 

«— F  |l+«,-p,  a,;  l-p  +  «,+a,;  •^^' 
_     r(l-p)r(l-p+ax+a^.      ^^-..  P*      „     „.„.     *    I 

^  rg— p+ai+«a)r(p— 1)  a.i-,.(i_^)p-.,-i 

r(ai)  rcoj) 

Xi^[l-p+ai.  1-a,;  2-p:  -^]-.     (XI.) 
a!"-''(l-a;)'-'-«F  'l-oj,  p-ri,;  l+p-ai-oj;  ^^J 
_      r(l-p)r(l+p-a,-«J  :r^-..p'       „     „.„.     *    1 

-        r(i-a,)r(i-i     <^-'^  '^\^^'p-^>p'jirx\ 

^  r(p— 1)  rg+p— ui— Oj)  j.i-(i(i_j;)«>-«i-i 
r(p— aj)  r(p— oj) 

Xi-'ll-p+ai,  l-«,;  2-^p;  -^[.     (XII.) 
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10.  We  have  now  given  twelve  integrals  which  are  solutions  of 
Rummer's  equation. 

If  we  consider  the  integrals  Jj  and  Jg,  we  see  that  they  both  give 
rise  to  hypergeometric  series  convergent  near  a:  =  0  of  the  same  (zero) 
exponent.    By  adjustment  of  the  constant  multiplier,  we  therefore  see  that 

Jir(/a— og)  =  I^Tia^ 
or  F{ai,  oa;  p;  x\  =  (l-ar)-«iF(ai,  p-oj;  p;  •^^]'  (D 

Similarly  we  obtain  other  relations  set  forth  in  §  13  infra. 

11.  All  the  twenty-four  solutions  of  Rummer's  equation  can  now  be 
displayed  as  six  sets  of  four  equivalent  solutions. 

For,  from  the  relation  (1)  of  §  10,  we  have 

(l-:rr-»F  [ai,/5-a2;  p;  ^^\  =  F {a^,  a^;  p;  x]  ; 

and  therefore  by  symmetry  each  is  equal  to 

_        f  X    ) 

(1— «)  '^F^CL^,  p—ai;  p;  ^^—^j. 

Take  now  the  equality 

F  jai,  p^a^;  p;  ^I  =  (1-a:)*— ^FJo^,  p-a,;  p;  ^^  , 

and  in  it  put  x  for  a;/(«— 1),  og  for  p— og,  and  we  get 

F{ai,  CU2;  p;  x}  =  (1— a')'*— '--^'Fl/j-ai,  p-cL^;  p;  x\  . 
We  therefore  have  the  first  set  of  four  equivalent  solutions : 
Yi  =  -F{ai,aa;  p;  x\  =  (l-a;y-*»-**^F]/5-ai,  p-a^;  p;  x\ 

=  (1-x)-*'  F  ^ai,  /a-og;  p;  -^^■ 

=  (1  -X)—  F  I aa,  p-ai ;  p ;  ^  I .  (A) 

Change  oj  into  l+oi— p,  og  into  l+ag— p;   p  into  2— p,  and  we  get  the 
second  set 

Y2  =  x'-^F\l  +  a,-p,  l+og-p;  2-p;  x} 

=  a:i-'»(l-x)P-i-«F{l-ai,  l-og;  2-p;  x\ 

=  ^i-P(l-..,)P-.i-i2,^il+a,-p,  !-«,;  2-p;  ^| 

=  ^-'>(l-xV»— ^f|i  +  ci,-p,  1-ri,;  2-p:  ^|.  (B) 
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Thus  Yx  and  Yg  are  the  two  linearly  independent  solutions  of  Knmmer's 
equation  valid  near  2  =  0. 

If  Yg  and  Y4  are  the  two  linearly  independent  solutions  valid  near 
X  =  1,  we  have  from  (A),  by  obvious  transformations, 

Yg  =  F{ai,  oa;  l+ai+oj— /o;  1— «} 

=  x^-'Fll+ai—p,  l+oj— /o;  l+ai+a^—p;  1—x} 

=  x-''F^ai,  1+ai—p;  l+ai+aj— />;  -^| 

=  aj—i^'ja,,  l+Oi-p;  i+ai+o^-p;  ^|,  (C) 

Y4  =  (l-xy-'^-^Flp-ai,  p-ot;  l+p-ai-ot;  1-x} 
=  xi-''(l-a;)'-"'-"'F{l-ai,  l-Oj;  l+p-ay-a^;  1-x} 

=  x^-'il-xy-'^-^F[p-a^,  l-oa;  l+p-a^-a^;  —■] 

=  x"-'(l-xy-"-'i^{p-ai,  1-ai;  l+p-ai-oa;  ^}.    (D) 

And,  finally,  if  Yg  and  Yg  are  the  two  linearly  independent  solutions  valid 
near  x  =  oo ,  we  have 

Yg  =  x-"'F{ai,  1  +  ai-p;  l  +  aj-aa;  1/x} 

=  £^-^{x-iy-'>-"F{l-a^,  p-a^;  l+ai-oj;  1/x} 

=  (x-D— P  jaj,  p-a^;  l+aj-Oj;  y^[ 

=  xi-'Cx-iri—i^jl-oa,  1+ai-p;  l+ai-oa;  j^],       (E) 

Yg  =  X— «F{a2,  l+oa— />;  1 +09-01;  1/x} 

=  x-'-'Cx-iy— —  F{l-oi,  p-oi;  IH-oj-oi;  1/x} 

=  (x-l)-««F-[oa,  p-ai',  l+oa-Oi;  j^^j 

=  x»-'(x-l)'-»—i?|l-oi,  l+oj-p;  1+oa-oi;  j^].      (P) 
We  assume  that  in  each  case  the  principal  values  (whose  argument  lies 


162  Dr.  E.  W.  Barnbb  [Sept.  16, 

between  ±mr)  of  n-th  powers  of  x  and  («— 1)  are  taken,  where  n  is  any 
quantity. 

12.  An  examination  of  the  transformation  formulae  I.,  ...,  XII.  shews 
us  that  these  formulae  are  precisely  the  relations  between  the  solutions 
Yi,  ...,  Ye  set  forth  in  §  2. 

Thus  the  relation  (I.)  may  be  written 

y   -_  r(p)r(aa--ai)    x^^^  y    ,    TipiTiai  —  a^    ^^.^  y 
also 


y  ^T«(i-p)  —     r(aa--ai)r(2-p)     ^^^^  y   ,       rCai  —  aa)  r(2— p)       ±,rta,y 

~  r(i-ai)  r(i+a,-p)       "^^^  r(i«a^  ra+a^-p)       ^«' 

y  ^±r«ii  -,  r(l— p)r(l+ai--aa)  y    ,   r(p  — 1)  Td— Og+qi)  ^T»i(i-p)y 

I 

y  ^±«a,  _  r(l--p)r(l  +  a2~ai)  y    ,   r(p  — l)r(l  — ai+oa)  ^T»c(i-p)y 
(oa— g,)  r(ax  +  a2--p)  y    ,    rCai  —  Oa)  r(ai+aa— 

rcoa)  ra+oa-p)      ^"^    rca^)  ra+ai-p) 


II. 


III. 


IV. 

y  _  r(aa—q|)  Tja^  +  cuj—p)  y    ,    T(ai''a^  T(ai+a^—p)  y  y 


y   .±«(^-«l-a,) 

_  rCofl— Oi)  r(l+p— Ci— Oa)  y    ,    r(ai— dg)  r(l+p— ai— oa)  y 

r(i-a,)roo-ai)        '"^      r{i-a2)roo-a3)        •' 

VI. 

V  —  rpD— ai— Ofl)  r(l— Oa+gi)  y    i   FQ)— hi)  r(l— oa+ai)    ±„(p_.,-.riy 

■'»"      ro)-«3)r(i-aj)      ^'^r(ai)r(i+/>-«r-a4)^  ''*' 

VII. 

V  _  r(p— g,— Oa)  r(l— ai+oa)  y   .   r(p  — og)  r(l— ui  +  Oa)  ,tir.(»-.,-..) y 

^«-      roo-a,)r(i-«i)      "^"^  rcoj)  ra+p-ai-oa)  *' 

VIII. 

V  _  r(p— ai— Oj)  Vip)  y   ,   r(ai+ag— p)r(p)  y  j^ 

-,  _  r(p-ai-aa)  r(2-p)  y    ,       r(a,+aa-p)r(2-p)      y  „ 

^«~     r(l-ai)r(l-as)      '^''"^r(l+ai-p)r(l  +  aa-p)     *' 


y  _  r(l-p)r(l-p+a,+<0  y    ,   r(l-p+a,+aa)r(p-l)  y 


XI. 


ra-p+a,)  ra-p+oa)  ^^  ■  r(ai)  rcoj) 

XII 
In  each  case  the  upper  or  lower  sign  is  taken  as  Hx)  is  positive  or  negative. 


y  _  rg-p)  rq+p-ai-aa)  y    .   Tip-Drq+p-a^-a^y 
'*~        r(l-ai)r(l-aa)         ^"^         T(p-a,)T{p-a^         "'«' 
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We  have,  however,  hitherto  only  written  down  the  integrals  which  le^ul 
directly  to  twelve  of  the  twenty-four  solutions  of  Rummer's  equation. 

We  now  proceed  to  give  the  other  set  of  twelve,  and  we  number  them 
in  such  a  way  that  Tr,  when  treated  in  the  manner  of  §  6,  leads  to  the 
relation  (i2).     The  integrals  are 

r.^--La-.r-.-f'-"'-^-;+y^-°.+"(-.).^. 

*  27r/         '  J  r(l+»)  ^     ^'  '^' 

r.  =  -^»-..-..-.jra-.-._rc-.,rj,-^+..,_^^^^ 
r.  =  --La-,,--fr(-»>r»-a,-|-.a-,-.),_„.,,, 
n  =  -^  .'-'  [  r'-'>  ru-f +..+»)  r(i-,+,^+.) 

2ir<  J  r(l— /o+ai+Oa+s) 

r,  — L  -i-P  [  r(p— at— aa-8)r(l— /)+ai+g)r(l— p+oa+s) 

•  2x.  J  r(l+«)  ^'^     ^^''*' 

r,  =  --i-^i-P  fr(-s)r(i-p+at+«)r(p-a^-a,-«) 

27ri  J  1  (/o  —  Os — 5) 

2x£  J  1  (/)  —  ai — 5) 


13.  By  considering  the  hypergeometric  series  to  which  the  integrals 
give   rise,  we   obtain  an  extension  of  the  equalities  indicated  in   §  10. 
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Thus,  if  Ji,  ...,  Jg  be  suitable  multiples  of  Yi,  ...,  Yg   respectively,  we 
have 

Ji  =  IiT{p^aOr(p-a^)  =  I^T(p-ai)T{cu,)  =  I[T(a,)T{a^ 

=  7ir(a,)r(/)  — oa), 
J,=  i2r(l-ai)r(l-aa)  =  J,o«±-(p-i)r(l-ai)  Td+aa-/)) 

=  /2r(l+ai-/5)r(l  +  a2-p)  =7Io^*''^-^>r(l-aa)r(l  +  ai-p), 
Ja  =  /grO  -A>  +  ai)  ra-p  +  a.,)  =  7nr(aa)  Td  -z^  +  aa) 

=  nVia,)  T(a^)  =  J{ir(ai)  rd-p+a^), 

J6=73r(l-a.^r(p-a,)=7,(?*'-»r(l-a2)r(l-/5+aj) 
=  rsT(a,)T{l-p  +  a,)  =  7j6*--^r(a,)r(p-a2), 

Je  =  /4r(l-a,)l>-a,)  =  7g6^--^r(l-ai)r(l"-p  +  a2) 

=  r^Tia^ra-p+a^)  =  ne'^'^^Tia^  T(p-a,). 

In  each  case  the  upper  or  lower  sign  is  taken  as  I{x)  is  +  :  when  x 
is  real  we  have  a  point  on  one  of  the  various  systems  of  cross-cuts  by 
which  the  integrals  7i,  ...,  7ia;  75,  ...,  7i2,  are  limited,  and  therefore  some 
of  the  formulae  are  illusory. 

14.  We  have  now  obtained  the  twenty-four  solutions  of  Rummer's 
equation  and  we  have  found  the  relations  between  each  of  the  six  sets  of 
four  which  are  substantially  the  same,  and  also  the  relations  connecting 
any  three  of  the  six  fundamental  solutions.  Our  transformations  (I.),  ..., 
(XII.)  are  all,  however,  transformations  by  which  substantially  the  variable 
is  changed  into  its  reciprocal.  We  now  proceed  to  shew  that  the  con- 
tour integrals  can  be  so  modified  as  to  give  directly  the  change  of 
X  into  l—x;  and,  in  fact,  any  other  of  the  six  transformations 

Xy       1/a:,       1— «,       1/(1— a;),       ar/(a;— 1),       (a;— l)/a:. 

And,  further,  we  will   obtain   directly   from  the  theory  of  the  contour 
integrals  the  relations  given  in  §  13. 

For  this  purpose  we  need  a  lemma  which  proves  to  be  of  fundamental 
importance  in  the  theory. 

15.  Lemma. — If  ai,  o^,  )8i,  /S^  be  any  complex  qtiantiiies  of  finite 
modulus  J  certain  special  cases  excepted^  and  if  tJie  contour  of  tlie  integral 
be  parallel  to  the  imaginary  axis  unth  loops  if  necessary  to  ensure  that 
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positive  sequences  of  poles  of  the  subject  of  integration  lie  to  the  right  of 
the  cmitour  and  negative  sequences  to  the  left, 

"  2^  1  ^(«i+*)  r(a2+s) r08i-s)  TiS^^s)ds 

^  r(a,+ A)  r(a,+ig2)  r(a,+i8,)  r(a,+ig>2)  ^ 
r(ai+a2+^i+^2) 

It  is  evident  from  the  asymptotic  expansion  of  the  gamma  function 
that,  unless  ai,  02,  fii,  fi^  have  such  relations  that  the  contour  cannot  be 
drawn,  the  integral  will  exist  and  have  a  definite  finite  value. 

When  Qj,  Qa,  fi^  fi^  ^^  such  that  -8(1  — Ci— og— ySj— ySg)  >  0,  the 
contour  of  the  integral  can  be  bent  round  so  as  to  include  negative 
sequences  of  poles  of  the  subject  of  integration,  and  by  Cauchy's  theorem 
it  will  be  equal  to 

i   ^  Y(fi,+a,+n)  r(a,-ai-n)  T{a^+fi^+n) 

+  i   ^  r(|8i+a2+»)  r(a,-a,-n)  T{a^+fi^+n) 
n=o    m 

By  Gauss's  theorem  this  is  equal  to 

+  a  similar  expression  obtained  by  interchanging  04  and  a, 
=  -  ra-Oi-Oa-ySi-ySa)  T(a,+I3,)  T(a,+fi^  T(a^+fii)  T(a^+I3^ 

^      air.     ( :rT  i  ^^  ^(«2+)8i)  sin  ^(03+^  —sin  ^(oj+^i)  sin  ^(flj+^a) } 

TT  Sin  Tr^Oj — o^y 

=  r(l-ai-a2-/8i-)8j)  r(«,+)8i)  r(ai+)8j)  r(aj+^^  r(aa+j8a) 

^  sin  T(ai+aa+j8i+/8g) 

^  r(a.+^,)  r(a,+^J  r(a,+iQi)  r(aa+/88) 

We  have  limited  ourselves  by  the  restriction  that 

iid-ai-Oa-ySi-^Sa)  >  0. 

But  the  original  integral  and  the  final  expression  are,  except  for  isolated 
points,  analytic  functions  of  oj,  og,  j8i,  and  jSj.  The  theorem  is  there- 
fore true  in  general. 
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16.   We  now  proceed  to  shew  that,  if  J^  denote  the  integral 

-  2^  1/^"'''^  r(p-ai-a2-5)  r(ai+5)  T{a^+s){l-xrds, 

wherein  \  arg  (1— a;)  |  <  27r,  and  the  contour  C  is  parallel  to  the  imaginary 
a^is  and  passes  between  the  sequences  of  positive  and  negative  poles  of 
the  subject  of  iniegratio7i,  then 

where  Ii  is  the  integral  defi7ied  in  §  5. 

I  )iave  previously  shewn*  that,  if  D  be  a  contour  parallel  to  the 
imaginary  axis  with  loops  leaving  the  positive  sequence  of  poles  0,  1,  2,  ... 
on  the  right  and  the  negative  sequence  5,  5—1,  5— 2,  ...  on  the  left, 

r(-s)(i-x)' =  -  2^£  r(0-5)r(-0)(-a:)^d0, 

wherein  |  arg  (— «)  |  <  tt,         |  arg  (l—x)  \  <  ir. 

We  therefore  have 

'^^  =  ^t\c  (-  2^)  L  r(p-a,-a,-.)  Tia,+s)  Tia,+s) 

xr(0-5)r(-0)(-a:)*d0. 

Now  we  may  invert  the  order  of  integration,  for 
each  integral  is  absolutely  and  uniformly  con- 
vergent. We  may  conveniently  take  the  contours 
as  in  the  figure.     Hence  we  have 

X  -  5^  (    r  (/» -a, -a,-«)  r  (^ - s) 

^TTl  Jc 

=    -  2^  y(p-<h)  r(p-a,) 

f  r(-^)r(a+gr(a,+^)^_ 

Jd  I  (p  +  0) 

(by  the  lemma  of  §  15)    _j^, 

In  the  investigation  we  have  assumed  that 

I  arg  (—a?)  |  <  tt 
which  gives  the  cross-cut   necessary  to  define   I^. 


fr**^'^ 
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This    includes    the    condition    |  arg  (1— a;)|  <  ^.      We   notice   that  the 
integral  Ji  represents  the  function  over  the  extended  range 

|arg(l— a;)l  <  2^. 

17.  Suppose  now  that  1 1— ar|  <  1.  We  may  bend  round  the  contour 
of  the  integral  Ji  so  as  to  include  the  positive  sequences  of  poles  of  the 
subject  of  integration,  and  we  therefore  obtain,  by  Cauchy's  theorem, 

r(a,)r(a^r(p-ai)r(p-ajp,       a.'o-X^ 

=  rc-oi-oa)  T{a,)  T{a^  F\a^,  o^;  l+a^+a^-p  ;  l-x\ 

+  V{p-a;^V{p-a^  r(ai+aa-./o)(l-a:)^-^— 

or     F{ai,a^]  p)  x] 

This  is  a  direct  transformation  from  argument  x  to  argument  (1— a:).     It 
is  equivalent  to  our  old  relation  (IX.)  of  §  12. 

Suppose  that  similarly  |1— ar|>  1  and  we  bend  the  contour  of  the 
integral  Jy  round  to  the  left  so  as  to  include  the  negative  sequences  of 
poles  of  the  subject  of  integration,  we  obtain 

This  is  equivalent  to  our  old  relation  (I.)  of  §  12. 

The  formula  thus  gives  a  direct  transformation  from  x  to  1/(1— «). 

18.  W^e  can  now  shew  that  the  integral  Ji  gives  rise  directly  to  the 
set  of  equalities  obtained  indirectly  in  §  13  between  Jj,  Jg,  ![,  ij.  We 
have  already  seen  that  Ji  =  T{p—a^T{p—a^Ii. 

Again,  if  in  the  integral  we  write  s—ai—a^+p  for  s,  it  becomes 

J"i  =  (l-x)'»— ^— * 

X  ("2^)  j  r(-s)r(ai+aa-p~5)r(/)-a,+5)r(p-ai+«)(l~a;refo. 
This  is  the  same  integral  as  the  former  when  a^  is  replaced  by  p—ai  and 


158  Dr.  E.  W.  Barnes  [Sept.  16, 

oj  by  /o— ctj.     The  transformation  of  §  16  therefore  gives  us 

J,  =  r(ai)r(aj)(i-xy— -•« 

Similarly,  by  an  obvious  change  of  the  variable,  Ji  may  be  widtten 
-  ^  (1-a;)—  j  r(-s)  rCoa-Oi-s)  T{a,+s)  r{p-a^+s)a-x)-'d8 
=  r(aj)  T(p-aj) 

and,  by  symmetry,  /j  =  r(ai)  r(/o— og)!^. 

We  thus  have  by  direct  transformation  the  first  set  of  equalities  of  §  18. 
or,  if  we  prefer  so  to  regard  it,  the  equalities  (A)  of  §  11. 

19.  We  can  similarly  obtain  by  direct  transformation  the  other  five 
sets  of  equalities  of  §  18,  and  all  possible  transformations  and  relations 
between  three  integrals  of  the  system  by  means  of  the  analogous  integrals 

xTa+a^-p+s)Ta+<h-P+s)a-xYds. 

./5  =  -  ^  i-x)-^^  \  T(-s)  rO>-a,-a2-s)  T(a,+s) 

XT{l+a,-p+s){^j   ds, 
</6  =  -  o^  (-J?)"**  (  r(-s)  r(/)~ai-a2-s)  r(a2+5) 

Xr(l+a,-p+/j)(^j    ds. 

The  general  theory  of  the  hypergeometric  solutions  of  Rummer's 
equation  is  evidently  complete.  When  the  quantities  ai,  os,  p  or  their 
differences  are  integers,  the  integrals  are  still  valid  representations  of  the 
solutions  even  though  the  hypergeometric  series  degenerate  into  different 
forms  involving  logarithmic  terms.  The  case  when  /t>  =  l,  01  =  03  =  ^ 
is  discussed  later :  it  gives  rise  to  the  quarter-periods  of  the  Jacobian 
elliptic  functions. 
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We  now  proceed  to  an  analogous  development  of  the  Biemann 
P-functions,  where  the  greater  symmetry  of  the  theory  shews  the 
elegance  of  Biemann's  generalisation. 


Part  II. 

The  Biemann  P-Fwictions. 

20.  The  differential  equation  for  Biemann's  P-function  is,  in  the  form 
due  to  Papperitz,* 

dx^       I     x—a  x—b  x—c      I  dx 

\  x—a  x—b  x—c  ) 

X 2 =0, 

(x—a)(x—b)(x—c) 

where  a+a'+/3+/3'+y+y'  =  1. 

Put  ^^x-ac-b     ^^^     y  =  ^(l^z)yw, 

x—bc—a 

and  we  obtain 

Take  now  ai  =  a+)8+y, 

og  =  a+^'+y, 

p  =  1+a—a', 

so  that  aioa  =  )8^'+(a+y)(l-a'-y'), 

since  a+a'+fi+/3'+y+y  =  1, 

J         ,  d!^w  ,   p—ll  +  ai+a^  z  dw         QiaqW        ^ 

andwehave       ^  +  ^-LJ^^^  -  -  ^^  =  0. 

This  is  the  ordinary  equation  of  the  hypergeometric  function,  and  we 
have  seen  that  a  solution  is 

when  I  arg  {—z)  \  <  ir. 

*  Pftpperiti,  Mmthtmaiitehs  AfinaUn,  T.  xxv.,  p.  213. 
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Hence  a  solution  of  Papperitz's  equation  is 

_  J_  /g-c  b-ay  [T(a+y'-s)T(J3+s)TH3'+s)  (     ^-(^  c-b\' 
^TTiKx-ab-c)    J  r(l-a'-y+s)  V     c—ax—b)       " 

,         I  X — a  c — b  I    ^ 

when     arg r     <  tt. 

I  c— a  x—b  I 

21.  Leaving  for  the  present  the  question  of  the  precise  determination 
of  the  functions    l—^ — aZt)    ^^^   ( Z Zt)    w®  c^°»  ^J  making 

all  possible  symmetrical  interchanges  in  this  solution,  obtain  the  twenty- 
four  integrals  which  satisfy  Papperitz's  equation.  These  we  now  proceed 
to  indicate,  denoting  them  by  K  with  such  suffixes  and  accents  as  corre- 
spond in  order  to  the  twenty-four  solutions  (A),  ...,  (F)  (§  11)  of  Kummer's 
equation  when  a=0,  &=qo,  c  =  1,  and  when  a^,  ag,  p  are  connected 
with  a,  )8,  y,  a',  /3\  y'  by  the  relations  of  the  previous  paragraph,  coupled 
with  a  =  0,  y  =  0.  Thus  we  have  a  =  0,  a'  =  1— /o,  /3  =  ai,  fi'  =  og, 
y  =  0,  y'  =  p— Qi— og.  We  thus  write  down  the  integrals  in  groups  of 
four,  each  of  which  will  be  subsequently  proved  to  be  substantially  the 
same  functions  of  x.  And  in  brackets  we  indicate  the  corresponding  solu- 
tion I  of  the  more  special  case. 

•''=-t.  {iE^y\  m'-t^;U  r<^+"  r(y +"  • 

x(-fEf|E|)'*(« 
'•  =  -t  (fElS)' jr-|^J^r(,+.,r(y+.) 

x(-fEf|Ef)'^w 
'.  =  -^  (|E|H)'lraS^r<v+.)r(y+.) 

\     6— a  x—c/  J 

If  we  interchange  a  and  a'  in  this  set  we  get  in  order  K^,  K^  K^y  K^y 


(A> 
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which  correspond  respectively  to  I29  -fL  /io»  ^10  and  form  a  set  (B)  of  four 
integrals. 

Interchange  in  (A)  y  and  a,  y'  and  a\  b  and  c,  and  we  get  a  set  (C)  of 
four  integrals  Kg,  Kiq,  Kh,  K12  which  correspond  to  Is,  Ts,  Iiv  -^n  re- 
spectively. 

Interchange  y  and  y'  in  the  set  (C)  and  we  get  the  set  (D)  of  four 
integrals  Ki^,  Ki^,  Ki^,  Zjg  which  correspond  to  Jg,  Ji,  /la,  /ie- 

Interchange  in  (A)  a  and  6,  a  and  13,  a'  and  )8',  and  we  get  the  set  (E) 
of  four  integrals  Ki^,  Kig,  Ki^,  K^  which  correspond  to  Jg,  J^,  Z^,  i^. 

Finally,  interchanging  ^  and  ^'  in  (E)  we  get  the  set  (F)  of  four 
integrals  K^,  K^y  K<^,  K^i  which  correspond  to  I^,  li,  Jg,  ig. 


22.  We  have  now  to  give  an  accurate  definition  of  the  many-valued 
functions  which  occur  in  the  previous  integrals  Ki,  ...,  K^i- 

Represent  the  three  quantities  a,  b,  c  by  points  A,  B,  C  by  the  usual 
Argand  diagram,  and,  as  in  Riemann's  memoir,  let  us  assume  that  these 
points  are  so  placed  that,  when  we  go  round  the  circle  through  A,  J5,  and  C 
in  a  positive  counter-clockwise  direction,  we  pass  from  -4  to  C  to  B. 

We  now  define  {(«— c)/(a;— a)}*^  by  a  cross-cut  along  the  arc  AC.  (By 
this  we  mean  the  arc  which  excludes  the  point  B :  the  other  arc  will  be 
denoted  by  ABC)  When  x  lies  within  the  circle,  arg  {(x— c)/(a:— a)}  is 
taken  to  lie  between  tt+B,  its  value  just  inside  the  arc  AC,  and  B,  its 
value  on  the  arc  ABC.  When  a;  lies  outside  the  circle,  arg  {(x—c)l{x—a)} 
is  taken  to  lie  between  B,  its  value  on  the  arc  ABC,  and  B—ir,  its  value 
just  outside  the  arc  AC. 

The  argument  of  t is  thus  J5.     Hence  7 has  a  cross-cut 

^  b—a  b—c  x—a 

along  AC.     Its  argument  ranges  from  w  just  within  ^C  to  zero  on  ABC, 

and  to  —  TT  just  outside  AC. 

X^~'CL  C''~~b 

Similarly  r    has  a  cross-cut  along  BA,  and  its    argument 

ranges  from  ir  just  within  BA  to  zero  on  BCA  and  to  — -tt  just  outside 

BA.     And J- has  a  cross-cut  along  CB,  and  its  argument  ranges 

from  TT  just  within  CB  to  zero  on  CAB  and  to  — -tt  just  outside  CB. 

Further,  in  the  preceding   integrals  we  always  take  such  values  of 

H ZTa  )    ^^^  similar  terms  as  have  arguments  less  than  w.    Hence 

/     x—a  c— 6\  «— a  c— 6  — -tt  i-       within     .,        .    , 

arg  ( 7 1  =  arg r    1        as  x  hes      .^,      ^  the  curcle. 

\     c—ax—bj  ^c^ax^b+TT  without 

8BB.   2.     VOL.  6.     NO.  985.  M 
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Hence ^  has  a  cross-cut  along  the  arc  ACB,  and  the  value  of 

its  argument  ranges  from  —  tt  just  within  ACB  to  zero  on  AB,  and  to  ir 
just  outside -4  CJB.  The  argument  of  the  reciprocal  of  this  expression  is 
minus  the  argument  of  the  expression.  Similar  definitions  apply  to  the 
other  similar  terms  which  intervene  in  the  integrals  defined  in  the 
previous  paragraph. 

We  see  that,  with  such  definitions, 

x—a    .         x  —  b   .         x—c        27r  within    )    ,,       .    , 
-rgjZT+*^g:;^+*^-gx-^=    0    without)  ^^^^^''^^^^ 

and  also         (^Zl^l^)"  /x-b  a-cy  /     x-c  b-ay  ^ 
\c—a  x—bJ    \a—bx—c/    \      b—cx—aJ 

whether  x  be  within  or  without  the  circle,  for  the  three  terms  in  order 
have  cross-cuts  along  ABy  BC^  and  ABC,  and  these  cross-cuts  neutralise 
one  another. 

For  brevity  we  shall  write 

x—b  a—c  x—c  b—a  x—a  c—b 

U  =  -J ,       V  =  7 ,       IV  =  r  . 

a—b  x—c  b—c  x—a  c—a  x—b 


The  Functions  Pa,  P«',  ...,  Py. 

28.  By  §  21  it  is  evident  that  there  is  a  solution  of  Papperitz'  equation 
which  near  x  =^  a  admits  an  expansion  of  the  form 

This  solution  when  |  arg  i^  |  <  tt  we  denote  by  P*.  Thus  P.  is  defined 
with  respect  to  a  cross-cut  along  the  arc  AB  :  on  the  inside  of  this  arc 
arg  i£?  =  TT,  on  the  outside  it  is  —  tt,  and  on  the  arc  ACB  it  is  zero. 

From  the  theory  of  the  diflFerential  equation  we  know  that  equally  Pa 
must  admit  near  2;  =  a  an  expansion  in  powers  of 

-  I         X — a  b — c 
b—a  x—c 

with  index  a  at  a;  =  a.  Now  v"  has  a  cross-cut  along  AC  and  arg  t;  ranges 
from  TT  just  within  ^C  to  zero  on  ABC,  and  then  to  ir  just  outside  AC. 
Hence,  if  |arg(— l/z;)|  <  tt,  (— 1/t;)*  has  a  cross-cut  along  ABC,  and 
arg  (—1/1?)  ranges  from  ir  just  within -4 JBC  to  zero  on^C,  and  then  to  —  tt 
just  outside  ABC.     Hence  the  arguments  of  w""  and  (—llv)°^  have  the 
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same  range,  and  near  x  =  a  they  have  the  same  cross-cut:     Also 

(— 1/t;)^  _  fc—ax—by 
vf-  \c—x  a— hi 

and  this  ratio  is  unity  at  a;  =  a.     Therefore  F^  may  be  equally  expressed 
in  the  form  (_i/,).|i+^^/„+^,/^,+  ...^, 

wherein  |  arg  (— 1/u)  |  <  tt.     By  writing  a'  for  a  we  derive  F^  from  P«. 

Similarly  P^  near  x  =  b  has  a  cross-cut  along  the  arc  BC  and  may  be 
expressed  in  either  of  the  forms 

w^  {l+jBit^+^2^^+...K  wherein  |  argii  |  <  ^; 
or       {—llwf{l'\'F^jn)'\'F^lw^+,,,],  wherein  |  arg  (— 1/m?)|  <  tt. 

And  Fy  has   a  cross-cut    near  a;  =  c    along  the    arc  CA^  and  may   be 
expressed  in  either  of  the  forms 

v^  {\'\-GiV  +  G^v^+,,.],    wherein    |argv|<7r; 

or       (-  llu)y  { l+HJu+HJu'+ . . . } ,    wherein    |  arg  (-  l/u)  \  <  tt. 

24.  We  proceed  now  to  shew  that 

p  —  (x—c  a—bX^  (x — a  c— 6\* 
*  ""  \a—c  x—b)    Xc—a  x—b) 

XF{a+a+y,a+fi'+y;  l-a'+a;  f5f|5|}  . 

the   upper  or  lower  sign  being  taken  as  x  lies  within  or  without  the 
circle.     We  have 

with  the  previous  specification  of  v*^  and  (— i^)*. 

When  I  ?(?  I  <  1,  we  may  bend  round  the  contour  so  as  to  include  the 
positive  sequence  of  poles  of  the  subject  of  integration,  and  we  have,  by 
Cauchy's  theorem, 


1  (1 — tt  +a) 


XF{a+fi+y,  a+fi'+y,  l-a'+a;  w}. 

u  2 
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Now,  by  §  22,    v'^i—w^  =  (l/t^)\     and     (—«?)•  =  w^^c^'**. 
Hence 

1  (1— a'+a) 

XF{a+/3+y,  a+)8'+y;  l-a'+a;  «?}, 

Now,  at  a;  =  a,  (1/t*)*^  approaches  the  value  unity. 
Hence,  by  the  definition  of  §  28, 

^^■"'  ra-a'+a)        ^•• 

We  thus  have  the  equalities  given. 

25.  If  we  treat  the  integral  K2  in  the  same  way,  we  get 

p.  =  (!/«)*' to-F{a+)8+y',  a+y8'+y';  l-a'+«;  w], 

Sinularly  r(a+^+y)  r(a+/3+/)  p^^ 

1  (1  —  a  -t-a) 

P,  =  'ul'(-llv)'F{a+fi+y,  a+^+y';  l-a'+a;  l/v] . 

FinaUv  K.  =  r(a+^-+Y)r(a+ff'+y')  p 

Jjinauy,  A,-  r(l-a'+a)  "^"' 

P,  =  1tP'(-llvrF{a+^'+y,  a+fi'+y';  l-a'+a;  l/v}. 

We  have  thus  deduced  from  the  theory  of  the  differential  equation  the 
equalities 

Z,e*"«r(a+/8+y')r(a+/8'+y')  =  K^e^'Tia+fi+y)  T(a+fi'-\-y) 

=  ZjF  (a+)8'+y)  r(a+/8'+y') 
=  K,T  (a+)8+y)  r(a+)8+y'). 

These  equalities  shew  that  the  group  of  integrals  (A)  of  §  21  are  sub- 
stantially equivalent  to  Pa-  Similarly  (B),  (C),  (D),  (E),  (F)  respectively  are 
equivalent  to  P.-,  Py,  Py,  Pp,  P^. 
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26.  We  can  verify  the  relations  just  found  by  direct  transformation. 
Apply  the  result  of  §  16  to  the  function 

K,  =  alu)ywU^^-  r(a+^+y)r(a+/3-+y) 

^1     ^^/^^  "^  *^  ra-a'+a) 

XF{a+l3+y,  a+l3'+y;   l-a'+a;  w}. 
We  find 

K.aiwre"^''^  r(a+)8'+y)  T{a+/3+y) 

the  direction  of  integration  of  the  contour  being  downwards. 
Interchanging  jS  and  y,  jS'  and  y',  6  and  c,  we  find 

K,{llwre^^^^T{a+p'+y)T(a+/3+y') 

=  K^U^(-vr  r(a+)8'+y')  r(a+)8'+y), 

so  that  K,e^'^^T{a+l3+y)  =  K,T{a+l3'+y), 

since  t(?«ii-(— v)*  =  1     (§  22). 

The  other  relations  can  be  obtained  in  like  manner. 
We  note  that  incidentally  we  have  shewn  that 

p  r{a+0+y)T{a+l3'+y)T{a+0+y')T{a+l3^+y) 
^"  r(l-a'  +  a) 

=  -^w^^T(y-s)T(y-s)r{a+0+s)Tia+fi'+s)u-'ds, 

wherein    |  arg  t^  |  <  tt.       This  and  analogous  expressions  constitute  the 
best  definitions  of  the  fundamental  solutions  P.,  Pa',  P^,  P^',  Py,  Py. 

27.  We  know  from  the  theory  of  linear  differential  equations  that  a 
linear  relation  connects  any  three  independent  solutions.  Adopting 
Biemann's  notation  we  must  therefore  have  relations  of  the  form* 

P«  =  OpPfi'\'Clp'P^9 

where  ap  and  a^  are  constants. 


*  Such  relatione  are  of  course  part  of  Rieinaxin*8  definition.     He  did  not  define  his  P-fanc- 
lions  as  Holutions  of  Papperitz*B  equation. 
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We  may  easily  establish  this  relation  directly,  and  sheic  that 

""  ~  r(«+/3'  +  y)  r(a+^'+y') 

""'  -  r(«H-/3+y)  r(«+^+y') 

the  upper  or  lower  sign  being,  as  usual,  taken  as  x  lies  within  or  without 
Ihtt  circle. 

We  have 
^'  ra -u'+a) 

=  ^»  =  -  2^  -^  1  r  (i-^^;t)  ^^^'^^  ro3'+s)(-.)'.fe. 

If  I  //» I  >  1  we  may  bend  round  the  contour  so  as  to  include  the  negative 
sequences  of  poles  of  the  subject  of  integration,  and  we  have  by  Cauchy's 
theorem 


i  (1— a'  — y— p) 


-y. 

xlf-la+^+y,  a'+y4-)8;  l-)8'+)8;  1/te} 
+  A  similar  expression  obtained  by  interchanging  j8  and  /8'. 

Hence,  from  §  28,  since 

«+a'+/8+/8'+y+y'  =  1, 


ra-tt'+a) 


_  r(«+/8+y)rc8'-i8)  p    r(«+^'+y)  rps-ffo 

~         r(a+|8'  +  y')  -^"^  r(a+j8+y')  ^'^• 

We  thus  have  the  given  values  of  a^  and  a^. 
Similarly  tee  have  the  relation 

P,     =     OyPy  +  OyPy, 

Wherein  r(l-a'+a)r(y'-y)        ,... 

"^"'"  ^       r(a+;8+y')r(a+^'+y')* 

,  =     ra-a'+«)r(y-y')       ,„, 
*       ria+,t}+y)ria+|8'+y)  ' 
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These  values  of  Oy,  a^  are  not  symmetrical  with  those  just  obtained 
for  a^,  Of}',  and  this  may  be  expected  a  priori,  since  Py,  Py  have  a  cross-cat 
along  CA,  while  P^,  Pp-  have  a  cross-cut  along  BC. 

The  new  result  is  easily  obtained.     We  have 

p   T(a+fi+y)T{a+fi+y') 
Ta-a'  +  a) 

=  «,-^(-iM-rr(a+^+y)r(y-y) 

^     ^'"^  r(a+/3'+y') 

XPja-f/S+y,  «'+/8+y;  l-y'-|-y;  v} 
+a  similar  expression  obtained  by  interchanging  y  and  y' 

_  r(a+;8+y)r(y-y)p     ,,.        r(a+)8+y)r(Y-y')    ,,.^ 
-  r(a+j8'+y')         ^^*       ^  r(a+|8'+y)  "^^'- 

We  thus  have  the  given  values  of  Oy,  cl,: 

We  can  now  write  down  by  cyclical  interchange  the  values  of  /8y,y8y, .... 


28.  The  preceding  results  verify  Riemann's  manuscript*  relations  be- 
tween the  ratios  of  the  coefficients,  and  we  can  immediately  obtain  the 
relations  given  by  him  in  his  memoir.t 

We  have 


a„  ~  T(a+fi'+y)  Tia+fi'+y')  I  r(a'+/8'+y)r(a'+)8'+y') ' 

Therefore  «asinx(a+^-t-y)6-^"' 

Itoerelore         ^^  ^.^  ^  (a'+)8+y') «  ^"•' 

_Y{l-a'Jf.a)V(a>Jf.p'+y')TW-\-fi-\-y')^ay 
VO—a^a')T{a-\-P^y')T(a+P'+y')        a'/ 

Wfinr.«  Oy  _   aflSin(a+jQ+Y')^e'""  ^  affsin(a+i8'+y0xe^ 
a;        a;i8in(a'+|8+y')Te^''"      a^- sin(a'+)8'+y')ir «' 


,±na' 


avi 


*  Note  (1),  p.  84,  Riemann,  (Euvtsm  MaiheuuUiques  (Paritf,  1898),  or  Mathematuehs  W*rk4- 
(1892),  p.  86.  Thene  relations  are  found  in  Beveral  places  among  Riemann'8  mannscripts,  but 
they  are  not  In  the  fint  G^erman  edition  of  his  collected  works. 

t  Loe,  §it,f  p.  70. 
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This  is  equivalent  to  Biemann's  result,  for  he  takes  the  case  when  a  =  0, 
i  =  00,  c  =  1,  and  I{x)  is  positive,  which  corresponds  to  the  case  when 
X  lies  within  the  circle  ABC  in  our  more  general  investigation. 


29.  It  is  an  obvious  investigation  to  try  to  obtain  for  Pa  an  expansion 
near  x  =  ain  ascending  powers  ot  x—a,  our  previous  expansions  having 
been  in  ascending  powers  of 

x—a  c—b  1       x—a  b—c 

to  = 7     or     —  =  ; . 

c—ax—o  V       b^a  x—c 

This  investigation  leads  to  hypergeometric  functions  of  two  variables  of 
the  type  first  introduced  into  analysis  by  Appell,*  and  is,  in  fact,  equi- 
valent to  a  theorem  given  by  him. 

We  will  briefly  indicate  a  proof  that  when  \x—a\<\b'-a\  or  |c— a|, 

p  (a-b  c-ay(a-by  /g-cy  r(a+)8+y)  r(a+/3+y)  r(a+)8^+y) 
"Vx-ac-i/    \x-b)    \x-cJ  Td-a'+a) 

^    I     ^    r(m+a+/3'+y)  Vin+a+fi+y')  Tjm+n+a+fi+y) 
»i=o  n=o  ^!  '^!  Til  —  a'+a+m+n) 

We  take  for  simplicity  the  case  when  x  does  not  lie  within  or  on  the 
sides  of  the  smaller  angle  whose  vertex  is  A  and  whose  sides  are  AB  and 
AC  produced  indefinitely  in  the  directions  AB  and  AC  respectively.  In 
this  case,  as  may  be  readily  verified  by  reference  to  a  figure, 

\c^a  x—bJ        \       c—a/       \       b—af  \a—cj    \a^b) 

I         X  "^"0 1                          I         X'^'  b  I 
where  !  arg <  tt     and       arg r-   <  ir. 

.,  X — c       ,  I  X — a  X — b       -  ,  X — a 

Also  =  IH ,         r=lH L» 

a— c  a—c  a^b  a—b 


Inhere 


x—a 
arg 


<  -TT,       and       1  arg 


x—a 
a^b 


<    TT. 


*  Appell,  LiouvtlU  (1882),  8^.  S,  T.  Tin.,  pp.  173-216.    Preyioiu  notes  had  appeared  in 
the  Cotnptet  Ssndut, 
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Therefore,  by  §  26  and  the  theorem  quoted  in  §  16, 
^'  ra-a'+a) 

Lit  I 

\       c—aJ       \       b—a) 
=  (- 2^)"  j<is  j<?^jdV'r(y'-s)  r(y+^-s)r(-^)r(Vr+a+j8+«) 

xr(-^)r(«+^'+«)(|=f)*(|5f)*. 

The  order  of  integration  may  be  inverted,  and  we  get,  by  §  15, 
^(a+)8'+y')(-2^yJj^(-^)^(-^/r)^(^/r+a+)8+y')^(^+a^-)8'+y) 

T(,j>+\lr+l—a'-{-a)\a—c/    \a—b/    ^   ^ 
=  r(a+/8'+y')  i    2 

r(m+a+)8^+y)r(n+a+)8+y)r(m+n+a+)8+y)/a;-a\^/a:-a\" 
m!n!r(l-a'  +  a+m+7t)  Vc-a/    U-J  * 

We  thus  have  the  given  result  if  that  value  of    ( t]     is  taken 

which  is  equal  to  w?"*  ("37/  »  ^l^^re  w  has  a  cross-cut  along  the  arc^JS, 

and  I  arg  w\<,Tr,  Pa  is  thus  defined  with  respect  to  a  cross-cut  along  the 
arc  AB,  and  the  result  is  therefore,  by  §  28,  valid  for  all  values  of  x  for 
which  the  series  is  convergent. 

Appell  would  denote  the  double  series,  with  unity  for  its  first  term,  by 

F^\a+fi+y:  a+fi'+y,a+fi+y';  l-a'+a;  fff .  ff^}  . 
And  the  preceding  result  is  equivalent  to  his  theorem  that 
F{a^,a^;  p;  i+fl\  =(l->;)-^-Pi{ai;  a^,  p-a^;  p;    j^ ;   ^^J  . 

The  theory  of  the  transformation  of  Appell's  series  can  be  developed 
entirely  by  the  contour  integrals  introduced  in  the  present  paragraph. 
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Part  III. 
The  Jacobian  Elliptic  Integrals  K  aiid  K'  as  Functions  of  Jc^, 

80.  It  has  been  stated  that  the  contour  integrals  introduced  into  the 
preceding  theory  are  valid  even  when  degenerate  cases  of  the  hyper- 
geometric  series  arise  which  involve  a  logarithmic  term.  As  an  example 
we  will  take  the  important  case  when  ai  =  og  =  J,  />  =  1,  when  Rummer's 
equation  becomes  the  differential  equation  for  Jacobi's  elliptic  integrals  K 
and  K'  considered  as  functions  of  a:  =  k^. 

The  equation  has  been  often  considered,  among  others  by  Fuchs*  and 
Tannery.!  But  the  theory  is  invariably  complicated,  and  most  writers 
have,  explicitly  or  implicitly,  confined  themselves  to  the  case  when  I  (x)  is 
positive.  Tannery's  investigation,  which  is  given  in  Forsyth's  treatise,! 
is  cumbrous,  and  the  investigation  given  by  Schlesinger§  is  difi&cult  to 
follow,  and  not  altogether  accurate.     The  fundamental  relation 

K  (x)  +  iK'  (x)  =  x'^K  aix), 

is,  in  fact,  difficult  to  obtain  from  the  Jacobian  elliptic  integrals.  There 
appears  to  be  an  error  in  Forsyth's  formula,  ||  and  in  his  corresponding 
substitution  for  iK^/K  corresponding  to  a;  =  oo .  The  complete  investiga- 
tion, whether  I  (x)  is  ±  >  is  given  in  §  36  of  the  present  paper. 

81.  The  differential  equation  of  the  quarter-periods  of  the  Jacobian 
elliptic  functions  is 

^(l-^)g  +  (l-2.)|-iy  =  0. 

It  corresponds  to  Rummer's  equation  with  ai  =  aa=i,  p  =  1. 

From  the  general  theory,  or  by  direct  substitution,  we  readily  see 
that  a  solution  is  .    r 

"2^J  {r(-5)r(i+5)}M-2:)'cfo. 

The  integral  is  convergent  if  |  arg(l— a;)  |  <  27r,  if  we  assume  as  usual 
that  the  contour  of  integration  is  parallel  to  the  imaginary  axis  with  loops 


♦  Fuohs,  Crelie,  T.  Lxxi.  (1870),  pp.  121-127. 

t  Tanneiy,  Annalet  de  r  Keole  Normals  Superieure,  Scr.  2,  T.  Tin.  (1879),  pp.  169-194. 

}  Forayth,  Theory  of  Differential  JBquationt,  Part  HI.,  Vol.  iv.  (1902),  pp.  121-135. 

{  Sohleidnger,  Linearen  Differential  Oleiehtmgeny  Bd.  n.,  pp.  476-184. 

II  Forayth,  Theory  of  Fwtetiom  (2nd  edition,  1900),  p.  731. 
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if  necessary  to  ensure  that  the  positive  sequence  of  poles  of  the  subject  of 
integration  lies  to  the  right,  and  the  negative  sequence  to  the  left  of  the 
contour.  We  uniquely  prescribe  the  integral  as  a  function  of  x  by  the 
condition  |arg(l--a;)|  <  tt,  and  then  we  say  that  it  defines  27rK{x). 
Thus  K{x)  has  a  cross-cut  along  the  real  axis  from  +1  to  +^  • 

Since  the  equation  is  unaltered  when  we  write  1— x  for  x,  we  see  that 
similarly  -     /. 

'-'^^^{T{-s)T{i+s)}^x'ds 

is  a  solution.  When  |  arg  a;  |  <  tt,  we  denote  this  solution  by  ^irK'  (x). 
Thus  K^(x)  has  a  cross-cut  along  the  real  axis  from  —  oo  to  0. 


82.  These  definitions  at  once  lead  to  a  number  of  relations  between  K 
and  K^  of  arguments  belonging  to  the  set  x,  l/x,  1—ic,  1/(1— x),  xjix—Vjy 
{x-l)lx. 

We  have  at  once 


K{x)  =  K'{l-x),       if     I  arg  (l-x)  |  <  tt  | 
Ka-x)=:K'{x),  if     |arga:|<7r  ]' 


(A) 


(B) 


Again,  in  the  integral  defining  K{x)  write  — s—J  for  s.     Then  the  direc- 
tion of  the  contour  as  always  being  downwards,  we  have 

2irK(x)  =  (l-x)-*  (-  ^)  j  {Tii+s)  r(-5) }«  (i_  _£_y  rf5 

or  K{x)  =  (1  -a;)-i  K  (-^ ,      if     |  arg  (1  -x)  |  <  tt 

therefore 

Ka-x)=x-^K(-^),  if     |arga:|<7r 

Applying  the  same  process  to  the  integral  which  defines  K'  {x),  we  have 
IC  (x)  =  ic-i  K'  aix\  if     I  arg  a;  I  <  TT 

K'(l-x)  =  a-xr^K'  (jz:^).     »     I  arg  (!-•«)  I  < 
From  (A),  we  have 

K(llx)  =  K'[^),     if 


(C) 


arg 


x-1 


<    TT 


k{^)  =K'{1Ix),  if     I  arg  a:  Ktt 


(D) 


(E) 
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Finally,  from  (B)  and  (C)  by  changing  x  into  1/x, 

K(Xlx)  =  {l-llx)-iK[:^,      if     |arg(l-l/x)|<-r 

K'  (^)  =  (i_i/a:)-iA''(^),      if     |  arg(l-l/x)  |  <  x 

These  relations  may  be  summed  np  in  the  equalities 

Yi  =  K{x)  =  K'{l-x)  =  a-x)-iK  (^)  =  a-x)-iK'  (j^, 

Ys  =  x-iKalx)  =  x-^K'  (^)  =  {x-ir^K  (j3^) 

and  72  =  Z(l-x)  =  ii:'(a;)=a:-iiir'(^)  ^x'^Ki^^ 

though  when  written  in  this  form  we  have  no  indication  of  the  system  of 
-cross-cuts  by  which  our  equalities  are  limited.  Such  limitations  must  be 
those  which  have  just  been  specified. 

88.  The  three  functions  Tj,  Yg,  Fg  are  evidently  solutions  of  the 
differential  equation.  They  include  all  functions  that  can  be  obtained 
from  K{x),  K'{x)  by  the  fundamental  homographic  transformations.  It 
remains  to  find  the  linear  relation  connecting  these  three  quantities,  and 
explicit  expansions  for  K{x),  K\x),  when  |  a?  |  <  1. 

In  the  first  place,  by  §  16, 

^irK{x)  =  -  ^  j  {r(-5)  r(J+s)}M-x)'(fo 

iiri]        r(i+s)  ' 

when  I  arg  {—x)  \  <  tt. 

From  the  last  integral  we  see,  by  applying  Cauchy's  theorem  in  the 
usual  manner,  that,  when  |  :r  |  <  1, 

«=o       \n\\ 

°'  ^(^^-T„?oi      2.4... 2n      t    ="" 

This  is  the  explicit  expansion  for  K{x). 


1907.]  A  NEW  DBVBLOPMBNT  OF  THE  THEORY  OF  HYPERGBOMBTRIC  FUNCTIONS.  179 

84.  Again, 

27ri5r'(a;)  =  - -gi^  j  |r(-s)  r(J+5)  [«  x*  cfo, 

and  when    |  a;  |  <  1,    we   may  take  the  contour   to  include  the  positive 
sequence  of  poles  0,  1,  2,  ...,  oo. 

Now,  when  s  =  n+e,  and  e  is  small, 

r(-.)=  r(V-e) 


n\  €     (  L  1  nj  J 

Hence  the  residue  of   —  {r(— s)r(J+5)}^x' at  s=n+€  is  the  co- 
efi&cient  of  1/e  in  the  expansion  in  ascending  powers  of  e  of 

Now  Vr(x+1)  =^+Vr(x). 

•2/ 

02X-1 

Also  r(2x)  =  ^  r(x)  r(x+j), 

80  that  2Vr(2x)  =  2  log  2+V'  ix)+-^{x+i) ; 

and  therefore  V'(l)— V'(i)  =  2  log  2. 

Hence  2V'(n+i)-2[^(l)  +  -^  +  ...+  ^] 

=  4[-log2+|-|  +  |-i+...+  2^,-a. 
Hence,  when  |  a;  |  <  1  and  |  arg  a:  |  <  tt, 
2,ff(»)  =  -  _i  {  r_|±||  V  ( ,„g  ,_4  ,„g  2+4  (i  - 1 +...-i-)  } . 
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^r-K'M-       1     ^    fl.3...(2«.-l))'' 
orZ(x)_-2-JJ      2.4. ..2n      I    "^ 

x[logx-41og2+4(|-|+...-^)} 
This  is  the  explicit  expansion  for  K*{x). 

85.  We  can  now  shew  that* 

the  upper  or  lower  sign  being  take^i  as  I(x)  is  positive  or  negative. 
When  I  a:  I  >  1,  we  may  take  the  contour  of  the  integral 

to  include  the  sequence  of  negative  poles  of  the  subject  of  integration. 
Now  the  residue  of 

{r(i+^)[^r(-g) 

T{l+s)        ^    ""^ 

at  s  =  — w— J+e 

is  the  coefficient  of  l/e  in  the  expansion  in  ascending  powers  of  e  of 

■and  is  therefore 


TT 

Therefore 


|r|±i|p_.,-».f,,,_.,^,,.,,_,(|_|^..._^)]. 


x{-logi:F..+41og2-4(l-|-...-i)} 

or  ii:(a;)  =  +  i  (-a;)-4Z(l/x)+(-a;)-*i:'(l/a;), 

when  I  arg  (—x)  \  <  x,   the  upper  or  lower  sign  being  taken  as  I(x)  is 

*  Cf.  Tanneiy  et  Molk,  Fonctiotu  ElHptiguM,  T.  ut.,  p.  206. 
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positive  or  negative.     Now 


Hence 
or 


K  {x)  =  a;-*Z(l/a;)  ±  £a;-*Z'(l/a;), 


86.  From  the  preceding  we  may  at  once  obtain  the  fundamental  sub- 
stitutions which  lead  to  the  theory  of  elliptic  modular  functions. 

First  we  recall  that  near  x  =  0  K{x)  \^  uniform  and  K'{x)  has  a  cross- 
cut from  —00  to  0;  near  x  =  1  K(x)  has  a  cross-cut  from  +1  to  +oo, 
and  K*{x)  is  uniform,  and  near  a;  =  oo  Kix)  has  a  cross-cut  from  -{-co 
to  +1,  K'{x)  has  a  cross-cut  from  —  oo  to  0. 

We  wish  to  obtain  for  the  three  points  such  substitutions  that  the 
product  of  all  three  will  be  equivalent  to  a  circuit  round  a  point  of  no 
singularity — that  is  to  say,  to  unity. 

The  first  figure  represents  a  possible  combination  of  circuits  when  I{x) 
is  positive,  the  second  figure  when  I(x)  is  negative.  The  third  figure 
shews  that  when  I{x)  is  negative,  the  positive  circuits  possible  in  the  first 
case,  when  I{x)  is  positive,  are  no  longer  available. 
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We  therefore  define  a  possible  circuit  as  one  which  is  positive  or  nega- 
tive as  I{x)  is  positive  or  negative. 

And  now  after  a  possible  circuit  round  the  origin 

K{x)    becomes    K{x), 

K\x)         „  K\x):^'liK{x), 

the  upper  or  lower  sign  being  taken  as  I(x)  is  positive  or  negative. 

Putting  X  =  1— f,  we  see  that  a  possible  circuit  round  a;  =  1  is  equi- 
valent to  the  reverse  description  of  a  possible  circuit  round  ^  =  0. 
Therefore  after  a  possible  circuit  round  a;  =  1, 

K{x)    becomes    K{x)^'iiK'{x), 

K'{x)         „  K'(x). 

Putting  x  =  Ijt,  we  see  that  a  possible  circuit  round  a;  =  oo  is  equivalent 
to  the  reverse  description  of  a  possible  circuit  round  ^  =  0.  Hence,  after 
a  possible  circuit  round  a;  =  qo  , 

K(x)  =  fiK{t)  ±  ifiK'it) 

becomes  -fiK(t)  T  ifi  {K'{f)  T  ^iK{t) } 

=  -  St^Kit)  T  ifiE'it)  =  -  SK{x)  ±  2iK'{x), 

and  K'{x)  =  fiK'it) 

becomes  -t^  {K'{t)  T  2iZ(Q}  =  K'{x)  ±  2iK{x). 

Hence,  corresponding  to  possible  circuits  round  0,  1,  oo ,  the  corresponding 
substitutions  for  Kix),  ±iK'(x)  are 

-=a-  -=e-?)-  -=«?)■ 


agreeing  with  Schlesinger.* 

iK'(x) 
It  w  =  ±  -jFTY  and  SaM  be    the    substitution  corresponding  to  a 

possible  circuit  for  w  round  the  point  a, 

w—2 


SJw)  = 


2t(?— 8* 


SchlesiDger,  Linearm  DifferentialgUiehungetiy  Bd.  n.  (2),  p.  46. 
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87.  We  may  readily  verify  that  the  result  of  a  possible  circuit  round 
0,  1,  00  in  succession  is  a  unit  substitution. 

For,  if  in  SqSi,  Sq  operates  after  Si  so  that  SqSi  represents  a  circuit 
round  0  and  1  successively, 

The  theory  of  elliptic  modular  functions   can  now  be  developed  in  the 
usual  way. 


2.     TOL.  6.     Ma  986. 
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ON  THE  APPLICATION  OF  QUATERNIONS    TO   THE    PROBLEM 
OF  THE  INFINITESIMAL  DEFORMATION  OF  A  SURFACE 

By  J.  E.  Campbell. 

[Received  September  27th,  1907 — Head  November  14th,  1907.] 

VoLTBRRA*  has  remarked  that  Weingarten's  characteristic  function  in 
the  deformation  problem  admits  of  a  simple  kinematical  interpretation — 
viz.,  the  normal  component  of  the  rotation  Avhich  the  element  of  the 
surface  experiences  in  the  deformation.  This  remark  suggested  the 
attempt  to  obtain  the  characteristic  equation  directly  from  the  property, 
and  thus  I  was  led  to  extend  the  principle  of  moving  axes  dependent  on 
two  parameters  +  to  that  of  moving  axes  dependent  on  three  parameters. 

Having  obtained  the  equation  I  proceeded  to  apply  the  kinematical 
method  to  obtain  the  chief  results  in  Bianchi,  Kap.  XL,  and  Darboux, 
Part  IV.,  Ch.  II.  and  III.  The  work  occupied  a  considerable  space,  but 
I  then  saw  that  the  application  of  the  mere  elements  of  quaternions  would 
give  what  I  wanted  more  directly,  and  add  geometrical  unity  to  the  theory. 
This  is  the  justification  of  the  present  paper,  which  does  not  pretend  to 
add  much  to  results  already  known,  but  aims  rather  at  fuller  kinematical 
illustration  and  greater  simplicity  of  proof. 

1.  Consider  a  set  of  moving  axes  with  a  fixed  origin  whose  motion  is 
defined  by  the  angular  displacements 

p'du+q'dV'^'r'dxo,      fdu+q"do+i'*d%o,       j^'"  du+q''' dv+r'^'dw, 

where  the  coefficients  of  the  differential  elements  du,  dv,  dw  are  functions 
of  the  parameters  w,  v,  w. 

Let  j9,  g,  r  respectively  denote  the  vectors 

p'i+fj+p'''K       q'i+q"j+q''%       r'i+7''j+r'"k, 


•  The  article  is  **  Sulla  deformazionc  delle  BuperAcie  flessibile  ed  inestendibili,"  Rendiconti 
dtUa  Eeale  Aeead,  dei  Lincei,  Sitzung  von  6  April,  1884.  I  have  not  been  able  to  consult  the 
article  itself  and  only  quote  from  Lukat*8  trauslation  of  Bianchi,  Vorlesungen  iibcr  Differential 
Geometrie,  p.  289. 

t  Darboux,  Theorie  des  Surfaces ,  I.,  p.  49,  and  II.,  p.  348. 
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where  ij  j,  k  are  unit  vectors  along  the  axes  of  coordinates  and  therefore 
mutually  perpendicular. 

Let  z  =  z't+z^'j+z'^'k, 

where  z\  z",  ^'"  are  the  coordinates  of  a  point  with  reference  to  the  moving 
axes  ;  and  let  z\  i",  ^r'"  be  the  coordinates  of  the  same  point  with  refer- 
ence to  a  set  of  fixed  axes,  and  let 

Let  the  fixed  axes  be  so  chosen  that  the  moving  ones  coincide  with  them 
when 

U  =  Uq,  V  =  Vq,  W  =  Wq. 

For  these  values  of  the  parameters  we  know  that 

^  =  ?^    -z'y+z"Y\ 
cu       cu 

These  three  equations  may  be  replaced  by  the  single  quaternion  equation 


dz  _  dz 
ou 


=  ^  +  Vpz  =  ^1,    say. 


GZ  uZ 

Similarly  we  see  that        5^  =  ^  +  Vqz  =  ^2, 

^  =  ^  +  Vrz  =.3. 
cw      ow 

We  also  have  ^   ^    =  ^  +  ^3^i  =  ^2i» 

dv  cu       ov 

cuov       cu 
Since  Zc^  =  ^12,  we  have 

N   2 
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It  follows  that     yl^-^  «+  ViqVpz)-  V(pVqz)  =  0 ; 
but  V{q Vpz) -  V{p Vqz)  =  V{zVpq) ; 

and  therefore  ^\T'~'^~  ^^V  '^  ~  ^' 

must  therefore 


Since  z  may  be  any  vector  we  must  therefore  have 


Similarly  we  have 

9(7       9r        rr  9r       Sp        ^j 

-^ =  Vary         ^5 T^  =  ^^'P- 

mo        V  ou      ow 

The  vectors  p,  q,  r  which  define  the  motion  of  the  axes  are  thus  connected 
by  the  above  three  equations. 

One  set  of  vectors  satisfying  these  equations  are  p  and  q  zero,  and  r  a 
function  of  w  only  ;  that  gives  a  motion  of  the  axes  depending  on  w  only. 

Another  set  would  be  obtained  by  taking  r  =  0,  and  making  p  and  q 
depend  on  the  parameters  u  and  v  only  in  such  a  way  that 

^-h=Vpq. 
dv      OU         ^^ 

This  is  the  motion  of  the  axes  of  which  Darboux  makes  much  use  in 
considering  the  properties  of  a  surface. 

The  first  set  of  vectors  would  be  suflBcient  for  the  investigations  of 
this  paper  in  connection  with  the  deformation  of  a  known  surface.  I 
have,  however,  preferred  to  keep  to  the  most  general  motion  defined  by 
the  three  vectorial  equations,  as  that  will  allow  of  the  application  of 
Codazzi's  formulae  to  the  deformed  surface,  and  may  be  of  use  in  some 
further  investigation. 

2.  If  a  is  any  vector  by  definition 

'='^  =  3^+^^"'        ""  =  3^  +^*'='' 

«u  =  -^  +  Vpa^,        ojj  =  -^  +  Vqa^ 
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By  aid  of  the  formulsB 

V{aVfiy)+V{j3Vya)+V{yVa^  =  0, 

Safiy+S^ay  =  0, 
it  easily  follows  that 

^Va^+VipVa^)  =   Va,l3+VafiA 

If ;?  is  a  vector  which  only  depends  on  u  and  v  we  shall  write 

dz  =  Zidu+ZQdv, 
dz  =  Zidu+z^dv, 
and  shall  speak  of  dz  and  dz  as  elements  of  the  z  surface. 
The  square  of  the  element  of  arc  on  the  z  surface  is  then 

—  (c?^r)^  =  Zidu^'\-2SziZ2dudv'{-Z2dv^, 

The  vector  Vz^z^  is  parallel  to  the  normal.  We  do  not,  however,  take 
this  particular  vector,  but  any  parallel  vector  p  in  order  to  obtain  the 
condition  that  two  elements  may  be  conjugate. 

From  the  definition  of  conjugate  elements  the  element  dz  is  conjugate 
to  d^  if,  and  only  if,  Sz  is  perpendicular  to  the  normals  at  z  and  z+dz. 

It  follows  that  Vpdp  is  parallel  to  dz,  and  therefore 

V(p  dp)  dz  =  dz  Vp  dp. 
Prom  this,  combined  with       pdz+dzp  =0, 
we  deduce  pSdpdz  =  0  ; 

and  therefore  for  conjugate  elements 

Sdpdz  =  0. 
This  condition  is,  of  course,  equivalent  with 

Sdpdz  =  0, 

and  if  we  take  p  to  be  of  unit  length,  it  expresses  the  known  fact  that  any 
element  on  a  surface  is  perpendicular  to  the  element  which  corresponds 
in  the  spherical  representation  to  the  conjugate  element. 
For  self  conjugate  elements,  that  is,  for  asymptotic  lines, 

Sdpdz  =  0, 
or,  expanded, 

S(piZiidxi^'\'{S  piZ^+S  p^z^dudv+S  {p^z^  dv^  =  0. 
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8,  Let  ^  be  a  vector  which  for  a  given  value  Wq  of  the  parameter  w  is 
known  in  terms  of  u  and  t?,  and  let  p  and  q  also  be  known  for  the  same 
value  of  w. 

Let  Wq  be  changed  into  WQ+dwQ,  and  let 

The  surface  traced  out  by       ^w=wo+idwQ 
will  have  for  the  square  of  its  element  of  arc 

where  Wq  is  supposed  to  be  substituted  for  w  after  differentiations  have 
been  carried  out. 

If,  then,*  ^1  =  ^=0, 

dw       dw 

the  surface  z+^dwQ  will  have  the  same  element  of  arc  as  the  surface 

traced  out  by  z ;  that  is,  the  surface  will  be  infinitesimally  deformed. 

dz 
Now  ^  =  ^31+  Vz,  r  =  ^13+  Vz,r  =  fi+  Vz,r, 

since  ^9  =  ^1 

it  follows  that  the  equations  which  define  the  infinitesimal  transformation 

^^^  ^i+Vz,r=0,      ^,+  Vz,r  =  0, 

or  d^+Vdzr  =  0. 

In  this  equation  z  is  sl  known  function  of  u  and  v,  and  f,  r  are  functions 
of  u  and  v  which  depend  on  the  solution  of  a  partial  differential  equation 
of  the  second  order  whose  form  has  now  to  be  found. 

4.  Let  f  bear  the  same  relation  to  f  that  z  bore  to  ^  in  §  1,  then,  as 
we  suppose  the  position  of  the  moving  axes  known  for  all  values  of  u  and 
V  when  w  =  Wq,  we  know  f  in  terms  of  u  and  v  when  we  know  f,  and 
conversely. 

Suppose  now  that  r  has  been  found,  then  since  fi  and  fa  are  known  in 
terms  of  u  and  v,  we  know  Sf/3u  and  3f/3v  with  reference  to  the  fixed 
axes  through  which  the  moving  ones  are  passing  for  any  given  values  of 
u  and  V.  We  therefore  know  d^jdu  and  3f/3v  with  reference  to  any  axes 
fixed  once  for  all ;  and  as  dl/dw  =  0,  we  can  thus  obtain  f  by  quadratures, 

*  It  might  seem  as  though  these  equations  only  define  a  particular  class  of  deformations, 
but  as  the  vector  r  is  undetermined  we  can  choose  it  so  as  to  make  one  of  these  equations  hold 
when  the  other' must  hold  neoeflsarilj. 
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and  therefore  we  can  obtain  f.     The  constant  of  integration  which  is  thas 
introduced  is  immaterial  to  the  real  problem  of  deformation  as  it  merely 
denotes  an  infinitesimal  translation  of  the  surface. 
From  the  fundamental  formulae 

we  deduce  f  12+  Vz^  ra+  Vzi^  r  =  0, 

by  aid  of  (1),  and  similarly,  ^21+ ^-^rari+F^r. 

It  follows  that  VziV^  =  Vz^ri ; 

and  therefore,  as  the  vectors  z^  z^,  i\,  r^  are  thus  shown  to  be  all  parallel 
to  the  same  plane,  the  surface  traced  out  by  the  vector  r — the  r  surface 
we  shall  call  it — and  the  z  surface  have  their  normals  parallel  at  corre- 
sponding points. 


5.  We  have  shown  that  the  deformation  is  given  when  r  is  known,  for 
then  f  is  obtained  by  quadratures,  and  we  shall  now  show  how  r  depends 
on  the  solution  of  a  partial  differential  equation  of  the  second  order. 

Let  X  be  a  unit  vector  drawn  through  the  origin  parallel  to  the  normal 
(outwards)  to  the  z  surface.  The  X  surface  will  be  the  spherical  repre- 
sentation of  the  z  surface  and  also  of  the  r  surface. 

Let  R+S\r  =  0, 

so  that  22  is  the  perpendicular  from  the  origin  on  the  r  surface. 

The  z  surface  being  known,  X  is  also  known  in  terms  of  u  and  v,  and, 
of  course,  Xi  and  Xg  are  known ;  we  shall  first  express  r,  ri  and  rg  in  terms 
of  fl,  X,  Xi  and  Xa.     From        n+sXr  =  0 


we  deduce,  since 

SXri  =  SXr^  =  0, 

that 

BB 

ov 

=  0. 

It  follows  that 

rS\W+BV\7^+^  V\\+  1^ 

FXXi 

Since 

x*  = 

=  -  1     and     SXXi  =  S\\ 

=  0, 

we  have 

XSXXiXj+7XiX2  =  0; 

and  therefore 

r  =  B\+VX^, 
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where  mS  XXi  ^2  =  -g^  Xg—  -^  Xi ; 

thus  r  is  expressed  in  terms  of  B  and  known  vectors. 
Again,  X-^  +FXim  =  0, 

x|^  +  FX2M  =  0; 

And  therefore,  by  (1),  Vi  =  jBXi+  FX^i, 

r2  =  BX2+  FX/ia- 

The  function  22  is  called  the  characteristic  function  because  on  it  depends, 
as  we  have  now  proved,  the  infinitesimal  deformation. 

Before  proceeding  to  obtain  the  differential  equation  which  R  satisfies, 
we  shall  deduce  some  formulae  required  for  that  equation.  From  the 
expression  for  /jl  we  deduce 

SXXi  Ml  =  SXii  V  +  ^ » 

gap 
SfXXaMi  =  SXX1M2  =  SXiaXM+  g^  , 


SXXjMa  =  SX22X/tA+ 


,2  » 


and  therefore  SXiVi  =  22Xi       —    5-5-  —  SXuX/tA, 

gap 
SX^T^a  =  8X2^1  =  iiSX^Xa —  5 — ^5 SXiaX/tA, 

SXa^a  =  22X2       —  -jr-j   — oXaaX/tA. 
Similarly,  if  Z+SXz  =  0, 

80  that  Z  is  the  perpendicular  on  the  z  surface,  and  if 

then  z  =  ZX+  VXv, 

zi  =  ZXi+VXi'i, 
z,  =  ZXa+  VXva, 
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and                                    SXiZi  =  Z\i       —  ^   —  SXnXi/, 
SXi^2  ^^  8X2^1  ^  ZSXiX^ —  V  ^ SX12XV, 

oAjj^^g  =  ^A2  —     Tn*    — OA22AI/. 

We  can  now  obtain  the  characteristic  equation  satisfied  by  22. 
We  saw  that  V^i^a  =  Vr^Zi ; 

and  therefore  SP^iXa*  VtiZ^  =  SP^iXg.  Vr^Zi. 

Applying  the  formula 

SVal3.  VyS  =  SaS.Sfiy-Say,Sl3S, 
and  remembering  that 

S\iZ2  =  SX^Zi    and     SXjra  =  S^ri, 
we  obtain  the  equation 

S\i  Zi .  0X3  7*2  -|-  SXj  ;?2 .  SXi  7*1  ^   2SXi  ;?2  •  'SX2  7\ . 

On  substituting  for  SXiZi,  SXiVi,  ...,  the  expressions  just  found,  we  have 
a  differential  equation  of  the  second  order  in  B  which  involves  Z — a 
known  function — symmetrically  with  JB  and  also  X  and  its  derivatives. 

6.  Darboux  has  shown  that  there  are  twelve  surfaces,  such  that  when 
the  deformation  problem  is  solved  for  one  of  the  surfaces  it  is  solved  for 
all  the  others,  and  he  has  pointed  out  many  interesting  relations  between 
these  surfaces. 

To  express  these  surfaces  in  vector  notation  we  consider  the  vector 
defined  by  ^  ,^1 

and  can  now  express  them  all  in  terms  of 

r,    p,    z,    and     f. 
From  the  definition  of  B  we  see  that 

Srp  =  1. 
The  vectors  of  the  twelve  surfaces  are 

z,    p,    rlSr^,     f/S^f,     {z+V^p)ISzp,     C+Vzr, 
which  we  shall  denote  respectively  by 

Oi,     Oa,     a,,     a^,     a^^    o^, 
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where  the  suffixes  now  have  no  longer  any  meaning  of  diflferentiation,  but 
are  merely  a  convenient  notation  ;  and 

f,     r,     piSzp,    zlSzp,     (^+Vzr)IS^r,     z+V^p, 

which  will  be  denoted  by 

«!,       Og,       Qg,       04,       Og,       ag. 

It  will  be  found  that  by  the  transformation 

z'  =  f ,     r'  =  p,     f  =  z,     p'  =  r, 

the  twelve  vectors  are  merely  transformed  amongst  themselves,  each  a 
into  the  corresponding  a  with  the  same  suffix.  Let  this  transformation 
be  symbolized  by  A. 

From  the  fundamental  equation  for  the  deformation  of  the  z  surface 

d^+  Vdzr  =  0, 

we  at  once  obtain  by  aid  of  the  formula 

Va  V^y  =  ySap-pSay, 

Vd^p  =  rSpdz—dzSpr ; 

but  from  the  definition  of  p, 

Spdz  =  0     and     Spr  =  1 ; 

and  therefore  dz+  Vd^p  =  0 ; 

that  is  d^+VdzY  =  0. 

The  transformation  A  therefore  transforms  z  into  f,  a  surface  for  which 
the  deformation  problem  is  also  solved. 

From  d^+  Vdzr  =  0     and     dz+  Vd^p  =  0, 

we  deduce  d  (f  +  Vzr)  +  Vdrz  =  0, 

Consider  next  the  transformation  B  defined  by 

z'  =  r,     r'  =  z,     f'  =  f+F^r,     p' =  p/Szp. 

It  will  be  found  that  this  transforms  Oi  into  ai+i  and  ai+i  into  »»,  where 
we  make  the  conventions 

Oi+j  =  ak,     oi+j  =  ajfc,     if     i+j  =  k     (mod  6), 

and  leaves  unaltered  the  fundamental  equation 

dz+VdCp  =  0. 

By  continued  applications  of  the  transformations  A  and  B  we  thus  obtain 
Darboux's  twelve  surfaces  for  each  of  which  the  deformation  problem  is 
solved  when  it  is  solved  for  one. 


1907.]  The  problem  of  the  infinitesimal  deformation  of  a  surface.    187 

7.  For  the  z  surface  ^dwQ  is  the  linear,  and  rdwQ  the  angular  displace- 
ment ;  we  say  then  that  f  is  the  linear,  and  r  the  angular  velocity.  But 
f  is  the  linear  velocity,  not  of  the  origin  of  coordinates  which  is  fixed,  but 
of  the  extremity  of  the  vector  z. 

These  velocities,  linear  and  angular,  may  therefore  be  replaced  by  the 
motion  defined  by  a  linear  velocity  f  +  Vzr  of  the  origin  and  an  angular 
velocity  r  at  it. 

The  central  axis  of  the  velocity  of  displacement  of  the  z  surface  has 
its  direction  parallel  to  the  vector  r,  and  it  passes  through  the  extremity 
of  the  vector  V^+Vzr)lr. 

The  angular  velocity  along  this  axis  is  the  tensor  of  r,  and  the  pitch 
of  the  screw-motion  is  ^r/;^  i  t7   \/         op-i 


8.  The  geometrical  relations  between  the  twelve  surfaces  in  the  nota- 
tion of  this  paper  may  be  expressed  as  follows : — 

The  surfaces  Oi  and  ai 

correspond  orthogonally,  if  i+k  =  2  (mod  6) ; 

have  their  radii  vectores  and  linear  dis- 
placements parallel,  „      =5  (mod  G) 

have  their  normals  parallel,  „      =8  (mod  6) 

are  polar  reciprocal,  „      =4  (mod  6) 

have  their  central  axes  parallel  and  the 

pitch  of  either  screw  =  llSak+2(ii+2t         »      =1  (mod  6) ; 

have  their  polar  reciprocals  corresponding 

orthogonally,  „      =0  (mod  6). 

The  asymptotic  lines  correspond  on 

Oj,  og,  a^f  Og, 
and  to  these  correspond  conjugate  lines  with  equal  point  invariants  on 

a^t  cti9  ^5,  oj, 
and  conjugate  lines  with  equal  tangential  invariants  on 

^8»       ^6»       ^6»       ^* 

These  geometrical  relations  may  all  be  proved  by  the  quaternion  method 
of  this  paper.     Thus  suppose  we  wish  to  prove  that  the  asymptotic  lines 
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on  the  z  surface  correspond  to  conjugate  lines  with  equal  point  invariants 
on  the  p  surface. 

Take  the  parametric  lines  to  be  asymptotic  on  the  z  surface,  and  let 
suJQSxes  have  their  earlier  meaning  of  dififerentiation.     We  have 

SpiZi  =  SP2Z2  =  0, 

since  the  coeJQScients  of  du^  and  dv^  in  the  equation  of  the  asymptotic 
lines  must  be  zero,  and  from  the  definition  of  p, 

Spzi  =  SpZ2  =  0. 

It  follows  that  Zi  =  aVppif     z^  =  bVpp^, 

where  a  and  b  are  some  scalars.     From 

H+  Vp^i  =  0,     z^+  Fpfa  =  0, 

we  deduce  fi  =  api-\-cp,     ^^  =  bp2+dp, 

where  c  and  d  are  scalars.     From 

Spr=h     Srfi  =  Srfg  =  0,     Ffi/t>2  =  Ff^Pi, 

we  deduce  that  c  and  d  are  zero  and  a+b  =  0.     The  equations 

fi  =  ^Pi»       f 2  =  "■  «P2» 
now  give  that  the  parametric  lines  are  conjugate  lines  with  equal  point 
invariants  both  on  the  p  and  on  the  ^  surface. 
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1.  In  a  memoir*  published  in  1903,  Prof.  Wiman  put  forward  the 
following  conjecture. 

Let  F(z)  be  any  integral  function  of  order  p  less  than  i  ;  then,  if  e  be 
an  arbitrarily  small  positive  number,  there  are  values  of  r  as  large  as  we 
please,  such  that,  for  all  points  z  of  the  circle  |  ^  |  =  r, 

\F{z)\>  exp(r^-'). 

In  the  present  paper  I  give  a  proof  of  an  analogous  theorem,  express- 
ing a  relation  between  the  maximum  and  the  minimum  modulus  of  F{z) 
on  the  circle  | ;?  |  =  r.  This  theorem  is  given  in  §  4  ;  the  two  articles  now 
following  are  devoted  to  the  proofs  of  certain  results  which  are  required 
in  the  proof  of  the  main  theorem. 

2.  Lemma. — Let  ^i,  ^S'  •••  ^^  ^  sequence  of  real  positive  numbers  such 
that  for  all  values  of  5,  )8,+i  >  ^„  and  such  that 

Lt  As-^  =  00 . 

We  define  the  function  ^{x),  for  values  of  x  greater  than  1,  to  be 
^,+(/8,+i— )8,)(a;— 5),  when  s<a;<5+l.  Then  ^{x)  is  a  continuous 
non-decreasingf  function  of  x.    It  is  easily  seen,  moreover,  that 

Lt  ^{x)x'^=  00.  (1) 

X=00 

Let  us  denote  the  curve  y  =  fi{x)  by  C.  This  curve  C  starts  at  the 
point  [l,i8{l)]. 

We  shall  show  that,   if  any  positive  number  A,  however  large,  be 


•  A.  Wiman,  Arkiv.  for  Math,  Attr.  oeh  Ftftik,  Band  i.,  1903.     ««Ueber  die  angenaherte 
Daratellung  von  g^anzen  Fonktionen." 

t  By  this  phrase  I  mean  that  /3  («<i-y)  >  fi  (jp),  when  y  >  0. 
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assigned,  there  is  a  ray  I  through  the  origin  lying  in  the  first  quadrant, 
such  that  if  (X,  Y)  be  that  intersection  of  C  and  I  which  is  nearest  to  the 
origin,  the  following  state  of  things  obtains. 

(i.)  X>h. 

(ii.)  When  x<X,  YxlX>  fi  {x). 
(iii.)  When  x>X+h   YxlX<fi{x). 


In  the  first  place,  if  l,  y  =  ??w;,  be  any  ray*  which  passes  above  the 
point  [1,  j8(l)],  there  is  at  least  one  intersection  of  I  and  C  For  the 
distant  part  of  C  is  clearly  above  I  [since  Lt  I3{x)x'''  =  oo,  and  conse- 
quently ^  (x)  >  mx  when  x  is  sufficiently  large],  while  the  point  [1 ,  ^  (1)] 
of  G  is  below  L 

Now  let  us  suppose  that,  for  a  given  h,  there  is  no  ray  I  such  that  (i.), 
(ii.),  and  (iii.)  hold  simultaneously.  Then  it  is  clear  from  the.  figure  that  the 
following  must  be  the  state  of  things. 

Let  I  be  any  ray  which  passes  above  [1,  ^8(1)],  and  let  (X,  Y)  be  the 


*  I  use  tlie  word  **  ray"  throughout  to  mean  a  ray  through  the  origin,  Ijring  in  the  first 
quadrant,  and  not  coinoident  with  the  axis  of  y. 
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intersection  of  I  and  C  which  is  nearest  to  the  origin.  Then,  if  X>  h, 
there  is  a  second  intersection  (X',  T)  of  I  and  C  such  that  X  >  X+ J. 

This  result  is  evident  when  we  observe  that  I  is  the  ray  through 
<X,  Y),  so  that  YxjX  is  the  ordinate  of  the  point  of  I  whose  abscissa  is  x ; 
that  the  part  of  the  curve  C  for  which  1  ^  a;  <  X  is  below  the  corre- 
sponding part  of  Z,  while  the  distant  part  of  C  is  above  the  correspond- 
ing part  of  I ;  and  when  we  remember  that  if  (i.)  and  (ii.)  are  true,  on  our 
present  hypothesis  (iii.)  must  be  false. 

We  shall  now  show  that  the  existence  of  this  point  (XT'),  which  we 
shall  call  the  result  (A),  leads  to  a  consequence  incompatible  with  (1). 

Let  Iq  be  the  ray  through  [1,  )8(/t)].  Since  ^{x)  is  a  non -decreasing 
function,  it  is  evident  from  the  figure  that  if  {xqH^}  be  the  intersection  of 
Iq  and  C  which  is  nearest  to  the  origin,  we  have  Xq  >  h. 

Then,  by  the  result  (A),  there  must  be  a  second  intersection  {^q,  ri^  of 
Iq  and  C,  such  that  ^q— ^o  >  i- 

Let  li  be  the  ray  through  {x^ri^,  and  let  {xiy^  be  its  intersection  with 
C  which  is  nearest  to  the  origin. 

It  is  again  evident,  from  the  figure  and  from  the  fact  that  ^{x)  is  a 
non-decreasing  function,  that  Xi  >  ^q. 

Hence,  by  (A),  there  is  a  second  intersection  (^i^/i)  of  li  and  C,  such 
that  ii—x^>  J. 

Let  ^2  be  the  ray  through  (xiiji),  and  let  {x^y^  be  its  intersection  with 
C  nearest  to  the  origin,  and  so  on. 

Then  we  have  the  following  relations  : — 

in—Xn  >h         in>Xn>  ^«-i,  (2) 

and,  since  (a:n-i>7n-i),  {Xnyn\  {in^rd  lie  on  the  ray  Z„, 


Hence  we  have 


^n-l  ^Vn  ^rin 

Xn-l          Xn          in' 

^n 
^n 

__  J7n-1    in-1 
in-l    Xn-i 

'7»-2    Cn-2    fn-1 

^n-2   Xn-2    Xn-i 

—   '/O   ^0           ^n-2    in-1 
io  Xq          Xn-2   Xn-l 

^qXq   Xi   X2          Xn-l 

(8) 


<Tirin'     by  means  of  (2). 
to*o 
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Thus  ^n<boliioX^]i:r  (4) 

Now  ^n>a:n  +  i>^n.l  +  i>...>^, 

BO  that  by  sufficiently  increasing  n  we  can  make  in  &s  large  as  we  please. 

Again,  Xq,  ^q,  i/q  are  finite  constants  depending  on  h,  and  (^»>7n)  is  a 
point  of  the  curve  C. 

But  then  the  result  (4)  is  incompatible  with  (1).  Hence  the  result  (A) 
is  impossible,  and  the  Lemma  is  proved. 

8.  We  shall  require  the  two  following  definite  integrals : — 

I.  If  0  <  X  <  1, 

r  log  (j3^)  ix^+x-^)  ^  =  l/X-x  cot  (xX). 

II.  U  0  <  X  <  1, 

[logH+xUx^+x-^)  —  =  x  cosec  (7rX)-l/X. 

Jo  ^ 

The  integrals  are  easily  seen  to  be  convergent. 
Consider  the  first  integral.     We  have 

I,  =  I  >„g  {^)  ,.-+.->,  ^  =  [-  log  (jij)  ,«'+»-',^  +.«.), 

(1) 

where  d  is  a  small  positive  number,  and  where 

Lt  I  €{d)  I  =  0. 

The  first  term  in  the  above  expression 

Jo     Li=i      s          i^i       s     J 
=  2 \dx+  2 \dx 

•=I  Jo  8  ,=i  Jo  S 
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(since  the  infinite  series  are  uniformly  convergent  when  x  ^1—6) 

Now  2  X/s  (s  +  X)  is  convergent. 

Hence,  by  a  well  known  theorem  of  Abel,  the  above  expression 


*=i  s{s+\)      ,=1  s{s—X) 
where  Lt  |e'(^|  =  0. 

From  (1)  and  (2)  we  see  that  we  must  have 


-_2  /^_+^_^ 
~      .tiKs+X^  \-s) 


^  -r V  cot  (tX). 


In  8  similar  manner  we  obtain 


=  X  cosec  xX — r-  . 


4.  Theorem. — Let  F{z)  be  an  integral  function  of  order  p,  where 
J  >  p  ^  0.  Let  M{r),  m{r)  denote  the  maximum  and  the  minimum 
moduli  of  F{z)  on  the  circle  \z\=^  r. 

Tlien  there  is  a  sequence  rj,  r2,  ...,  where  ri<r2<...,  and 
Lt  r,  =  00 ,  with  tJie  following  properties. 

t=ao 

If  €  be  any  assigned  positive  number  there  is  a  finite  iul,  such  that  when 
s  >  M.  ^ve  Juive  ^^^^^^  ^  [MW]- <^')-. 

Moreover  the  sequence  7'i,  r^,  ...  is  ifidependent  of  the  arguments  of  the 
zeros  of  F(z),  depending  only  on  their  moduli.  Thus,  if  Fiiz)  be  any 
other  integral  function  of  order  p,  the  sequence  of  the  moduli  of  whose 
zeros  is  the  same  as  the  corresponding  sequence  for  F{z),  we  have,  when 
8  >  a  finite  m',  ^^  (^^  ^  '^j^^  W]««<2-p)-. 

BBB.  2.      VOL.  6.     NO.  987.  0 
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Further  ^  when  s>  a  finite  y!\  we  have 

Suppose  first  that  J  >  p  >  0. 

Let  F{z)  =  CzP.fL  (1+^/a,), 

when  Oj,  Og*  •••  ^^^  arranged  in  order  of  non-decreasing  moduli.  Let 
I  a,  I  =  a,.  Let  ei  be  a  (small)  positive  number  less  than  J— p,  which  we 
shall  presently  choose  suitably. 

Let  13s  =  aJ<^+'»>  =  af . 

Since  F  (z)  is  of  order  p,  we  have 

Lt  [a.5-^'^^'^>]=  00. 

Hence  Lt  8^  s~^  =  oo . 

Moreover  ^,  is  clearly  a  non-decreasing  function  of  5.  We  define  the 
function  13  (x)  as  in  the  Lemma,  and  then  the  result  of  the  Lemma  holds 
for  this  function. 

Let  a(x)=[J3  {x)J  ^(p+^i)  =  [fi  (a;)]W. 

Then  a  (5)  =  a„  and  a{x)  is  a  non -decreasing  function. 

Now,  let  h  be  a  Qarge)  positive  number  to  be  chosen  presently.  Then 
by  the  Lemma  there  is  a  ray  y  =  imx,  such  that,  if  (X,  50  be  the  inter- 
section with  y  =  fi{x)  which  is  nearest  to  the  origin,  we  have 

fi{x)<xfi{X)IX,    when   x<X; 

and  fi(x)  >  xfi{X)lX,    when  x  >  X+i- 

Choose  r=:\z\  =  [X'i8(X)/X]^'^', 

where  X+i  >  X'  >  X, 

and  where  we  shall  determine  X'  more  precisely  later. 

Let  m  be  the  greatest  integer  not  greater  than  X.     Then  we  have 


logF(^)  =  log\  C\+p log r+  2  log 


»=i 


a. 


and         log F(z)  =  P+B+S+Ti+T,+T,+  [log  |  C l+p logr], 
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where^ 


P  =  log 


i?  =  2  log 

m-1 

S  =  2  log 


z 


^^Uiaa...aJ 


1  + 


Om+f 


»=1 


z 


Ti  =  log 
T,  =  log 
Ta  =  log 


1+ 
1  + 


(1) 


We  proceed  to  find  a  lower  limit  for  P,  and  upper  limits  for  JB,  |  JB  | , 
S,|S|..... 

By  the  result  of  the  Lemma,  when  5  ^  m  <  X,  we  have 

Hence  a,  <  ^|^j        [^  ^(X)J        <  ^  (|?)   »  (2) 

where  <r'  =  1/(2/5'). 

Again,  when  5  >  m+8  >  X+ J,  we  have  )8,  >s^(X)/Z,  and  hence 

a,>r[5/X"y.  (8) 

First  consider  P.     We  have 

>  J^log(y)"'  [from  (2)] 
><r'[TOlogm— log(m!)]     (since  Z">m) 

>  0-'   m  log  m—  { TO  log  m— TO  [(1  +e  (to)]  } 
><r'.TO[H-e(TO)].  (4) 

*  The  idea  of  diyiding  log  F{z)  into  (practically)  the  three  parts  7*,  £,  ^S,  was  emplojed  bj 
Wiman  (/Im;.  c%t,)  in  the  particular  case  ¥(t)  «>  n  (1  +z/fi^). 

t  I  shall  always  use  c  (m),  c  (x),  ...  for  functions  which  tend  to  zero  as  their  argument  tends 
to  its  limit.  I  shall,  moreover,  use  the  same  symbol  for  aU  the  functions  of  this  type  with  the 
same  argument.  The  symbol  c  (m)  may  be  considered  as  an  abbreviation  for  *'  some  function 
which  tends  to  zero  with  l/m/' 

0  2 
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Next  consider  JB  and  S.     When  s  >  3, 

^|  =  _r_<r^r   [from(8)] 

Lm+sJ 
Hence      JB  =  2  log  I  1+  -^ 

<  2  log    1+    (algebraically),  since    <  1, 

<£log(l  +  0*^r'-^>'d<,    on  putting  (^)°'=<.     (5) 
Again,  when  s  <  ?»— 1, 

i?i=?<M'<Kr- 

Hence     S  =  's^'  log  [l+  -j] 

<  2  log    IH — -\     (algebraically) 

<i'°8[>+(i)i 

<:i;{fi„g[i+(j)']*.} 

:  r  log  (1+0  -^  r '+»'''  d<,    on  putting   (—Y  =  t, 

Jo  <*■  \»»/ 

i^riog(i+<)ri+v»'<i^  (6) 

*■     Jo 


< 
< 
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Prom  (5)  and  (6)  we  have 

<  (m+  2)  (x  cosec ^  —  o-'j   ,  (7) 

by  the  second  result  of  §  8,  since  l/cr'  <  1. 
Again,  we  have 

B>  i\  -log  (l-  ^) }     (algebraically) 

>.i{-»«[>-e$f)ii 

>I.IL'-[-(Sf)T-( 

>-^hga-t)-'^t-'"'-'dt,   on  putting  (^^y  =  t. 
Similarly  S> -?  log{l-t)-^^  fi"'-^ dt, 

Jo  (T 

and  hence      B-\-S  >  -(m+2)  flog  (1-0"' (^''''+r''')^^Y^ 

>  -(m+2)((r'-7rcot^).  (8) 

by  the  second  result  of  §  8. 

We  shall  now  show  that  it  is  possible  to  choose  X!'  subject  to  the 
limitations  so  far  imposed,  and  such  that 

lT,+T,+T,+  \log\C\\  +p  log  r]/P  =  e{m).  (9) 

We  have  w  <  X <  X+i  <  m+2.  (10) 

Now,  so  far  we  have  only  restricted  X"  to  lie  between  X  and  X+ J.     Thus 
r,  or  [X'I3{X)IXY,  may  vary  between 

[fi{X)Y    and     ll+ll{2X)Y[fi{X)Y. 

Moreover  a^  and  0^+2  do  not  lie  between  these  limits,  though  Om+i  may 
possibly  do  so.     These  results  follow  at  once  from  (10). 


*  The  reeolts  (7)  and  (8)  were  sug^geeted  by  the  form  of  the  asjmptotio  expansion  of  BanMS*M 
function  F^  (s). 
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Hence  it  is  possible  to  choose  X\  within  the  limits  already  prescribed, 
such  that 

I  r--a^^,  I  >  i  [[fimy  (l+  2^)'-|^(^]' }     (-P  =  0'  1'  2) 
>  ^[fi{X)Y     (since  o-'  >  1).  (11) 

Suppose  that  this  is  done.     Then,  since  |  a^jz  |  <  1,  we  have 

|r,|  =  |iog|i+f!||<-iog(i-a!) 

<  log  [  ( y)  '  ^     P>^o™  (11)'  substituting  for  r] 

=  ?W€(m). 
Hence,  from  (4),  |  Tg  |  /P  =  €(w).  (12) 

Next  consider  I  ^^i  I  =  log   IH — —  j    . 

I  ^OT  +  l  I 

Iz     1 
<  h 

Then  |ril<log(j^)  <log2 

=  ?w.e(TO). 

IZ       I 
<  1. 

Then  |rJ<-log(l--^) 

=  w  •  e  (w), 
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as  in  the  case  of  |  Tg  | .     Hence  in  cases  (i.)  and  (ii.), 

|ri|/P  =  e{m). 


(18)i 


(iii.)  The    relation   |  zja^+i  |  =  1   is    impossible  on   account  of  (11). 
Suppose,  then,  that  |  z/am+i  \  >  1.     Then 


I  Ti  I  <  log 


z 

+  log 

-  ,  a^n-i 

^+     z 

By  means  of  (11)  we  prove,  as  in  the  case  of  |  Ts  |,  that 


log 


14 


flw  +  l 


/p= 


e(m). 


Also 


Hence 


log 


Om+l 


/ 


log 

■n  

z 

2   1( 
«=1 

Og 

z 
a. 

<  —  =  €  (m). 
m 


\T,\IP  =  €(m), 


and  hence,  in  any  case,  |  Ti  |/P  =  e(w). 


(18)j^ 
(18> 


Consider  now 


ir,|  =  iogii+ 


ttw+J 


(i.)  If 


dm+l 


<h 


|r,|<log2     and     \T^\I  P  =  e{m). 


<  1.  then,  as  in  the  case  (ii.)  for  |  Til,  we  obtain, 


(ii.)  If  i  < 

by  means  of  (11),  |  Tj  |  /  P  =  e  (m) 

Hence,  in  any  case,  |  Tj  |  /P  =  c  (m) 

Finally,  when  r  is  large. 


(14> 


P  =  iog{_r:L_)>,og(^f!^) 

\ai 02  . . .  OiJ  \aia^,..  Opit/ 

> ^  log  r— log  (aio^  ...  dpi,) 

>4-logr[l+e(r)]. 


however  small  e  may  be. 
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Hence  { I  log  |  C 1 1  +j}  log  r }  /P  =  e(r)  =  €(m).  (15) 

From  (12),  (18),  (14),  and  (15)  we  obtain  (9). 

The  first  part  of  our  theorem,  for  />  =5^  0,  now  follows  easily. 

Denote  by  [/(-?)]jf,  [/(-?)]»»,  the  maximum  and  the  minimum  algebraic 
values  of  the  (real)  expression /(-?),  for  all  points  z  on  the  circle  \z\  =  r. 
Then  we  have 

log  Jlf  (r)  =  P+lR+S]M+lTi+T,+T^+log  I  C|+j?  logr]^, 

logm(r)  =  P+[B+S]^+[Ti+r2+r3+log  |  C\+plogrl,. 

From  (7)  and  (8)  we  have 

[B+S]m  <      (w^+2)(7r cosec-J  -o-'), 
[B+Sln  >  -(m+2)((7'-7rcot-j). 

Hence,  by  means  of  (10),  noticing  that  (xcosec -^  —  o-')  and 
(o-'— -TT  cot  ^j  are  positive,  we  have 


1- 


m+2 


log  m  (r)      P 


(o-'  — TTCOt-^l  +€{m) 


log  M(r)      1+  ^  (^  eosec  -^  -<r')  +e{m) 

1 7"  fo-'  — X  cot -^j+e(m) 

1+  — p  (tt  cosec  ^  ""^')  +€(w) 
[on  replacing  P  by  its  minimum  given  by  (4)] 

>C0S^+e(7?l).  (16) 

cr 

We  can  make  m  as  large  as  we  please,  and  consequently  r  as  large  as 
we  please,  hy  choosing  h  sufficiently  large.  Choose  h  so  that  m  is  so 
large  that  e(m)  <  ei.     Then 

J5|^j  >  cos  ( J-)  -61  >  cos  [2X  (p+€,)']^€,. 

Choose  €i  80  that 

cos  [2'7r  (/t)+ei)]— ei  >  cos  (2x/>)— €. 
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(This  can  always  be  done,  since  p  <  J.)     Then 

logm(r)  ^         .^     , 
j^^>cos(2.p)-e, 

and  m(r)  >  [MCr)]*^^^'^^)-'.  (17) 

We  have  therefore  proved  that  when  e  is  assigned  we  can  find  a  value 
of  r,  as  large  as  we  please,  such  that  the  above  inequality  holds. 

Now,  in  the  above  analysis,  the  number  r  was  determined  quite 
independently  of  the  arguments  of  a^,  o^,  ...,  although  it  may  depend  on 
the  constant  C. 

We  may  therefore  determine  our  sequence  r^,  rj,  ...  as  follows. 

Determine,  by  the  above  methods,  a  number  Vnj  such  that 

rn  >  Vn-l  +  h 

and  such  that  (17)  holds  for  r  =  rn  when  e  =  2"\ 

Then  Lt  rn  =  oo     and     m(r,)  >  [Jlf  (r,)]^<2irp)-. 

n=oo 

when  s  >  some  finite  /jl. 

Again,  P  is  independent  of  the  arguments  of  z  and  of  the  zeros,  while 
the  limits  which  we  found  for  [ii+iS]Af  and  [ii+iS]^  are  independent  of 
the  arguments  of  the  zeros.     Moreover,  the  relation  (9)  always  holds. 

Then  it  follows,  by  considerations  similar  to  those  which  gave  us  the 
result  (16),  that  if 

F,{z)=  Cz^.TL  (l+4) 

be  a  function  with  the  same  constant  C,  and  with  the  same  sequence  of 
moduli  of  zeros  as  that  of  F(z),  then  ,      ;if  /  \   and  ,  ^  ^  ,  .  are  greater 

than  cos  —7  +€  (m). 

a- 

It  follows,  then,  that 

Wi(r.)>[Jlf(r,)]««^«''»>- 
and  m  (r,)  >  [Jlf  j  (r J]«*  ^^-p)- 

when  s  >  M- 

Finally,  if  the  C  and  the^  which  occur  in  the  product-forms  for  Fi{z) 
be  replaced  by  C  and  p\  it  is  easily  seen  that  the  inequalities  (18)  still 
hold  when  $  >  some  finite  m'»  which  is  possibly  different  from  yu- 
Thus  we  have  proved  our  theorem  for  the  case  when  p^O, 
Although  the  above  analysis  breaks  down  when  /)  =  0,  it  is  easy  to 
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see  that  the  theorem  remains  valid  for  the  limiting  case,  the  main  in- 
equality taking  the  form* 

mir)  >  [Jlf  (r)]^-. 

We  have  proved  implicitly  that  the  theorem  stated  at  the  beginning  of 
the  article  holds  when  F{z)y  instead  of  being  of  order  p  (/>  not  zero),  is  of 
order  less  than  />.  Now  a  function  of  zero  order  is  of  order  less  than  €, 
and  we  can  therefore  determine  a  sequence  of  circles  of  radii  rj,  r^,  ..., 
such  that  m(r,)  >  [Jlf  (r,)r-<'^«>-.,     ^faen     s>m, 

with  the  corresponding  relations  between  miir,),  ilfi(r,),  .... 
The  theorem  for  the  limiting  case  then  follows  immediately. 

5.  When  />  <  J,  we  have  cos  27r/>  >  0. 

It  follows  that,  if  F{z)  be  an  integral  function  of  order  less  than  J, 
then,  on  circles  of  radii  as  large  as  we  please, 

m(r)>[Af(r)]^ 
where  c  >  0. 

Now,  if  any  number  p  be  assigned, 

Lt  r-P>Jlf(r)=  00. 

r=oo 

Hence  r'^'m{r)  has  an  upper  limit  infinity,  and  aa  z  tends  to  infinity 
along  any  radius  vector  through  the  origin,  l^^'^^FC^)]  must  have  infinity 
for  its  upper  limit. 

6.  The  theorem  of  §  4  is  only  provisional.  I  am  convinced  that  it 
remains  true  when  the  condition  0  ^  />  <  J  is  replaced  by  0  ^  />  <  1, 
and  when  the  index  cos  i^irp)  is  replaced  by  cos  {irp). 

But,  although  it  would  seem  that  the  expression  which  I  have  called  P 
must  play  a  prominent  part  in  the  proof,  I  believe  that  to  establish  the 
result  an  entirely  new  point  of  view  is  required. 

The  line  of  proof  of  this  paper  is  based  essentially  on  the  Lemma.  It 
might  be  thought  that  by  further  refinement  the  Lemma  might  be 
extended  into  a  form  which  should  enable  us  to  deal  with  the  case 
J  ^  /)  <  1.  This,  however,  is  not  the  case :  if,  with  the  notation  of  the 
statement  of  the  Lemma,  fiix)  tends  to  infinity  like  a;-"*,  no  more 
valuable  result  is  true  than  that  X'  is  of  order  X^'*■^  and  this  result  is 
clearly  useless  for  our  purpose. 

*  I  have  already  given  the  theorem  for  this  limidng  oaise,  Ftve.  London  Math,  Soe,,  Ser.  2, 
Vol.  6,  p.  366. 
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7.*  The  extended  form  of  the  theorem,  if  it  be  true,  is  chiefly  inter- 
esting  as  showing  that  when  />  <  i,  w(r)  >  lM{r)']\  where  c  is  positive. 
For  it  is  easy  to  deduce,  by  a  well-known  device,  from  the  theorem  estab- 
lished in  §  4,  a  theorem  applicable  to  all  functions  of  finite  order,  and 
analogous  to  the  result  which  we  have  obtained  for  the  case  i  <  />  <  i* 
This  theorem  is  as  follows,  f 

Let  F{z)  be  any  integral  function  of  finite  (apparent)  order  p.  Then 
there  exists  a  sequence  of  circles  of  radii  r^  rg,  ...  tending  to  infinity,  and 
depe7iding  only  on  the  moduli  of  the  zeros  of  F{z),  such  tliat 

where  c  (p)  is  a  cotistant  depending  only  on  />. 

Let  \  be  the  least  integer  greater  than  2/0,  and  let  o)  be  a  primitive 
X-th  root  of  unity,  t 

Let  F  {z)  F{wz) . . .  F{c^-^  z)  =  G  {z\ 

and  let  f  =  ^,         U I  =  ^. 

Now  G  (z)  is  clearly  an  integral  function  of  -^^  or  f,  H(^)  suppose. 

Since         \H(^)\<lM  (r)J  <  exp  (Xr^+')  <  exp  (X^+'>/^), 
for  large  values  of  r  or  t,  H{^)  is  of  order  in  f  not  greater  than  />/X.§ 

Let  Jtfit)  be  the  maximum  modulus  of  if  (f)  on  the  circle  |  f  |  =  t. 

Since  p/X  <  ^,  there  exists  a  sequence  of  circles  |  ^  |  =  ^,  of  radii 
7p  rJ,  ...,  tending  to  infinity,  and  depending  only  on  the  moduli  of  the 
zeros  of  if  (f),  i.e.,  depending  only  on  the  moduli  of  the  zeros  of  F{z), 
such  that,  on  each  circle 

I  if  (D  I   >  [^(r^)]^''-(2irp/A)-[l-CO«(2irp/A)] 

>[{Af(r)}^r. 

In  particulfir,  if  Zi  be  the  point  of  the  circle  |  ^  |  =  r,  for  which 
I F  {z^  I  =  m  (r,),  we  obtain 

m  W  [Af  (r.)^-^  >  I  G{z^)  \  >  [M (r.)]-\ 


*  The  remainder  of  the  paper  waji  added  December  24ih. 

t  I  must  heru  withdraw  the  ttatement  which  I  put  forward  in  a  previous  paper  {Proe. 
London  Math,  8oe,^  he.  eic,  ^  5),  that  no  theorem  snch  as  the  above  oould  exist. 

X  The  method  here  employed  is  substantially  that  used  in  extending  Hadamaid*K  theorem 
that  m  (r)  >  exp  (  — r'*«),  from  the  case  when  p  <  I,  to  the  case  when  p  is  general. 

i  If  (Oi»  actually  of  order  p/X,  when  p  is  not  an  integer. 
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Hence  m{r^  >  [ilf  (r,)]"'^^~^\  and  if  we  take 

c(p)  =  2X-l, 
it  is  seen  that  the  theorem  is  true. 

8.  It  is  interesting  to  notice  that,  if  F{z)  and  Fi{z)  be  two  integral 
functions  of  the  same  apparent  order  />,  with  the  same  sequence  of 
moduli  of  zeros,  it  is  not  necessarily  true  that  we  can  find  a  sequence  of 
circles  of  radii  tending  to  infinity,  such  that 

mi(r,)>[MW]"^ 

We  have  proved  that  this  inequality  holds  when  />  <  i,  and  I  believe 
that  it  holds  when  p  is  not  an  integer ;  but  a  simple  example,  due  to 
M.  Borel,  shows  that  when,  e.g.,  />  =  1,  the  inequality  need  not  hold. 

If  F  {z)  =  sin  irz,         Fiiz)  =  z-'  [^(-^)]-^ 

we  have 

Jlf  (r)  =  exp[{l+€  (r)}  xr],       mi(r)  =  exp[-  |l+€(r)}  2rlogr], 

and  we  cannot  have  w^iW  >  [ilf  (r)]"*. 
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NOTE   ON  WEIERSTRASS'  E-FUNCTION  IN  THE  CALCULUS  OF 

VARIATIONS 

Bij  A.  E.  H.  Love. 

[Received  December  14th,  1907.— Read  December  r2th,  1907.] 

The  object  of  this  Note  is  not  to  present  rigorous  formal  proofs  of 
theorems  in  the  Calculus  of  Variations,  but  to  simplify  the  customary 
methods  of  introducing  the  J?-function  by  substituting  for  them  a  more 
intuitional  method.* 

The  ^-function  has  been  developed  chiefly  in  connection  with  integrals. 

of  the  form  . 

J  F{x,  y,  if)  dx, 

where  y'  denotes  dy/dx,  and  it  is  understood  that  the  integral  is  taken 
along  a  curve  joining  two  fixed  points.  For  many  purposes  it  is  con- 
venient to  use  Weierstrass'  method  of  parametric  representation,  in  which 
the  coordinates  x,  y  are  regarded  as  functions  of  a  parameter  6;  and 
then  the  integral  takes  the  form 

\fix,  y,  i,  y)de, 

where  x  and  y  denote  dxjdQ  and  dyldO,  and  the  function  /  is  homogeneou& 
of  the  first  degree,  though  not  necessarily  rational,  in  i,  ij.  It  is  known 
that  the  integral  cannot  be  a  maximum  or  a  minimum  unless  the  curve 
along  which  it  is  taken  is  one  of  the  curves  determined  by  the  differential 
equation 

dx  VSy/       dy 

Such  curves  have  been  called  "  stationary  '*  curves  or  "  extremals  "  of  the 
integral.     The  question  arises — Is  the  integral  taken  along  a  stationary 


*  Reference  may  be  made  to  the  treatises  by  A.  Kneser,  Zehrbueh  der  Variationsrtehnung ,, 
Braunschweig,  1900,  and  O.  Bolza,  Lectures  on  the  CaleuUts  of  Variational  Chicago,  1904. 
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curve  a  maximum  or  a  minimum  ?  It  is  in  connection  with  this  question 
that  the  ^-function  is  introduced. 

Denote    the    fixed    end    points  hy  A,  B,  the  value  of  the  integral 

^Fdx  taken  along  the  stationary  curve  joining  two  points  P,  Q  by  (P,  Q), 

using  a  round  bracket,  the  value  of  the  integral  taken  along  any  other 
assigned  curve  joining  the  same  points  by  [P,  Q],  using  a  square  bracket. 
Let  any  assigned  curve  other  than  the  stationary  curve  AB  be  drawn 
joining  the  fixed  end  points  -4,  B.  Then  the  variation  of  the  integral  is 
expressed  by  [A,  P]— (-4,  P).  If  this  expression  has  the  same  sign  for 
all  curves  which  join  the  same  two  points,  and  lie  in  a  sufficiently  small 
neighbourhood  of  the  stationary  curve  AB,  the  integral  taken  along  that 
stationary  curve  is  certainly  a  maximum  or  a  minimum  (a  minimum  if 
the  sign  is  +,  a  maximum  if  it  is  — ). 

In  the  figure   ALQPMB  represents  the  varied  curve,  and  ANB  the 
stationary  curve  joining  A,  P.     The  expression    \_A,  P]  —  (^,  P),  or  the 


N 

variation  of  the  integral,  is  equal  to  the  line  integral  of  Fdx  taken  round 
the  closed  contour  ALQPMBNA.  This  line  integral  can  be  transformed 
into  a  line  integral  taken  along  the  varied  curve  ALQPMB  only,  and  can 

then  be  written  \Eds,  where  ds  denotes  the  element  of  arc  of  the  varied 

curve.  The  function  E  is  Weierstrass'  -E-function.  Since  the  integral  of 
this  function  yields  the  excess  of  the  integral  of  Fdx  taken  along  the  varied 
curve  above  the  integral  of  Fdx  taken  along  the  stationary  curve,  I  have 
elsewhere  called  it  the  "  excess-function." 

The  transformation  of  the  line  integral  taken  round  the  closed  contour 
is  effected  by  the  familiar  device  of  breaking  up  the  included  region  into 
compartments,  and  replacing  the  line  integral  by  a  sum  of  line  integrals 
taken  round  the  boundaries  of  the  compartments,  the  common  boundary 
of  two  adjacent  compartments  being  traversed  twice  in  opposite  senses,  as 
is  indicated  by  the  arrows  in  the  figure.  The  compartments  are  bounded 
by  two  stationary  curves  such  as  AQ,  AP  joining  the  point  A  to  points 
Q,  P  on  the  varied  curve,  and  by  the  intercepted  arc  QP  of  that  curve. 
The  line  integral  of  Fdx  taken  round  the  boundary  of  one  compartment  is 
denoted  by  {A,  (?)+[(?,  P]— (-4,  P),  and  the  variation  of  the  integral  is 

denoted  by  ^{(A,  Q)+[Q,  P]-iA,  P)}. 
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where  the  summation  extends  to  all  the  compartments  in  a  series 
determined  by  a  series  of  points,  such  as  Q,  P,  taken  in  order  on  the  arc 
of  the  varied  curve.  When  QP  is  made  very  short  the  expression 
{A,  Q)+[Q,  P]--(-4,  P)  passes  over  into  the  product  Eds,  where  ds 
denotes  the  differential  element  of  arc  of  the  curve  AQFB,  and  ^  is  a 
certain  function,  which  depends  upon  the  position  of  P,  the  direction  of 
the  tangent  at  P  to  the  stationary  curve  AP,  and  the  direction  of  the 
tangent  at  P  to  the  varied  curve  AQPB.  The  line  integral  of  Fdx  taken 
round  the  contour  ALQPMBNA  is  therefore  transformed  into  the 
integral  of  E  taken  along  the  varied  curve  from  A  to  B.  It  remains  to 
evaluate  E. 

Now  the  expression  {A,  Q)'-{A,  P)  may  be  evaluated  simply  by  means 
of  Lagrange's  rule  for  the  variation  of  an  integral  in  the  case  of  variable 
limits.  Let  xfr  denote  the  angle  of  slope  of  the  varied  curve  at  P,  in  the 
sense  from  Q  to  P,  and  let  <f>  denote  the  angle  of  slope  of  the  stationary 
curve  AP  at  P  in  the  sense  from  ^  to  P;  also  let  Ss  denote  the  arc  PQ, 
supposed  very  short.     Then  Lagrange's  rule  gives  the  result 

w,p)-u,g) 

=  ^scosV^{p(x,y,tan^)+(tanV^-tan^)^^^^^^^         ^^  , 

which  is  correct  to  the  first  order  in  Ss.     Also  we  have,  correctly  to  the 

same  order,  rr^  -ni       t^/         i.       i  \  ^  i 

[Q,  P]  =  F{x,  y,  tan  ^)  Ss  cos  ^, 

and  therefore,  to  the  same  order, 

w,«)+[g,p]-u,p)  =  ^<j5, 

where 

^  =  cos  ^ 

X  {  P(a:,  y,  tan  V^)-P(a;,  y,  tan  ^)-(tan  V^-tan 0)  ^^^^ '  ^^  }   _       • 

It  may  be  observed  parenthetically  that  Lagrange's  rule  is  proved  very 
easily  by  the  aid  of  the  parametric  method.     In  the  integral 

\fix,  y,  i,  y)  dd, 

let  X  be  changed  into  a;+ew,  and  y  into  y+ev,  where  e  is  a  constant,  and 
u  and  V  are  functions  of  Q  which,  with  their  first  differential  coeflScients, 
are  continuous,  and  are  independent  of  e.  The  expressions  cu,  ev  are 
equivalent   to  Lagrange's    Sx,    Sy.      When  the    first  variation    of    the 
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.is^-  1  introduced  the  term  "  uniform  diverp:ence  at  a 

.v^ii  .^-KfcxiiAlly  that  various  theorems  involvin*^'  uniformity 

,-vj:on  10  its  limit  still  held  whether  or  no  that  limit 

',  vj«^«-     I"  ^^^  paper  in  question  I  was  concerned  more 

^   ,  :  >  j>«'  disiribution  of  particular  points,  and  the  hehaviour 

,^^  -^.itcnon  in  the  neighbourhood  of  those  points.     In  a  large 

.\vsiv*v^>  we  are  concerned  with  the  behaviour  of  the  limiting 

.\  ■A.^>.oui  an  interval,  and  the  question  naturally  forces  itself 

.K*.vv  >ow  we  are  to  characterise  uniformity  of  approach  through - 

:..^'-^aL  when  the  sense  of  the  words  is  the  generalised  one  in 

,,vK"     l*^  ^^^"^  present  note  I  give  the  formulation  in  the  case  in  which 

^^^v'-A'ji"^  (unctions  are  continuous  (but  not  necessarily  bounded). 

;  uiSrHlion  of  the  use  of  this  formulation,  I  prove  various  theorems 

^^  j:.^  u|»  10  the  following  generalisation  of  Weierstrass'  theorem  that 

.,^    coaiinuous  (bounded)  function  can    be  expressed  as  the  sum  of  a 

....loittilv  converging  series  of  polynomials : — 

l^iKOKKM. — Aft  unbounded  continuous  function   is    expressible  as  the 

xu/Vi  «./  it  uniformly  converging  and  diverging  series  of  polynomials   or 

xbt^U'nul  fractions    according   as  in  the    exten&ion  of  the   cletinition   of 

\>H(inuity  to  tmbounded  functi&ns,  the  two  injinities  +x  and  —  x   are 

fXifiirdcd  as  distinct  or  not. 

The  paper  concludes  with  a  formulation  of  the  property  of  uniform 
oontinuity  throughout  an  interval  in  the  case  of  unbounded  continuous 
functions. 

Uniform  Convergence  and  Divergence  at  a  Point. 

2.  The  definition  of  uniform  divergence  at  a  point  given  in  my  paper 
on  the  subject  published  lately  in  the  Proceedings  of  the  London  Math^- 
tnatical  Society  (p.  86)  was  as  follows : — 

The  series  of  functions /i, /a,  ...  is  said  to  diverge  uniformly  at  a  point 
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P  where  it  has  no  finite  limit,  if,  given  any  quantity  -4,  an  interval  dp  can 

be  described,  having  P  as  internal  point,  so  that  for  all  points  x  within 

the  interval  dpy  ^  ,  ^  ^    a 

fnix)  >  A, 

for  all  values  of  n  >  Wp,  where  nip  is  an  integer,  independent  of  x,  which 
can  always  be  determined. 

It  is  also  said  to  diverge  uniformly  at  P,  if  in  this  condition  we  alter 
the  inequality  to  j^  f  \  ^  a 

In  this  definition  the  values  +qo  and  —  oo  are  distinguished,  in 
accordance  with  the  extended  view  of  continuity  adopted,  where  a  function 
which  is  not  finite  is  still  regarded  as  continuous,  if  it  is  infinite  with 
determinate  sign  at  a  point  P,  and  is  the  only  limit  of  values  in  the 
neighbourhood. 

It  is  to  be  remarked  that,  just  as  in  extending  the  idea  of  continuity  to 
non-finite  functions  it  is  not  necessary  to  distinguish  the  two  infinities,  so 
it  is  not  necessary  to  do  so  in  defining  uniform  divergence.  The  first 
point  of  view  is  equivalent  to  regarding  the  axis  of  y,  where  y  is  the 
dependent  variable,  as  a  segment  with  two  end-points,  the  points  +  oo 
and  —  oo .  The  second  point  of  view  is  that  of  regarding  the  axis  of  y  as 
a  loop,  without  any  end-point.  The  definition  of  uniform  divergence 
when  the  two  infinities  are  identified  will  only  differ  from  the  above  in  the 
two  inequalities,  which  are  replaced  by  the  single  inequality 

|/n(;c)|>^. 

In  either  case  the  limiting  function  will  have  a  point  of  continuity  at 
such  a  point  of  uniform  divergence,  whether  or  no  /ij/g,  ...  are  con- 
timtous  at  the  point.  This  indicates  that  the  definition  is  open  to 
objection  except  when  /i, /j,  ...  are  continuous  functions.  We  shall, 
however,  confine  our  attention  to  this  latter  case,  which  is  by  far  the 
most  important  one  in  practice. 


3.  The  definition  so  given,  though  analogous  to  the  recognised  defi- 
nition of  uniform  convergence  at  a  point,  labours  under  the  disadvantage 
that  the  inequality  employed  is  different  in  form  according  as  there  is 
convergence,  or  divergence,  at  the  point  considered.  Moreover,  the 
analogous  definition  of  uniform  convergence  itself  presents  certain  dis- 
advantages, to  obviate  which  it  was  shewn  in  the  paper  referred  to  that 
it  might  be  replaced  by  another  in  the  case  when  the  functions /i, /2,  ... 
were  co7itinuous.     This   new  definition   had  the  advantage  of  being  the 

p  2 
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same  in  form  whether  the  series  converged,  or  diverged,  at  the  point 
considered.  It  depended  on  the  definition  of  the  peak  and  chasm  func- 
tions, uniform  convergence,  or  divergence,  taking  place  at  any  point  where 
these  are  equal,  and  at  such  points  only. 

I  propose,  first  of  all,  to  transform  the  original  definition  of  uniform 
convergence  and  divergence  at  a  point  in  such  a  way  that,  without  using 
the  peak  and  chasm  functions,  its  form  is  the  same  whether  the  series 
converges,  or  diverges,  at  the  point  considered.  The  new  definition  is 
as  follows : — 

Let  fit  f^,  ...  be  a  series  of  contintvous*  functions  which  converges,  or 
diverges  to  a  definite  limit  F{x)  at  every  point  of  an  interval.  The 
series  is  said  to  approach  uniformly  to  its  limit  at  a  point  P  of  this 
interval  if  corresponding  to  any  segment  on   the  y-axis  containing  the 

^^'  y  =  F(P) 

as  internal point,^  we  can  find  an  interval  dp  containing  the  point  P  of 
the  X-axis,  and  determine  an  integer  nip,  such  that  the  points 

y  =  F{x)     and     y=fn{x) 

lie  for  all  values  of  n  ^  vip  inside  the  given  segment,  provided  x  lies 
inside  the  interval  dp. 

It  is  evident  that  if  this  is  the  case,  there  is  uniform  convergence,  or 
uniform  divergence,  at  the  point  P,  according  as  the  point  y  =  F{P)  is, 
or  is  not,  at  infinity.  We  have,  in  fact,  in  the  former  case,  only  to  choose 
the  segment  of  length  2e  with  the  point  y  =  F{P)  as  middle  point,  and  in 
the  latter  case  to  choose  as  segment  all  the  part  of  the  j/-axis  beyond  the 
point  y  =  A,  on  one  side  or  the  other,  if  the  two  infinities  are  dis- 
tinguished, while,  if  the  two  infinities  are  identified,  we  have  only  to  choose 
as  segment  all  the  part  of  the  ^-axis  at  a  distance  greater  than  A  from 
the  origin. 

To  shew  conversely  that  when  the  series  is  uniformly  convergent,  or 
divergent,  at  the  point  P,  this  property  holds,  we  proceed  as  follows. 
First,  let  P  be  such  that  the  corresponding  point  of  the  y-axis, 

p  =  F{P), 


*  In  the  generalised  senae,  +eo  and  —  oo  being  distinguished,  or  identified. 

+  In  the  exoeptional  case  when  the  point  y  =  JP(P)  is  an  end-point  of  the  range  of  y  (whether 
this  range  is  finite,  or  infinite  with  a  finite  end-point,  or  the  whole  straight  line  with  +  oo  dis- 
tingxushed  from  — oo),y  =  JP(P)istobe  included  as  an  '^  internal  point  *'  in  any  segment  having 
it  as  end-point.    A  similar  remark  applies  to  the  range  of  x  if  this  has  one,  or  two,  end-points. 
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is  not  at  infinity.  Let  the  distance  of  p  from  the  nearest  end-point  of  the 
given  segment  be  8^.  Then,  since  the  series  is  uniformly  convergent  at 
P,  we  can  find  an  interval  dp  containing  P  as  internal  point,  and  deter- 
mine an  integer  mp,  such  that 

\F{x)-fn{x)\^e, 

provided  only  the  point  x  lies  in  the  interval  dp,  and  n  ^  mp. 

Also,  since  F  is  known  to  be  continuous  at  P,  we  can  so  choose  the 
interval  dp,  that  \F{P)-Fix)\  ^  e. 

From  these  two  inequalities  it  follows  that 

|P(P)-/«W,<2e, 
or,  in  other  words,  the  point       y  =f^(x) 
lies  in  the  same  segment  as  the  point  p  =  P(P). 

Secondly,  let  the  point  p  be  at  infinity,  and  suppose  first  that  the  two 
infinities  are  identified.  Then  the  point  p  is,  as  before,  internal  to  the 
given  segment. 

Let  that  one  of  the  two  end-points  of  the  segment  which  is  nearest  to 
the  origin  be  denoted  by  _    . 

y  —  ^' 

Then,  since  there  is  uniform  divergence  at  P,  we  can  determine  an  interval 
dp  containing  P  as  internal  point,  and  an  integer  nip,  such  that 

\fn{x)\>  A, 

provided  the  point  x  lies  in  the  interval  dp  and  n  ^  mp.     Thus  the  point 

U  =Mx) 

lies  in  the  segment  containing  the  point  p. 

Further,  since  F  is  known  to  be  continuous,  we  can  secure  that  the 
interval  dp  is  such  that  \  r,/  m  ^    a 

so  that  the  point  y  =  F(x) 

also  lies  in  the  segment.  We  have  therefore  the  same  relation  as  when 
the  point  p  was  not  at  infinity. 

The  argument  when  the  two  infinities  are  distinguished  is  precisely 
analogous.     For  definiteness  take 

^=  +  00. 

Then  the  given  segment  consists  of  all  the  points 

y>  Ay 
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including  the  point  p,  which,  though  an  end-point,  is  now  to  be  regarded 
as  tantamount  to  an  internal  point. 

Then,  since  there  is  uniform  divergence  at  P,  we  can  determine  an 
interval  dp,  containing  P  as  internal  point,  and  an  integer  mp,  such  that 

fnix)  >  A, 
provided  the  point  x  lies  in  the  interval  dp  and  n  >  mp.     Thus  the  point 

lies  in  the  given  segment. 

Further,  since  jP  is  continuous,  we  can  secure  that  this  interval  dp  is 
such  that  ^(^)  >  ^^ 

so  that  the  point  y  =  F{x) 

also  lies  in  the  given  segment. 

4.  If  a  series  of  fwictions  converges,  or  diverges,  uniformly  at  every 
point  of  an  interval,  or  of  a  set  of  points,  it  is  said  to  converge  uniformly 
throughout  the  interval,  or  set. 

It  now  follows  that  the  necessary  and  sufficient  condition  that  a 
series  of  functions  fiix),  fzix),  ...  should  approach  uniformly  to  a  limit- 
ing function  througlwut  a  closed  interval,  or  set,  is  that  however  we 
divide  up  tlie  range  of  the  dependent  variable  y  =  F  (x)  into  a  finite 
number  of  segments,  we  can  find  a  corresponding  division  of  the  range  of 
the  independent  variable  x  into  a  finite  number  of  intervals,  and  a  fixed 
integer  m,  such  that,  if  the  points  x  and  x*  belong  to  the  same  interval, 
7^  being  any  integer  ^  m,  the  points 

y  =  F{x),        y'=fn{x')  ' 

lie  in  the  same  segment  of  the  y-axis,  or  in  the  same  two  adjacent  seg- 
ments. 

First  this  condition  is  necessary.  For,  taking  any  particular  division 
of  the  j7-axis,  each  point  P  of  the  range  on  the  axis  of  x  determines  a 
segment  on  the  axis  of  y,  viz.,  that  part,  or  that  pair  of  adjacent  parts,  in- 
side which  the  corresponding  point  y  =  F{JP)  =  p  lies.  This  segment, 
provided  the  given  series  is  uniformly  convergent  or  divergent  at  P,  deter- 
mines, as  explained  in  the  preceding  section,  an  interval  dp  containing  the 
point  P,  and  an  integer  mp.  By  the  Heine-Borel  theorem  a  finite  number  of 
these  intervals  suflSce  to  cover  every  point  of  the  range  of  x,  provided  that 
range  is  a  closed  interval  or  set.  Let  m  be  the  greatest  of  the  corresponding 
integers  mp,  and  let  the  intervals  be  d^d^,  ...,  d\.     Then,  provided  n^m. 
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and  that  the  points  x  and  x'  both  belong  to  one  of  these  intervals,  say  cCr, 
the  points  ^^^(^^^        y'=Mx'), 

both  lie  in  the  same  segment,  or  the  same  pair  of  adjacent  segments, 
determined  by  the  interval  d^.  These  intervals  di,  cZ^, ...  however,  overlap ; 
if  we  now  replace  d2  by  the  part  of  it  not  internal  to  ctu  and  each 
succeeding  interval  in  turn  by  the  part  of  it  not  internal  to  the  preceding 
intervals,  we  get  a  finite  number  of  non-overlapping  intervals  ^,  tZg, ...,  dr» 
each  of  which  determines  a  segment,  or  a  pair  of  adjacent  segments,  on 
the  7/-axis,  inside  which  the  points 

y  =  F(x),         y'  =Mx') 

both  lie,  whenever  x  and  x'  both  lie  in  the  corresponding  interval  di  and 
n'^m.     Thus  the  given  condition  is  necessary. 

It  is,  moreover,  suflScient,  for,  supposing  it  true,  however  we  divide  the 
y-axis,  then  given  any  point  P  of  the  2;-axis,  this  determines  a  point 

p  =  F{P) 

of  the  ^-axis.  Taking  any  segment  containing  p,  let  us  make  any 
convenient  division  of  the  y-axis  in  which  that  part  which  contains  p,  as 
well  as  the  adjacent  part,  or  parts,  lie  inside  that  segment.  By  hypothesis 
this  division  determines  a  finite  number  of  non-overlapping  intervals  con- 
taining all  the  points  x,  and  determines  also  an  integer  m.  If  P  belongs 
to  only  one  interval  (2,  then,  corresponding  to  the  chosen  segment  of  the 
^-axis,  we  have  found  a  d  and  an  m,  such  that,  if  x  is  any  point  belonging 
to  d,  and  n  ^  m,  the  points 

y  =  F{x),         y=fn(x), 

lie  in  the  same  part,  or  pair  of  parts,  as^  and  y  =fn(P),  so  that  they  lie 
inside  the  chosen  segment  of  the  ^-axis.  If  P  belongs  to  two  adjacent 
intervals,  then,  taking  together  these  two  intervals,  we  get  a  d  and,  as 
before,  an  in.  Thus  in  either  case  the  criterion  for  uniform  convergence 
at  P,  given  in  §  8,  is  satisfied.  Thus  every  point  P  is  a  point  of  uniform 
convergence,  so  that  the  condition  is  not  only  necessary  but  sufficient. 

5.  Theorem. — Let  fi^u/i^ 2f  ...,  An,  ...  be  a  series  of  contmuous  func- 
tions which  approaches  uniformly  throughout  an  interval  S  to  a  limiting 
function  / ,  for  each  integral  value  of  i.  A  Iso,  let  /i,/2, . . . ,/t,  ...  approach 
to  a  limiting  function  F.  Then  we  can  find  a  series  of  the  continuums 
functions  fi^  „,  which  approach  throughout  the  interval  S  to  the  limiting 
function  F. 

Let  i2i,  B2,  ...   be  a  countable  set  of  points  dense  everywhere  on  the 
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^-axis  e.g.t  the  rational  points.  The  first  i  points  Ri,  R^y  ...,  Ri,  deter- 
mine uniquely  a  division  of  the  ^-axis  into  a  finite  number  of  segments  i 
or  i+1,  in  number  according  as  we  identify  or  distinguish  +00  and  —  00 . 
The  characteristic  of  the  i-th  division,  performed  in  this  way,  is  that  if 
Rj  and  Rk  are  the  end-points  of  the  same  segment,  there  is  no  point  R^^, 
inside  that  segment,  whose  index  n  ^  t,  a  fortiori,  whose  index  n<j  or 
<  k.  At  the  n-th  and  at  all  subsequent  divisions  such  a  point  Rn  will  be 
itself  the  end-point  of  two  adjacent  segments,  whose  other  end-points  may 
at  first  be  Rj  and  22^,  but  will,  if  not  from  the  first,  certainly  from  and 
after  some  subsequent  stage,  always  lie  inside  the  segments  (i2j,  i2n)  and 
(Rn,  Rk)  respectively. 

Hence  it  follows  that  if  a  series  of  segments,  one  from  each  successive 
division,  is  given,  say  (Ri,  R[),  (R^,  R'idt  ...,  in  such  a  way  that  points 
Pi,  P2,  ...,  one  from  each  segment,  have  only  one  limiting  point  P,  then 
the  same  will  be  true  of  Ri,  R^f  ...  and  of  iJi,  iJi,  ...  ;  and  therefore  of 
any  other  set  of  points  Q^  Qa*  •••  ly^^g  ^^  ^be  same  segments,  or,  indeed, 
by  similar  reasoning,  in  either  of  the  adjacent  segments  at  each  stage. 

This  being  premised,  let  us  determine,  corresponding  to  the  ^-th 
division,  the  integer  mi,  such  that,  whatever  x  may  be,  the  points 

y  =fiix),        y=An(x), 

always  lie  in  the  same  segment,  or  in  adjacent  segments,  provided  71  ^  nii. 
This  we  can  do,  since  the  functions  /»,  n  converge,  or  diverge,  uniformly 
throughout  the  interval  S.     Then,  since,  by  hypothesis,  the  points 

Pi  =  y=Mx), 

for  fixed  x,  have  the  single  limiting  point 

P  =  F{x), 

it  follows,  from  what  has  been  pointed  out,  that  the  points 

have  the  same  single  limiting  point.  Thus  the  series  of  continuous  func- 
tions /         /         / 

has  at  each  point  x  the  limit  F{x),  which  proves  the  theorem. 

Cob. — If  we  knoto  further  that  the  sei-ies  f^  f^,  ...  approaches  uni- 
formly at  the  point  P  to  its  limit  F{P),  then  the  series 

J  It  mi»  y2,  ma*    •  •  • 

approaches  uniformly  at  P  to  the  sams  limit. 
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We  shall  suppose,  for  convenience  of  wording,  that  P  is  not  one  of  the 
points  Bif  B2,  ....  The  argument  is,  however,  the  same  when  this  is  not 
the  case,  only  that  the  point  p,  or  y  =  F(P),  determines  then  two 
adjacent  segments,  instead  of  a  single  segment. 

Take  any  segment  d  containing  the  point  p  of  the  y-axis.  Then  we 
can  determine  the  integer  i  so  that  that  segment  in  which  p  lies  at  the 
i-th  division  by  means  of  the  points  Bi,  B^,  ...,  Bu  together  with  the 
adjacent  segment  or  segments,  all  lie  inside  the  given  segment  d.  Now, 
since  the  series  /i,/^,  ...  converges,  or  diverges,  uniformly  at  P,  we  can, 
by  §  8,  find  an  interval  dp  containing  the  point  P  of  the  x-axis,  and 
determine  an  integer  nip  greater  than  i,  so  that,  if  x  is  any  point  of  dp 
and  k  any  integer  ^  mp,  the  points 

y  =  F(x)     and     y  =fj,(x) 

lie  in  that  segment  of  the  i-th  division  in  which  the  point  p  lies.     Now 

e  pom  S  y  _  yj^  (^)      ^  J      y  _  y^  ^^  (^) 

lie  in  the  same  segment  at  the  A;-th  division,  and  therefore,  since  A;  >  i, 
in  the  same  segment  at  the  i-th  division.     Thus  the  points 

y  =  F  (x)     and     y  =  /k,  «^  (x), 

both  lie  in  the  given  segment  d ;  for  the  former  lies  in  the  same  seg- 
ment as  p  at  the  i-th  division,  and  the  latter  in  the  same,  or,  it  y  =fk  {x) 
is  an  end-point  of  this  segment,  in  one  of  the  adjacent  segments,  which, 
by  our  choice  of  i,  all  lie  in  the  given  segment  d. 

Thus  the  criterion  for  uniform  convergence,  or  divergence,  at  P,  as 
given  in  §  8,  is  satisfied,  which  proves  the  theorem. 

6.  We  now  proceed  to  the  extension  of  Weierstrass'  theorem. 

Lemma. — If  F(x)  is  a  continiums  fwiction  which  is  always  positive  (or 
ahoays  negative)  but  not  necessarily  finite,  then  F  is  the  limit  of  a  series 
of  bounded  positive  contintwtis  functions  approaching  its  limit  uniformly 
througliout  tJie  interval  considered. 

For,  if  n  be  any  positive  integer,  the  points  x  at  which 

F{x)  <  n, 

form  a  closed  set,  including  no  infinity  of  F(x).  Thus  the  infinities  (F 
being  positive)  are  internal  to  the  black  intervals  of  this  set,  and,  since 
the  infinities  form  a  closed  set,  to    a  finite  number  of  those  black   in- 
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tervals.     In  each  of  the  intervals  so  determined  put 

fn{x)  =  n, 
and  at  the  remaining  points      /„  (x)  =  F(x). 
Then,  since  at  the  end-points  of  each  of  the  intervals  in  question 

F(x)  =  n, 

and  F{x)  is  finite  and  continuous  outside  the  intervals,  fn{x)  is  a  finite 
and  continuous  function. 

Now,  if  m  <  n,  the  closed  set 

F{X)<71, 

contains  the  closed  set  F(x)  ^  m ; 

and  therefore  the  black  intervals  of  the  former  set  lie  inside  those  of  the 
latter  set.     Thus,  throughout  the  intervals  in  which,  by  definition, 

f,n{x)  =  m, 

we  have  for  all  values  of  n>  m, 

fn{x)^m, 

and,  throughout  the  intervals  complementary  to  the  intervals  just  men- 
tioned, we  have  -  ,  .       -  ,  .       „,  v 

This  shews  that  at  every  infinity  of  F{x),  the  series  fiix), /^{x),  ... 
diverges  uniformly  to  F{x),  while  at  every  other  point  it  converges  uni- 
formly to  F(x)f  which  proves  the  theorem. 

Theorem. — A7iy  /miction  which,  without  being  always  finite,  is  con- 
tinuous when  '\'<x>  is  distinguished  from  —oo,is  expressible  as  tJie  limit 
of  a  series  of  polynomials,  which  approaches  its  limit  uniformly  for  every 
value  of  X  for  which  the  function  is  defined. 

Let  F{:x)  be  the  function,  and  A  any  positive  finite  number.  Then  we 
define  two  new  functions  lJ{x)  and  V{x),  as  follows: — 

XJ{x)^  F{:x)'\'A,  wherever  F{x)  is  positive,  and  elsewhere  U{x)  =  A. 

V{x)  =  F{x)—A,  wherever  F(x)  is  negative,  and  elsewhere  V{x)  =  —  4. 

Then,  at  every  point  F{x)  =  XJ{x)  +  F  (a:) . 

But,  by  the  preceding  Lemma,  U  (x)  is  the  limit  of  a  series  of  bounded 
continuous  functions  Ui{x),  y^(x),  ...  approaching  its  limit  uniformly. 

By  the  known  theorem  of  Weierstrass,  u^  (x)  is  the  limit  of  a  uniformly 
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convergent  series  of  polynomials.  Since  this  is  true  for  each  value  of  h 
we  can  apply  the  corollary  to  the  theorem  of  §  5,  and  state  that  U(x)  itself 
is  the  limit  of  a  suitably  chosen  series  of  the  polynomials,  say 

%(a:),  M.2{x),  ..., 
approaching  its  limit  uniformly. 

Similarly  V(x)  is  the  limit  of  a  series  of  polynomials 

Viix),  t?a(a;),  ..., 

approaching  its  limit  uniformly. 

Since  U{x)  and  V(x)  have  no  common  infinities,  their  sum  F{x)  is  the 
limit  of  the  sum  of  corresponding  polynomials,  say 

fi(x)  =  Ui(x)+Vi{x), 

and  the  series /i  (i:), /a (x),  ...  approaches  uniformly  to  its  limit  F(x),  which 
proves  the  theorem. 

7.  Before  proceeding  to  the  second  case  we  shall  prove  the  following 
theorem : — 

Theorem. — If  fi,  /a,  ...  is  a  series  of  functions  of  x  which  approaches 
uniformly  a  limiting  function  Fix),  each  function  being  continumis  {but 
not  necessarily  finite)  at  any  point  P,  and  g  (x)  any  other  function  con- 
tinuous also  at  P,  then  the  series  g  [/j  {x)\  g  [/a(^)]>  •••  opproaches  uni- 
formly g  [jP  (x)]  as  limit  at  the  point  P. 

For,  taking  three  axes  corresponding  to  variables  x,  y,  and  z,  and  taking 
the  point  P  of  the  aj-axis,  let  us  choose  any  segment  on  the  -ar-axis  con- 
taining the  point  ^  _  ^^^^^ 

where  p  =  F{P), 

we  can,  since  g  is  continuous,  find  a  segment  dp  of  the  ^-axis,  containing 

the  point  „,^, 

^  y=p  =  F(P), 

such  that,  whatever  point  y  be  taken  in  this  interval  dp,  the  corresponding 
point  ,  . 

of  the  ^-axis  lies  inside  the  chosen  segment. 

But,  since  the  series  of  continuous  functions /i, /,,  ...  approaches  uni- 
formly F(x)  as  limit,  we  can,  corresponding  to  the  segment  dp  of  the  y-axis, 
find  an  interval  dp  of  the  2;-axis,  containing  the  point  P,  and  determine 
an  integer  mp,  such  that,  for  all  points  x  inside  the  interval  dp,  and  for 


220  Dr.  W.  H.  Young  [Feb.  13, 

all  values  of  n  ^  mp,  the  points 

y=fn(x) 
lie  in  the  interval  dp  of  the  j^-axis,  and  therefore  the  points 

^  =  g{y)  =  g  [/n  («)] 

lie  inside  the  chosen  interval.  But  this  is  the  condition  for  uniform  con- 
vergence, or  divergence,  of  the  series  g  [/iW],  gU^i^)]*  •••  at  the  point  P 
of  the  X-axis  to  the  limit  g[F{x)']. 

One  of  the  most  important  applications  of  the  preceding  theorem  con- 
sists in  the  process  of  inverting  a  given  series.     In  other  words,  if  the 

fi(x),  /a (a;),  ... 

converges,  or  diverges,  uniformly  at  a  point  P,  so  does  the  series 

1  1 

This  process  was  not  allowable  in  dealing  with  uniformly  convergent,  but 
not  divergent  series,  a  point  where  the  series  had  the  limit  zero  leading  to 
a  point  of  divergence  of  the  inverted  series. 

Moreover,  it  is  only  allowable  if  we  adopt  the  definition  of  continuity 
and  divergence  which  depends  on  the  two  infinities  being  identified. 

8.  Weierstrass'  theorem  requires  modification  in  the  case  when  the 
two  infinities  are  identified.     We  have,  in  fact,  the  following  theorem  : — 

Theobem. — A  function  ivhich  is  continuous  if  and  only  if,  the  two 
infinities  are  identified,  cannot*  be  expressed  as  the  limit  of  a  series  of 
bounded  co7itintious  functions,  which  converges,  or  diverges,  tmiforrnly, 
and  this,  whether  or  no  the  two  infinities  are  identified  in  defining  uni- 
form divergence. 

For,  if  P  be  a  point  of  uniform  divergence,  we  can  assign  an  interval 
dp  and  an  integer  mp,  such  that,  for  all  values  of  /i  >  mp,  and  all  points  x 

\fn{x)\>  A; 


of  the  interval  dp, 


thus  fn  {x)  never  vanishes  in  the  interval  dp,  and  therefore,  being  a  con- 
tinuous bounded  function  is  throughout  the  interval  dp  of  one  sign.  Thus 
there  is  either  one  series  of  continually  increasing  integers  n  such  that /n  (a;) 

*  Except  in  the  trivial  case  when  it  is  always  infinite  and  indeterminate  as  to  sign,  e,g,^ 

/„  (ar)  «(-)♦»  n  cosec  x. 


\ 
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is  always  positive  in  the  interval  dp,  and  another  series  always  negative,  or 
else  any  such  series  of  integers  always  determine  the  same  sign.  In 
the  latter  case  the  infinity  at  P  will  have  the  same  sign,  and  will  be  a 
point  of  continuity  without  identifying  the  two  infinities.  In  the  former 
case,  however,  at  each  point  x  of  the  interval  dp  the  one  series  of  func- 
tions fn  {x)  will  give  rise  to  a  limit  which  is  positive,  and  the  other  to  a 
limit  which  is  negative.  These  two  limits  must,  however,  coincide,  and 
are  therefore  both  infinite  at  every  point  of  the  interval  dp.  In  this 
trivial  case  the  limiting  function  is  indeterminately  infinite  at  every  point 
of  a  closed  interval,  since,  by  the  above,  the  end -points  of  an  interval 
throughout  which  the  function  was  indeterminately  infinite  could  not  be 
points  of  uniform  divergence  without  the  function  being  indeterminately 
infinite  at  these  points  also.  Apart  from  this  trivial  case,  the  theorem 
is  therefore  true. 

9.  On  the  other  hand,  a  function  which  is  continuous  if,  and  only  if, 
the  two  infinities  are  identified,  may  be  expressed  as  the  limit  of  a  uni- 
formly converging,  and  diverging,  series  of  rational  functions. 

To  prove  this  we  remark  first,  as  in  proving  the  Lemma,  that  the 
infinities  of  the  function  F  lie  in  a  finite  number  of  the  black  intervals 
of  the  closed  set  of  points  at  which 

Let  these  be  (Bi,  Ci),  (B^,  Cj),  (Bg,  Cg),  ...,  (Bn,  CJ,  and  let  the  whole 
interval  considered  be  (B,  C).     Then  in  each  of  these  partial  intervals 

at  each  of  their  end-points     F=A  or  —A, 

while  in  the  remaining  partial  intervals  F  is  finite  and  continuous. 
We  now  define  n  functions /i («), /a (a:),  ...,/nW,  as  follows: — 

fi(x)  =  Fix)  in  the  interval  (Bu  Ci) 

=  F{Bi)  in  the  interval  (B,  Bi) 

=  F(Ci)  in  the  interval  (Ci,  C). 

Then  each  of  these  functions  /i(a;)  (i  =  1,  2,  ...,  m),  is  continuous  and 
numerically  never  less  than  A  ;  their  reciprocals  are  therefore  finite  and 
continuous,  so  that,  by  Weierstrass*  theorem,  we  may  express  each  of 
these  reciprocals  as  the  limit  of  a  polynomial, 

^=  Lt  P,.,W, 
fiix) 
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which  converges  uniformly  throughout  the  interval  (B,  C)  to  its  limit. 
Therefore  (the  two  infinities  being  now  identified) 

the  convergence,  or  divergence,  of  the  rational  function  to  its  limit  being 
uniform  (§  7). 

Now,  by  their  definition,  no  two  of  the  functions  fi(x)  have  an  infinity 
at  the  same  point ;  therefore  their  sum  is,  like  each  of  them,  continuous 
throughout  the  whole  interval  (B,  C) ;  in  each  of  the  intervals  (Bu  Cd  it 
differs  from  F{x)  only  by  a  constant,  say  Ku  and  in  each  of  the  re- 
maining intervals  it  is  constant,  the  value  in  the  interval  (Ct-i,  B{) 
being,  since  the  function  is  continuous, 

FiPd-^Ki  =  F(Ci^,)+Ki^u  or  say  K[. 

Thus,  if  we  define  another  function /n+i(x)  in  the  following  manner  : — 

fn+i{x)  =  F{x)—K{  in  the  first  interval  (B,  B^ 
:=  —  Ki  in  the  second  interval  (Bj,  Cj) 
=  F{x)—K2  in  the  third  interval  (Ci,  Bg) 
=  —  -ffg  i^  ^^^  i^Qxt  interval  (Ba,  Cg), 

and  so  on,  this  function  will  be  continuous  throughout  the  whole  interval 
(B,  Of  and  will  be  finite,  since  F{x)  is  finite  and  continuous  in  each  of 
the  intervals  in  which  fn+i{x)  is  not  constant.  Hence,  by  Weierstrass' 
theorem,  we  may  write 

/u+lW  =    Lt    Pn+l,r(^), 

the  convergence  of  the  polynomial  to  its  limit  being  uniform. 

The  sum  of  /n+i(x)  to  the  sum  of  the  n  functions /i (a:),  will  then  be 
F  (x)  at  every  point,  thus 

^"" = Ai  pdw + H  ft^w +■■■+  Ai  s;^+-M  f <"■>• 

Since,  in  this  sum  of  limits,  no  two  of  the  limits  are  infinite  at  the  same 
point,  the  sum  of  the  limits  is  the  limit  of  the  sum.  Also,  since  each 
rational  function  converges,  or  diverges,  uniformly  throughout  the  whole 
interval  (B,  C),  the  same  is  true  of  the  sum.     Thus,  finally, 

F(x)=Lt   (-J_  +  -J_+...+  -J— 

r=«    \Pi^r{x)         P2,r(x)  Pn,r{x)  I 

the  convergence,  or  divergence,  being  uniform,  which  proves  the  theorem. 


I 
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10.  We  conclude  by  pointing  out  that  the  formulation  of  uniform 
approach  to  a  limit  throughout  an  interval  given  in  §  4,  gives  us  a 
corresponding  formulation  of  the  property  of  uniform  continuity  applic- 
able to  any  continuous  non-finite  function.  For  continuity  at  a  point  P 
is  neither  more  nor  less  than  uniform  convergence,  or  divergence,  of 
/{x+h)  to  fix)  at  the  point  P.  The  continuous  variable  h  which 
approaches  in  any  manner  the  limit  0,  takes  the  place  now  of  the  dis- 
continuous variable  n  approaching  its  limit  +  oo . 

ThtiSf  if  fix)  is  continuous  at  every  point  x  of  a  finite  closed  interval, 
we  can,  corresponding  to  any  given  division  of  the  y-axis  into  a  finite 
number  of  segments,  find  a  value  of  h,  for  which  and  all  smaller  values, 

^^^  ^  y  =f{x)     and    y  =f{x+h), 

lie  in  the  same  segment,  or  in  the  same  pair  of  adjacent  segments  of  the 
y-axis,  this  segment,  or  pair  of  segments,  being  determined  only  by  the 
particular  point  x  chosen. 

We  can,  if  we  please,  further  modify  the  wording  so  as  to  permit  of 
the  point  x  =  oo  entering  as  an  internal  or  end -point  into  the  closed 
interval  of  the  «-axis  in  which  the  function  is  continuous. 


224  Prof.  E.  B.  Eluott  [March  12, 


OX   THE   PROJECinX   GEOMETRY  OF   SOME   COYJLRIAXTS 
OF   A  BINARY   QUIXTIC 

Bh  E.  B.  Eluott, 

1.  The  repre$enxMi(:m  of  &  hinaiy  qniniie  here  axsended  to  is  liiaz 
Vt  fixv  ^^planAT  pcdnts  in  ass^ciAiioxi  vith  the  unique  conic  idiiA  puBK 
thxvxoirh  all  oi  ihem.  The  conneciors  of  the  points  and  anj  onpn  an 
the  ^i.'^c,  and  any  projeicxions  oi  these  connecxars,  hare  for  Cktsbsubi 
eiqxkaxkms  with  re^rftrd  to  axes  throxurh  their  inier&ectioin  the  rBsnltE  of 
Toakinc  £ero  linear  txansformaiions  of  the  quintic.  C-ovaxwntE  oi  liii! 
qxdntic  are  marked  bj  <^t$  oi  points  on  the  ecoiic,  in  projeccrre  aasociaDCD 
vith  the  £vie  points  of  such  a  eharftcxer  as  to  lie  sTrnmeoical  in  is 
referent  :o  the  five— V.f.,  as  not  to  have  referenoe  only  to  i^  fivt 
arranpe^i  in  some  piirdcular  order  or  in  an  ;>rder  choseoi  from  a  snb- 
jrour  of  tv^ble  oiviers,  ConTers-civ.  a  set  of  pccnts  on  the  ennir..  ibuB 
asss^viatM  with  the  nre.  which  can  be  linearij  cionsoracssed  or  exacabr 
si>ecii:e^i  as  the  inte.rs»ectio»ns  of  a  cor.ic  wiil  e:»Lics  or  cubieE  themaeb^K 
ratio::aI>  si>ecil5ed  by  means  of  the  f  ve  prrlrts^  will  hare  iar  cormwitmt 
with  the  choser.  oriii::  v^::  the  conic  5»ets  :»:  lines  with  eoTiarioTM?  xuiaiial 
in  the  coef!:cier.i*  of  the  qr-intsc.  an£  will  nark  cr-Tariar-is  of  tiie  guiiisic. 
In  hr^ear  OvM:siractions  ii  -will  no:  :*c  ne^essa^T  t:  recErS  the  eonic  k 
drawr..  the  f.ve  iriven  ixvlr.ts  r^in*:  all  ihs:  j'zre  percneny  needs  in  anker 
K>  obtain  desii>M  s^ecA^nd  ini«i^secti:»i:s^  jcues..  arsi  p.ilarsw 

It  is  to  l>e  remarked  ih&t  the  c.iir.i:i:  s^itL^is  ajroe  fc^wirmg  fainBrr 
qnar.tic:>  ;::  Ivini  txactjy  sjxc*15e.i  ":t  :is  ajcirr'Tiriaiir  rcxLher  5  cc  pomfr 
taker,  a:  x^:/.  :r.  *  r'.&i^t,  Th-e  irt  p:.:ii:s  zzj:_:irly  Setermtne  iht  cunk 
which  ha;^  lo  iv  taker.  »uh  ihein.  >';.:::  p.x'if  5:  d:i:  :  and  xr-  spedix 
a  4;^anic,  «'e  have  lo  sivciry  fjcr  r^.a^-rir.:  tk'cziis  azii  a  cihosien  eanie 
ihro".:ch  them.  i\:  tht  other  sodt.  Siii  p:iir.i.s  tre  ::•:  mary  xo  be  cduwec 
at  ^'ill  a:^d  lit  cc  a  cor.ic :  >:  ;hj»i  r:  S7»t^:,rr  i  s^^^:>  we  rnnss  chooae  aa 
tr^arkir^^:  jvvlr.t^  thror*ch  ^hich  a  .-*:.:!::  :»a^^>r^. 

h  »;".  oft*::  ':^  .'*>>r.\vr.2tr.i  i:  uit  as  sisuii^i  :-jkse..  iron:  'siut  iasBh 
:r.  ^hich  :ht  *?frie.ral  sta:«r.:!tri  .*':  fa^-is  rir.  :•:  :!ri:?:*e£  :y  prmeezion.  tiw 
.r.  ^h:,'r  :h^  o.'ci**  has  >>;v.  yc:;tv':«'i  :^::  Ut  TjaraSroa  r  =  j~.  ^Witi 
this  z^ic^rir:^  ih^  c;:;;::::^  p:ir:s  hav-  ::..:i^:.:.^    -^  -^     ft  3^.,  ,_  (^V^ 
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and  the  quintic  pencil  may  be  taken  as  whichever  is  most  convenient 
of  the  two : 

U{x-ty)  =  0,        iliy-t)  =  0. 

1  1 

which  connect  the  points  with  the  vertex  and  the  point  at  infinity  on  the 
axis  respectively. 

Linear  covariants  of  the  quintic  have  special  interest.  What  points 
OD  the  conic  have,  taken  singly,  symmetrical  projective  relationship  to 
the  five  points,  and  also  rational  specifiability  by  means  of  them  ?  Any 
point  whatever  on  the  conic  has  the  desired  symmetrical  relationship: 
for,  by  Pascal's  theorem,  we  can  pass  from  any  point  P  on  the  conic  to 
the  same  point  again  by  the  following  linear  construction,  in  which 
ABODE  mean  the  quintic  points  arranged  in  any  order  whatever : — Let 
PA,  CD  meet  in  X,  AB,  DE  in  7,  and  BC,  XY  in  Z:  then  EZ  passes 
through  P.  Accordingly  there  is  a  certain  propriety  in  the  statement 
that  every  point  on  the  conic  marks  a  linear  covariant  of  the  quintic  :  but 
the  question  of  the  geometrical  specification  of  such  points  as  mark 
rational  linear  covariants  remains  open. 

One  fact  is  at  once  clear:  that,  if  we  can  construct  three,  we  have 
the  means  of  specifying  geometrically  an  infinite  number.  For  there  will 
be  a  fourth  having  with  the  three,  arranged  in  a  definite  order,  any 
anharmonic  ratio  we  like  to  assign  as  a  number  or  an  absolute  in- 
variant ;  and  this  fourth,  like  the  three,  regards  the  quintic  points 
symmetrically.  If  the  anharmonic  ratio  is  that  of  the  elements  in  order 
of  any  given  range  or  pencil,  the  fourth  can  be  linearly  constructed. 

Of  course,  when  two  only  are  constructed,  we  have  the  certification 
that  an  infinite  number,  algebraically  specified,  exist.  Express  the  two 
as  of  the  same  degree  in  the  coefficients  by  invariant  factors ;  for  instance, 
if  (7,  1),  (11, 1)  are  the  two,  take  (II,  I)  and  (4,  0)(7,  I).  The  infinite 
system  is,  for  that  case, 

(II,  1)+X(4,0)(7,  I) 

for  numerical  values  of  X.  The  marking  points  densely  cover  every  arc 
of  the  conic,  however  small  :  indeed,  if  we  allow  irrational  as  well  as 
rational  values  of  A,  th^y  cover  the  whole  conic  continuously. 

To  reali^  the  imix^rtance  of  rational  specifiability  in  general,  consider 
a  sextic  instead  of  a  quintic.  Any  point  on  the  conic  will  have  sym- 
metrical projective  relationship  to  sets  of  any  five  whatever  of  the  six 
marking  points,  abstracting  the  sixth  altogether,  and  so  to  the  six  points ; 
I.e.,  but  for  the  requirement  of  rationality,  it  marks  a  linear  oovariaut  of 
the  sextic.     Now  we  know  that  a  sextic  has  no  rational  linear  covarianti. 

SEE.  li.      VOL.  6.     HO.  V8V.  Q 
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2.  In  any  complete  list  of  twenty-three  irreducible  concomitants  of 
a  quintic  (1,  5)  there  have  to  figure  three  quadratic  covariants  (2,  2),  (6,  2), 
(8,  2),  and  four  linears  (5, 1),  (7, 1),  (11, 1),  (13, 1).  Of  the  linears,  the 
first  two  are  unique,  but  two  (11,  l)'s  which  diflfer  by  a  numerical  multiple 
of  (4, 0)(7, 1)  are  equally  allowable,  and  so  are  two  (18, 1)'8  which  differ  by 
an  invariant  multiple  of  (5,  1).  By  (m,  n)  is  always  meant  a  covariant 
of  order  n,  with  coefficients  of  degree  m  in  the  coefficients  of  (1,  5). 

A  problem  which  has  long  interested  geometers  is  that  of  the  construc- 
tion of  four  points  on  the  conic  which  severally  mark  (5,  1),  (7,  1),  an 
(11,  1),  and  a  (18,  1). 

The  construction  of  (7, 1)  and  (5, 1)  has  been  effected  by  Prof.  Morley.* 
If  PiP^PsPiP^  are  the  points  marking  the  quintic,  he  first  shows  with 
remarkable  ingenuity  that  the  connector  of  the  two  points  on  the  conic — 
imaginary  points  if  the  P's  are  all  real — which  mark  the  unique  (2,  2), 
may  be  obtained  as  follows.  Construct  (linearly,  by  use  of  two  of  the 
line-pair  conies  through  P^PqP^Ps)  the  point  Qi  which  is  conjugate  to  Pi 
(any  one  of  the  five  quititic  points)  with  regard  to  all  conies  through  the 
other  four :  then  construct  (also  linearly)  the  polar  of  Qi  with  regard  to 
the  harmonic  triangle  of  the  quadrangle  P2P8P4P5:  this  line  and  the 
tangent  at  Pj  intersect  on  the  required  connector,  which  is  accordingly 
given  by  any  two  of  five  constructible  points,  the  colinearity  of  which 
is  an  interesting  geometrical  fact.  After  this  he,  in  effect,  specifies  two 
points  which  mark  linear  covariants  of  a  given  quintic  and  quadratic, 
obtaining  a  linear  construction  for  them  which  is  real  in  a  case,  such  as 
the  one  on  which  he  is  going  to  fix  attention,  when  the  quintic  points 
are  real  and  the  quadratic  points  imaginary  on  a  real  connector.  The 
construction  which  I  give  below  (§  3)  is  based  on  his,  but  is  perhaps 
easier  to  grasp.  The  marking  points  of  the  (7,  1)  and  the  (5,  1)  of  the 
quintic  PiPaP3P4P5  he  thus  obtains  as  those  linear  covariant  points  of  that 
quintic  (1,  5)  and  its  (2,  2)  which  are  afforded  by  his  construction. 

In  connexion  with  the  first  of  Morley's  succession  of  constructions, 
it  is  interesting  to  notice  incidentally  a  fact  as  to  a  quartic.  He  shows 
that  what  he  calls  the  conjugate  polar  of  Pi  with  regard  to  the  quadrangle 
PaP8P4P6 — i.e.,  the  polar  of  Qi,  found  as  above,  with  regard  to  the 
harmonic  triangle  of  P2PsPiP5 — is,  wherever  Pi  be,  the  polar  of  Pi  with 
regard  to  a  certain  conio  associated  with  the  quadrangle.  This  conic  is 
the  imaginary  one  with  regard  to  which  the  pencils  of  four  lines  at  the 
vertices  of  the  harmonic  triangle,  in  the  figure  of  the  complete  quadrangle, 
reciprocate  into  the  ranges  of  four  points  on  the  opposite  sides  respec- 

♦  "A  Construction  by  the  Ruler  only  of  a  Point  Covariant  with  Five  given  Points,'* 
Math.  Ann. J  Bd.  xlix.,  s.  496. 
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tively  of  that  triangle  in  the  figure.  It  can  be  shown  that  the  four 
imaginary  points  in  which  that  conic  cuts  the  conic  through  P2P3P4P5 
and  a  chosen  origin  are  the  points  which  mark  for  that  origin,  or  any 
origin  on  its  conic,  the  Hessian  of  the  quartic  marked  by  P2P3P4P6. 
A  second  (imaginary)  quadrangle  P2FS Pip's  on  the  conic  has  the  same 
Hessian  quadangle  as  PaP8P4P6,  and  is  apolar  with  PgPgP4P5. 

Morley  anticipated  that  the  next  step  towards  the  construction  of  an 
(11,  1)  and  a  (13,  1)  must  be  the  construction  of  the  marking  points  of 
the  canonizant  cubic  (8,  8).  It  seems  more  practicable  to  look  either  for 
another  quadratic  covariant  or  for  a  quintic  one,  and,  having  found  either, 
to  apply  the  construction  for  linear  covariants  of  a  quintic  and  quadratic 
to  the  new  quintic  or  quadratic  and  the  old  quadratic  or  quintic. 

Two  quadratics  at  once  suggest  themselves  as  ready  at  hand,  viz., 
the  quadratic  (5,  1)  (7,  1)  itself,  and  the  quadratic  of  common  harmonic 
conjugates  of  this  pair  and  (2,  2).  Taken  with  (1,  5),  however,  they  pro- 
vide linear  covariants  which  present  themselves  with  high  degrees  in  the 
coefficients,  25  and  87  in  the  one  case  and  29  and  48  in  the  other,  which 
it  is  not  easy  to  examine. 

We  shall  see,  however,  that  a  quintic  covariant  of  the  needful  simplicity 
is  available. 

8.  Before  obtaining  and  applying  this  quintic,  let  us  exhibit  a  con- 
struction, alternative  to  Morley*s,  for  his  two  linear  covariant  points  of 
a  quintic  marked  by  PiP^PsPiPs  atid  a  quadratic  marked  by  -45  on  the 
conic  through  these  points — on  the  P-conic,  let  us  say.  Take  C  the 
pole  of  AB  for  the  conic.  A  conic  passes  through  and  is  determined  by 
CP2P8P4P6.  It  A,  B  are  real,  as  well  as  the  P's,  the  points  D,  E, 
where  CA,  GB  meet  this  conic  again,  can  be  linearly  constructed,  as  we 
know  C  and  four  other  points  on  the  conic ;  and  so  can  jP,  the  pole  of 
DE,  with  regard  to  this  conic.  If,  on  the  other  hand,  as  happens  in  the 
cases  of  most  importance.  A,  B  are  imaginary  on  a  real  connector  with 
a  real  pole  C  for  the  P-conic,  we  can  still  find  P  by  a  real  linear  con- 
struction :  for,  through  G  we  can  linearly  construct  any  number  of  pairs 
of  conjugate  lines  with  regard  to  the  P-conic — two  pairs  suffice,  e.g., 
construct  the  conjugates  of  CP2,  GP^  —  and  these  meet  the  conic 
(GP^P^PiP^  in  pairs  of  an  involution,  also  constructible ;  and  the  pole 
of  this  involution  is  F.  Now,  having  P,  in  either  case,  take  Qi,  where 
GPi  meets  again  the  P-conic,  and  let  FQi  meet  this  conic  again  in  Q. 
This  point  and  P,  where  CQ  meets  the  P-conic  again,  are  the  two  co- 
variant  points  required  on  that  conic. 

The  directly  obtained  geometrical  theorem  is  that  the  Q  and  P  thus 
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obtained  from  Pi  and  (CP^PsPiPsI  are  equally  obtained  in  the  same  way 
from  Pg  and  {CPiP^P^P^,  and  from  the  other  three  separations  of  the 
five  P*8  into  one  and  four. 

Notice  the  further  geometrical  conclusion  involved  in  the  identical 
character  of  the  passage  from  P^  to  P  with  that  from  P  to  Pi-  Not 
only  is  P  the  second  covariant  point  of  AB  and  PiPaPgPiPg,  but  every 
one  of  the  six  points  PPiPaP8P4P5  is  the  second  covariant  point  of  AB 
and  the  quintic  marked  by  the  other  five. 

In  the  first  of  the  two  figures  drawn,  A,  B  are  taken  real  and  at 
infinity.  In  the  second  they  are  taken  imaginary  and  nearly  on  a  directrix 
of  the  P-conic. 


To  prove  the  construction,  we  project  the  tangent  at  B  to  infinity, 
and  AB  and  the  tangent  at  A  into  rectangular  axes,  so  that  xy  is  the 

5 

quadratic  and  a;  =  ^  is  the  P-conic,  the  quintic  being   ll(x—ty)  =  0, 

as  in  §  1.  The  collineations  being  always  the  same,  the  apparent  treat- 
ment of  the  quadratic  points  as  real  is  immaterial.  The  two  linear 
covariants  are 

^'      Uix^ty)     and     u{t^  +  f){xy)\ 


dx^dy' 


If  the  former  is  x-^ry,  the  latter  is  x+ry ;  and  the  two  are  harmonic 
conjugates  with  regard  to  xy,  i.e.,  are  reflections  of  one  another  in  the 
axis.  T  is  the  ratio  of  the  sum  of  the  products  of  ^i,  t^,  t^,  t^,  t^  three 
together  to  the   sum  of  the  products  of  them   two  together  ;    and,  if 
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^i>  ^f  Hi  ^4  denote  the  sums  of  the  products  of  a  chosen  four  of  them, 
^  ^9  ^Af  hi  0^^*  ^^o>  ^^^  three  together,  this  fact  may  be  written 

«8+(^l  — t)S2— ^T«i   =   0, 

an  equality  of  which  one  interpretation  is  that  the  point  (sjsi,  sjsi)  lies 
on  the  connector  of  the  points  r  and  —  ^2  on  the  parabola.  If  then  the 
point  (Ss/^i,  s^/si)  can  be  constructed,  the  connector  of  it  with  the  point 
—  ^,  i.e.,  with  the  reflection  of  the  point  ^,  i.e.,  of  Pj,  in  the  axis  y  =  0, 
will  determine  the  first  covariant  point  r  as  its  second  intersection  with 
the  parabola.  Reflection  in  the  axis  will  then  give  the  second  covariant 
point  —  T. 

Now  the  conic  through  ^,  ^g,  t^,  t^  on  the  parabola  and  C  the  point 
at  infinity  on  the  tangent  at  the  origin,  i.e.,  the  pole  of  the  axis  AB,  is 

x^—Sixy+s^x—s^y+s^  =  0; 
and  the  polar  of  {sjsi,  sjsi)  with  regard  to  this  is 

SsX—SiSj^y+8^  =  0. 
But  the  equation  of  the  conic  may  be  written 

{SsX—SiSsy+s^)(SiX+s^  =  (58+S1S4— ^i^a^s)^  ; 
so  that    s^x—SiS^y+s^  =  0    is  the  line  joining  the  points  where  CA 
{x  =0)  and  CB  (the  line  at  infinity)  are  cut  by  the  conic,  as  well  as  at  C. 

Accordingly,  the  geometry  generalized  by  projection  at  the  outset  of 
this  article  is  justified. 

Of  the  two  linear  co variants  constructed,  t,  i.e.,  (J,  is  of  degrees  1  in 
the  coefficients  of  the  quintic  and  2  in  those  of  the  quadratic,  while  —  r, 
i.e.,  P,  is  of  degrees  1  and  3.  Applying  the  construction  to  a  quintic 
(1,  5)  and  its  covariant  (2,  2),  the  Q  obtained  is  then  the  unique  (5,  1),  and 
the  P  the  unique  (7, 1),  of  (1,  5). 

4.  With  a  view  to  further  constructions  it  is  desirable  to  look  first 
for  covariants  which  can  be  broken  up  into  linear  factors  rational  in  the 
roots  of  our  quintic  (1,  5).  The  marking  points  of  such  covariants  we 
may  hope  to  be  able  to  construct. 

A  linear  factor  of  a  covariant  of  order  cr  which  has  this  property,  and 
is  not  a  product  of  other  rational  covariants,  must  have  for  the  coefficient 
of  a;  in  it  a  function  of  the  differences  of  ti,  t^t  ...,  t^  which  is  isr-valued 
for  permutations  of  those  letters. 

Now  no  functions  exist  which  are  lower  than  6-valmed  for  permutations 
of  five  letters,  except  one-valued  or  symmetric  functions.  It  is  useless, 
then,  to  look  for  covariants  of  orders  between  1  and  6  with  the  property 
in  question. 
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One  of  order  6  will  be  introduced  presently.  For  our  immediate 
purpose,  one  of  odd  order  is  desired;  and  one  of  order  5  is  at  once 
obtained  from  the  5 -valued  function 

which  is  —  (atl+Sbtl+Sct^+d), 

if  (a,  6,  c,  d,  e,f){Xf  yf  is  the  quintic  (1,  5). 

The  linear  covariant  of  the  five  linear  forms  ti,  t^,  ...,  ^5  which  this 
J  ead  8    VI  z 

a  factor  of  the  quintic  covariant  of  (1,  5)  which  we  are  investigating,  is 
the  linear  polar  of  ti  with  regard  to  the  other  four.  The  product  of  the 
five  such,  being  of  order  5  with  leading  coefficient  of  weight  15,  is  of 
degree  ^(2.15+5)  =  7,  and  is  accordingly 

a^  n  iafi+Sbf+Sct+d), 

1 

To  identify  it,  let  us  find  the  teritis  free  from  c,  cZ  in  its  expression 
in  terms  of  the  coefficients.     These  are  given  by 

a*  n  iafi+Sbe)  =fU  (at+Sb)  =  —f{a,  6,  0,  0,  e,/)(36,  -af 
1  I  fl 

=  fi-a^f+na^be-162b% 

In  terms,  then,  of  the  complete  system  of  concomitants  exhibited  in  my 
Algebra  of  Quantics,  §  235,  for  the  semi-canonical  form 

(a,  6,  0,  0,  ^,/)(a:,  2/)^ 
the  covariant  specified  is 

81(7,  5)-(4,  0)(8,  5)+22(2,  2) (5,  3). 

It  has  just  as  much  right  to  be  taken  as  the  irreducible  covariant  of 
degree  7  and  order  5  in  a  complete  system  of  irreducibles  as  has  the 
more  usual  (7,  5)  itself. 

The  marking  points  of  the  linear  factors  of  the  (7,  5)  thus  found  can 
be  easily  constructed  as  follows.  Construct  the  harmonic  conjugate  of 
the  tangent  at  Pi  with  regard  to  P1P21  PiPa*  and  also  that  with  regard 
toPiP4,  A ^5-  ^b^n  constructr  the  harmonic  conjugate  of  the  same  tan- 
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gent  with  regard  to  these  two  harmonic  conjugates,  and  let  it  cut  the 
conic  in  B^.  Similarly  construct  B^,  i?g,  JB4,  jBg  from  Pg,  Pg,  P4,  Pg  and 
the  other  sets  of  five,  taken  in  pairs  in  any  way  in  each  ease.  Bi  B2BsB^B^ 
marks  the  covariant  specified. 

To  prove  this,  project  the  conic  into  a  parabola  with  Pi  at  infinity,  thus 
getting  X ,  to,  t's,  tl,  ^5  for  ti,  t^,  ^3,  ^4,  t^.      The  ti  factor  of  the  covariant 


becomes 


which  cuts  a;  =  ^  on       y  =  J (^+^3+^4+^5), 

i.e.,  on  the  parallel  to  the  axis  through  the  centroid  of  P2,  P3,  Pi,  P5 ;  and 
a  construction  for  this  has  been  given  in  projective  form  above. 

Bi  is  also  the  point  of  contact  of  the  second  tangent  to  the  conic  from 
the  point  Qi,  constructed  as  in  §  1,  which  is  conjugate  to  Pj  with  regard 
to  every  conic  through  PaP3P4P5. 


5.  By  Morley*s  construction,  or  that  of  §  3,  we  can  now  find  the  two 
marking  points  Q\  P'  of  two  linear  covariants  of  the  (7,  5)  which  has 
been  constructed  and  the  (2,  2).  The  degrees  of  these  linear  covariants 
in  the  coefficients  of  (1,  5)  will  be  7+2 . 2  =  11  for  Q\  and  7+3.2  =  18 
for  P'.  The  two  are  harmonic  conjugates  with  regard  to  (2,  2).  We  need 
to  be  sure  that  Q'  and  P'  do  not  coincide  with  the  P  and  Q  before  ob- 
tained, respectively :  they  cannot  coincide  respectively  with  Q  and  P,  for 
coincidence  would  mean  algebraical  identity  but  for  an  invariant  factor, 
and  no  invariant  of  degree  6  exists.  When  we  have  shown  either  that 
the  (11,  1)  marked  by  Q'  is  not  merely  (4,  0)(7,  1),  or  that  the  (13,  1) 
marked  by  P'  is  not  merely  an  invariant  multiple  of  (5,  1),  the  other  fact 
will  follow,  and  we  shall  know  that  Q,  P,  Q',  P'  mark  four  linear  co- 
variants  which  are  entitled  to  places  in  a  complete  system  of  twenty- 
three  irreducible  concomitants  of  the  quintic. 

For  the  examination  of  such  questions  there  is  great  convenience  in 
the  use  of  Hammond's*  so  called  (a,  6,  c)  canonical  form  of  a  quintic. 
This  canonical  form  is  the  one  arrived  at  when  we  apply  such  a  linear 
transformation  to  the  quintic  as  to  reduce  the  canonizant  (3,  8)  of  the 
quintic  to  the  ordinary  canonical  form  k  {a^+y^.  As  the  canonizant  and 
the  quintic  are  apolar  forms,  the  latter  must  assume  such  a  form  as  to  be 
annihilated  by  0ISyf—{SlSx)^.     Whence  d  =  a,  e  =  b,  f  =  c. 

The  forms  in  Hammond's  complete  system  of  concomitants  {loc.  cit.) 


♦  Froc.  London  Math,  Soe.,  Vol.  zxvn.,  p.  393. 
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are  not  in  all  cases  quite  the  same  as  those  of  Gay  ley*  and  Salmon,  or  as 
those  of  the  list  referred  to  in  my  Algebra  ofQuantics ;  and  it  is  necessary 
to  have  before  us  a  partial  table  of  equivalences  in  the  three  notations. 


Catlet. 

FiLT.TOTT. 

HAiocoin). 

(4,0) 

(4,  0)+ 

-  9(4,0) 

(8,0) 

(8,0) 

-27  (8,  0) 

(12,  0) 

(12,  0) 

-27  (12,  0) 

(18,  0) 

-(18,  0) 

729  (18,  0) 

(5,1) 

(5,1) 

9  (6,  1) 

(7,1) 

(7,1) 

-27(7,1) 

(11,  1) 

-(11,  1) 

-81  (11,  1) 

(18,  1) 

-6(18 

,  l)-2(8,  0)(5,  1) 

486  (13,  1) 

(2,2) 

(2,  2) 

-3(2,2) 

(6,2) 

(6,2) 

9  (6,  2) 

(8,2) 

(8,2) 

27  (8,  2) 

(8,8) 

(8,3) 

(8,3) 

(5,8) 

(5,8) 

9(5,3) 

(3,5) 

(3,5) 

-3(8,6) 

(7,5) 

(7,. 

5) -(2,  2)  (5, 

8) 

-9(7,  5)+27(2,  2)(6,  8) 

Thus  the  (7,  5)  constructed  in  the  last  article  is,  in  Hammond's  notation, 
after  division  by  —27, 

27  (7,  5)  +  (4,  0)(8,  6)+22(2,  2)(5,  3). 

For  his  canonical  form 

(1,  5)  =  (a,  6,  c,  a,  6,  o)(a:,  //)^ 

the  expressions  for  those  of  Hammond's  concomitants  which  we  require 
are,  writing  a',  h\  c\  k  for  bc—a!^,  ca^-b^,  ab—c^^  Sabc—a^—b^—c^ 
respectively, 


♦  Salmon,  Higher  Algebra,  4th  ed.,  p.  237.     Cayley'e  Collected  Workt,  Vol.  n.,  p.  282. 
t  Algebra  of  Quanties,  p.  309.     On  p.  307  the  sig^  is  different,  and  a  coefficient  has  dropped 
out.    Readthere  {af-'Zbe+2cd)^^i  {ae^4bd+Z(^{bf^iee-¥Zd^). 
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(4,  0)  =  4a'c'-6'', 

(8,  0)  =  ev, 
(12,  0)  =  h*, 
(18,  0)  =  ;t*(a'»-c'*), 

(5,  \)  =  k  (a'iB+c'y), 

(7,  1)  =  A  |-(2c'«+a'J')x+(2a"+J'c').y;-, 
(11,  l)  =  ^(a'«-c'y), 

(18.  l)  =  *«(c"'x+a'V). 
(2,  2)  =  c'3?-b'xij-\-a'y\ 
(6,  2)  =  T^xy, 
(S,2.)  =  }c'{c'3^-a'y\ 
(8,  8)  =  A:  (!»+/), 

(6,  8)  =  k{b'x^-2a'x'y+2c'xy*-b'y^, 

(8,  5)  =  {2a'y-b'x){a,  b,  c,  a,  6)(x,  y)*-{2c'x-b'y){b,  c,  a,  b,  cHx,  y)*, 
(7,  5)  =  ]c^{ax^+9bx*y+2c3^y*-2ax^i^-8bxy*-cy'^). 

6.  The  Q',  P"  to  the  construction  of  which  we  have  been  led  mark 
respectively  the  (11,  1)  obtained  by  operating  with  (2,  2)^  on,  and  the 
(18,  1)  obtained  by  operating  on  (2,  2)'  with,  the  quintic 

27(7,  5) +  (4,  0)(8,  6)+22(2,  2)(5,  8), 

the  operator  in  each  case  having  d/dy,  —  d/dx  in  it  for  x  and  y.    We  seek 
first  the  latter,  P',  by  use  of  Hammond's  canonical  form. 

After  some  tedious  simple  algebra  we  find  that  the  coefScient  of  x  in 
(7,  6)  on  (2,  2)»  is  860A»(2c"'-a'6'),  while  that  of  y  is  the  result  of  inter- 
changing a  and  c  in  this.     Thus  27  (7,  5)  on  (2,  2)"  is 

27.860  {2(18,  l)-(8,0)(5,  1)}. 

Again,  (8,  5)  on  (2,  2)*  is 

(a,  b,  c,  a,  b)  (^,  -  ^*  \  -8  (4,  0)  x(c'x»-6'xy+a'yV} 

+{b,  c,  a,  b,  c)  (^,  -  ^)*  {  -8  (4, 0)  y(c'x^-b'xy+a'yy\. 
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which  can  only  be  a  numerical  multiple  of  (4,  0)(5,  1).  To  find  what 
numerical  multiple  it  suffices  to  compare  the  coefficients  of  any  particular 
term.     The  coefficient  of  (4,  0)  a^a;  is  that  in 

-8(4,  0)(a,  0,  0,  a,  0)(^,  -^)*(aV)». 

i.e.,  it  is  —8.4.8.2.1  =  — 72,  while  in  (4,  0)  i(a'a;+c'y)  it  is  +1. 
Thus  (4,  0)(8,  5)  on  (2,  2)«  is  -72  (4,  0)^  (5,  1). 

Lastly,  (2,  2)  on  (2,  2)®  is  9(4,  0)(2,  2)^ ;  and  the  leading  coefficient  of 
(5,  8)  on  (2,  2)^  is  that  in 


{      ffi  93  38  r)8 


i.e.,  it  is  4A;a'(4a'c'-6'*),  which  leads  4(4,  0)(6, 1).     Thus  22(2,  2)  (5,  8) 
on  (2,  2)'  is  22 . 9 .  4(4,  0)"  (5,  1). 

It  follows  that  the  C(«stnicted  (18,  1),  P',  is 

27.860  {2(18,  l)-(8,  0)(6,  l)}-72(4,  0)«(5,  l)+22.86(4,  0)«(5,  1), 

i.e.,  after  division  by  860, 

54  (13,  1)  -27  (8,  0)(5,  l)+2  (4,  0)«  (5,  1).  (P') 

The  constructed  (11, 1),  Q',  has  its  expression  obtained  by  writing  down 
the  harmonic  conjugate  of  this  with  regard  to  (2,  2).  In  the  canonical 
notation  used  it  is  at  once  given  by 

[54*3  (c'»|-a'»|)-{27/^6'-2(4aV-6'V}  U  (a'|-o'^J] 

y.(c'x'-h'xy+a'3?), 
in  which  the  coefficient  of  x  is 

54F  (-  6'c'»-  2a'V)  -  27/t»6'  {-a'V  -  2c'»)  +2  (4a'c'  -  6")  A  (-a'6'  -2c'»), 

i.e.,  -27(4a'c'-6'*)*"a'+2(4a'c'-6'*)ft(-a'6'-2c'»), 

from  which  the  invariant  Aa'c'—b'^  =  (4,  0)  divides  out,  as  it  should,  and 
the  other  factor  is  minus  the  leading  coefficient  in 

27(11,  l)-2  (4,0) (7,1),  «?') 

which  is  accordingly  the  harmonic  conjugate  Q'  required. 
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In  Gayley's  notation  the  expressions  for  P'  and  Q',  affected  by  suitable 
numerical  factors,  are  respectively 

81 1(13,  l)+(8,  0)(5,  1)1+2(4,  0)^(5,  1), 

and  81(11,  1) +2(4,  0)(7,1). 

7.  There  is  a  quite  different  procedure  by  which  we  can  construct  a 
(18,  1)  of  a  given  (1,  5).  We  are  able  to  construct  the  linear  polar  of  a 
linear  form  with  regard  to  a  given  sextic.  The  following  is  an  immediate 
method :  another  has  been  described  by  Mr.  C.  F.  Russell  (see  reference 
below). 

We  want  the  polar  one  point  of  a  given  point  ^  on  a  conic  with  regard 
to  six  given  points  jBi,  B^,  ...,  B^  on  that  conic.  Construct  the  pole  G  of 
the  tangent  at  A  with  regard  to  the  triangle  BiB^B^:  this  is  merely  a 
matter  of  joining  points  and  finding  harmonic  conjugates.  Also  construct 
H  the  pole  of  the  same  tangent  with  regard  to  the  triangle  B^B^Bq. 
Then  construct  AB  the  harmonic  conjugate  of  the  same  tangent  with 
regard  to  AG  and  AH.  The  point  B  where  this  meets  the  conic  again 
is  the  polar  point  required. 

To  prove  this,  consider  the  tangent  at  A  to  have  been  projected  to 
infinity,  so  that,  x  =  y^  being  the  conic,  we  want  the  linear  polar  of 
y  =  0  with  regard  to  a  given  sextic  pencil 

U(x—ty)  =  0. 
1 

This  is  ^  IT  {x—ty)  =  0, 

i.e.,  it  is  ^x—(ti+t2+...  +  t^y  =  0, 

which  meets  x  =  t/^  on        Qy  =  ^1+^2  + •••  +  ^6» 

i.e.,  on  the  parallel  to  t/  =  0  through  the  centroid  of  jBi,  2i.2»  •••»  -?^6> 
i.e.,  on  the  parallel  to  the  axis  through  the  middle  point  of  the  connector 
of  the  centroids  of  BiB2B^,  B^B^B^. 

It  may  be  remarked  that  always  the  construction  of  the  linear  polar  of 
a  linear  form  for  a  binary  n-ic  is  obtained  by  expressing  projectively  a 
construction  for  the  line  in  a  given  direction  which  passes  through  the 
centroid  of  n  points. 

Now  we  have  ready  for  use  a  constructed  sextic  covariant  of  a  given 
quintic  P1P2P3P4P6.     I  have  shown*  how  to  construct  by  points  an  im- 

*  *'  A  Pascalian  Theorem  as  to  Pentagons,*'  Quarterly  Journal^  Vol.  xzzvni.,  p.  265. 
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portant  (6,  6),  reducible  in  Hammond's  notation  as  9(1,  5)(6, 1)— 25(8,  8)^, 
which  is  that  of  which  the  leading  coefficient  is  the  product  of  the  roots 
of  the  sextic  resolvent  of  the  quintic  equation.  Let  P^Ps^  -P3P4  meet  in 
Yj,  and  YiPi  cut  the  conic  again  in  P[:  this  can  be  found  linearly  in 
virtue  of  Pascal's  theorem.  Cyclically  let  P3P1,  P^Ps  meet  in  Yg,  and 
Y2P2  cut  the  conic  again  in  P2.  Further,  let  P1P2,  PiP2  meet  in  Z,  and 
ZP4  cut  the  conic  again  in  Xi.  This  and  the  five  other  points  constructed 
in  like  manner,  taking  the  P's  in  the  cyclical  arrangements  12458,  12584, 
12548,  12485,  12854,  are  the  marking  points  Zi,  X^,  ...,  ^  of  the 
(6,  6). 

The  linear  polar  of  (5,  1)  with  regard  to  this  (6,  6)  can  be  constructed 
as  above.  We  proceed  to  exhibit  it  as  a  (18,  1).  What  we  need  is  the 
result  of  operating  with  (5,  1)*^  on 

9(1,  5)(5,  l)-25(8,  8)^ 

Since  (5, 1)  as  an  operator  annihilates  (5,  l),the  result  of  operating  with 
(5,  1)*^  on  (1,  5) (5, 1)  is  only  an  invariant  multiple  of  (5,  1).  This  multiple 
is,  in  Hammond's  canonical  form, 

k'  (a'  ^  -c'^)'  (a.  6,  c,  a,  6,  c)(x,  t/)^ 

i.e.,  it  is  120  times 

A*(a'*^c-5a'V6+10a'V^a-10a'V»c+5aV*6-c'^a) 

=  k'  1a'^a'«~10O(a'6'-c'^-5aV(a'«-c'3)(aV-6^ 

+  c'''^(10a'«-c'8)(6V-a'^;- 

=  A;*(a'»-c'8)|a'^(a'6'-c'^-5aV(aV-6'*)+c''(i'c'-a'^-9a'2c'2;- 

=  i*(a'»-c'8)|-AV-(4aV-6'^2} 

=  -(18,  0)1(8,  0)+(4,0)^}. 

Again  the  result  of  operating  with  (5,  1)*  on  (8,  8)^  is 

47  Lf  ^  ^c' S-Y  ix^+^xY+y")  =  720i''(a'»-c'8)(c'2a:+a'V 
\       2f  ex/ 

=  720(18,  0)(18,  1). 

Rejecting  then  the  invariant  factor    —360(18,0),  the  linear  covariant 
which  we  have  just  constructed  is 

50(13,  l)+8  { (8,  0)+(4,  0)"}  (5,  1).  (FO 
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The  harmonic  conjugate  of  this  (18,  1)  with  regard  to  (2,  2)  is  not  an 
(11,  1)  but  a  (15,  1),  namely,  as  ascertained  by  the  method  of  §  6, 

25  (4,  0)(11,  D-  {28  (8,  0)+8  (4,  0)^}  (7, 1).  (Q'O 

In  fact  every  (11, 1)  is  included  in 

(11,  l)+\(4,  0)(7,  1), 

for  some  numerical  value  of  \ ;  and  those  (18,  l)'s  which  are  harmonic 
conjugates  of  (11,  l)'s  with  regard  to  (2,  2)  form  the  restricted  system 

2  (18,  D-  (8, 0)(5,  l)-\  (4,  0)»  (5, 1). 

8.  There  is  a  way,  independent  of  Morley's  at  its  outset,  by  which 
linear  covariants  of  a  quintic  can  be  constructed,  which  I  have  not 
followed  out  in  detail,  but  to  which  I  will  now  allude. 

Mr.  G.  F.  BusselP  has  indicated  a  finite  succession  of  linear  processes 
by  which  we  can  arrive  at  the  point  of  a  conic  which  accompanies  n— 1 
given  points  in  forming  a  system  apolar  with  n  other  given  points :  in 
other  words,  he  has  shown  that  we  can  construct  a  linear  covariant  of  an 
(n— l)-ic  and  an  w-ic — one  of  partial  degrees  1,  1  in  the  coefficients  of  the 
(n— l)-ic  and  n-ic.  In  particular  a  linear  covariant  of  a  quintic  and  sextic 
is  thus  given.  There  would  be  failure  of  the  construction  if  the  quintic 
and  sextic  were  themselves  apolar  forms,  but  this  case  does  not  arise 
when,  for  instance,  we  take  (1,  5)  and  my  (6,  6)  of  the  last  article. 
Taking  them  we  arrive  at  the  linear  (7,  1).  Again,  taking  the  (7,  5)  of 
§  4  and  the  same  (6,  6),  we  are  led  to  the  construction  of  a  (18,  1). 

To  proceed  from  these  to  (5,  1)  as  a  companion  of  (7,  1),  and  to  a 
companion  of  the  constructed  (18,  1),  which  may  prove  to  be  an  (11,  1)  or 
a  (15,  1),  the  natural  course  is  to  proceed  with  Morley  and  construct 
(2,  2),  then  obtaining  the  harmonic  conjugates  with  regard  to  it  of  (7, 1) 
and  the  (18,  1). 

However,  the  sextic  made  use  of  being  9(1,  5)(5, 1)— 25  (8,  8)^  and 
(1,  5)  and  (3,  8)^  being  readily  seen  to  be  apolar  forms,  Mr.  Russell's 
point  for  the  sextic  and  (1,  5)  is  also  his  point  for  (1,  5)(5,  1)  and  (1,  5). 
Thus,  algebraically,  (7, 1)  is  obtained  by  operating  with  (1,  5)  on  (1,  5)  (5, 1). 
It  is  also  true  that  (5,  1),  multiplied  by  an  invariant,  is  given  by  operating 
with  (1,  5)  on  (1,  5)  (7,  1) ;  and,  in  fact,  using  Hammond's  canonical  form, 
it  is  easy  to  see  that  the  result  of  operating  with  (1,  5)  on  the  product  of 


♦  "  On  the  (Geometrical  Interpretation  of  Apolar  Binary  Forma,**  Froe,  London  Math.  Soc, 
Ser.  2,  Vol.  4,  p.  342. 
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(1,  5)  and  any  linear  form  is  the  harmonic  conjugate  of  that  form  with 
regard  to  (2, 2).  Assuming,  then,  that  in  Russell's  sequence  of  constructions 
no  indeterminateness  presents  itself  when  his  five  points  are  also  five  of 
his  six  points,  or,  as  will  no  doubt  be  the  case,  that  a  determinate  and 
simplified  sequence  of  constructions  will  be  applicable  under  such  circum- 
stances, we  have  a  means,  without  the  construction  of  (2,  2),  for  obtaining 
the  (5,  1)  point  when  the  (7,  1)  point  is  known,  and  the  (11,  1)  or  (15,  1) 
point  which  is  the  conjugate  of  the  (13,  1)  point  when  this  is  available. 

9.  I  will  conclude  with  a  few  remarks  on  the  geometrical  grouping  of 
related  quadratic  and  linear  covariants.  Geometrically,  as  well  as  in  the 
algebraical  theory  of  irreducibles,  quadratic  covariants  of  a  given  quintic 
form  triads,  and  linear  covariants  tetrads  associated  with  these  triads.  It 
seems  a  desirability  to  exhibit  a  fundamental  triad  and  tetrad  having  an 
association  of  the  greatest  possible  geometrical  simplicity.  It  is  an  in- 
teresting, and  perhaps  a  remarkable,  fact  that  algebraical  irreducibility 
and  geometrical  simplicity  of  relationship  do  not  go  together.  The  (2,  2), 
(6,  2)  and  (8,  2)  of  an  irreducible  system  have  not  the  compactness  as  a 
geometrical  triad,  and  the  symmetrical  relationship  to  a  tetrad  of  linears, 
which  are  possessed,  for  instance,  by  (2,  2),  (8,  2)  and  the  (10,  2)  which  is 
reducible  as  (4,  0)(6,  2) -(8,  0)(2,  2),  or  by  (6,  2),  (8,  2)  and  the  (14,  2) 
reducible  as  (8,  0)(6,  2) +(12,  0)(2,  2).  Each  of  these  last  two  triads  con- 
sists of  three  pairs  of  elements  of  which  every  two  pairs  are  harmonically 
conjugate.  Associated  with  every  such  triad  a  best  tetrad  of  linears  to  fix 
upon  consists  of  either  (5,  1)  or  (7,  1)  and  its  harmonic  conjugates  with 
respect  to  the  three  pairs  of  the  triad.  We  then  have  the  figure  of  an 
inscribed  quadrangle  and  its  harmonic  triangle.  With  the  first  of  the 
two  self -con  jugate  triads  named  above  there  thus  goes  the  tetrad  of 
linears  (5,  1),  (7,  1),  (13,  1)  and  the  (15,  1)  which  is  reducible  as 

(4,  0)(11,  l)-(8,  0)(7,  1) ; 

and  with  the  second  goes,  for  instance,  the  tetrad  (5,  1),  (11,  1),  (13,  1) 
and    the   reducible    (8,  0)(11,  1)+(12,  0)(7,  1).       Hammond's   canonical 
orms  for  this  second  triad  and  tetrad  have  marked  simplicity,  being 

Ic^xyy  A;(a'a;-|-c'y), 

A^(c'a;«-a'y^,        A»(a'x-c'i/), 

Having  any  tetrad   of   linears   we    construct    the    associated    triad 
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of  quadratics  by  drawing  the  sides  of  the  harmonic  triangle  of  the 
quadrangle  of  marking  points  of  the  tetrad,  the  intersections  of  these 
with  the  conic  being  the  pairs  of  marking  points  of  the  quadratics.  This 
can  be  applied  to  tetrads  of  linears  which  we  have  constructed.  For 
instance,  with  the  tetrad  of  linears  (5,  1),  (7,  1),  Q\  P'  goes  the  triad  of 
quadratics  ^^^  2), 

2  i(12,  0)-(8,  0)(4,  0)}  {27(6,  2)-2(4,  0)(2,  2)}  +27(8,  0)(5,  l)^ 

54(18,  0)(2,  2)-27(4,  0)(5,  1,)(11,  l)+2(4,  0)^(5,  1)(7,  1), 

the  notation  being  Hammond's,  as  it  has  been  throughout  where  the 
contrary  has  not  been  stated. 
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ON  THE  INEQUALITIES  CONNECTING  THE  DOUBLE  AND 
REPEATED  UPPER  AND  LOWER  INTEGRALS  OP  A 
FUNCTION    OF    TWO    VARIABLES 

By  W.  H.  Young,  Sc.D.,  F.R.S. 

[Received  February  28th,  1908.— Bead  March  12th,  1908.] 

1.  When  fix,  y)  is  a  bounded  function  of  two  variables,  the  inequalities 

\\fi^f  y)dxdy  '^jdy  J/(x,  y)dx  ^\dy  f /(x,  y)dx^  \\f^^'  y)dxdy, 

or,  using  obvious  abbreviations, 

upper  double  ^  upper-upper  >  lower-lower  >  lower  double, 

between  the  upper  and  lower  double  (proper)  integrals  and  the  two 
extreme  repeated  (proper)  integrals  are  well  known.* 

That  these  inequalities  do  not  necessarily  hold  when  the  integrand 
is  an  unbounded  function,  in  which  case  the  integrals  concerned  are 
improper  integrals,  may  be  inferred  from  the  study  of  stray  examples 
given  incidentally  by  previous  writers. 

Thus,  in  the  example  given  by  Dr.  Hobson,+  /(x,  y)  has  an  improper 
double  integral,  whose  value  is  zero,  while  its  integral  with  respect  to  y  is 
infinite  for  a  set  of  values  of  x  everywhere  dense,  and  is  elsewhere  zero. 
Integrating,  first  with  respect  to  y  and  then  with  respect  to  x,  we  have, 

'      double  integral  =  lower  integral  of  integral  =  0, 

while  upper  integral  of  integral  =  oo , 

so  that  the  inequality  at  the  head  of  this  article  is  violated. 

It  might  be  contended  that  the  idiosyncrasies  of  this  function  are  of 
an  extreme  character.  Here  f(x,  y)  is  a  discontinuous  function  as  well 
as  an  unbounded  one ;  moreover,  its  integral  with  respect  to  ^  is  infinite 
at  an  everywhere  dense  set  of  points  on  the  y-Bxis. 

*  Prof.  Pierpont  has  given  conditions  under  which  these  inequalities  still  hold  for  in- 
tegration with  respect  to  a  set  of  points.  **  On  Improper  Multiple  Integrals,"  1906,  7}ran8. 
of  the  American  Math,  Soc.,  Vol.  vn.,  pp.  166-174. 

t  **  On  Absolutely  Convergent  Improper  Integrals,*'  1906,  Proc,  London  Math,  Soc,  Ser.  2, 
Vol.  4,  p.  166. 
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Now,  in  the  first  place,  the  admission  of  infinite  values  for  the  integral 
constantly  produces  abnormalities.  For  example,  as  I  have  lately  pointed 
out  elsewhere,*  the  theorem  that  the  integral  of  an  unbounded  function  of 
a  single  variable  is  a  continuous  function  of  its  upper  limit  is  no  longer 
always  true  if  +  oo  or  —  od  be  allowed  as  values  which  the  integral  may 
assume,  and  this  is  the  case  even  when  the  integrand  is  continuous  in 
the  extended  sense. 

In  the  second  place,  the  doubt  might  arise  whether,  if  we  took  as 
integrand  a  contiimous  unbounded  function  /(a?,  y),  the  usual  inequalities 
might  not  inevitably  hold  good. 

I  have  therefore  been  at  pains  to  construct  an  example  of  an  unbounded 
continuous  function  such  that  (1)  its  double  integral  is  finite,  (2)  its 
integral  with  respect  to  a;  is  a  bounded  non-integrable  function  of  y^ 
(8)  this  function  of  y  has  for  lower  integral  the  double  integral. 

This  example  (§  4),  beside  setting  at  rest  the  doubts  in  question,  is 
found  to  throw  considerable  further  light  on  the  various  possibilities 
which  may  arise  with  regard  to  the  inequalities  which  form  the  main 
subject  of  the  paper.  No  systematic  investigation  of  these  possibilities 
appears  to  exist,  and  the  theorems  given  in  the  paper  are,  I  believe, 
stated  for  the  first  time.  I  shew  that  (I.)  for  functions  with  a  finite 
upper  bound,  upper  double  ^  upper-upper ; 

(11.)  for  functions  with  a  finite  lower  bounds 

lower-lower  ^  loioer  double  ; 
(III.)  for  any  functions  whatever ^ 

upper  double  ^  lower-upper, 
and  (IV.)  upper-lower  ^  lower  double. 

In  case  (I.)  the  sign  of  equality  holds  when  the  integrand  is  upper 
semi-continuous,  and  it  holds  in  case  (II.)  when  the  integrand  is  lower 
semi-continuous. 

The  example  already  referred  to  (§  4)  shews  that  the  inequality  (I.) 
may  be  violated  if  the  restriction  as  to  the  finitude  of  the  upper  bound 
is  removed.  Similarly,  of  course,  (II«)  niay  be  violated  when  the  corre- 
sponding restriction  is  removed. 

It  is  then  shown  by  means  of  two  examples  (§  8)  that  a  connexion 
between  the  inequalities  (III.)  and  (lY.)  cannot  in  general  be  established  ; 
even  in  the  case  of  bounded  functions,  the  lower-upper  may  be  either 
greater  or  less  than  the  upper-lower. 

♦  •*  On  a  Test  for  Continuity,"  1908,  Proc.  of  the  EoyalSociety  of  Edinburgh,  Vol.  xxvm., 
i  8,  pp.  254,  255. 
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From  all  this  it  follows,  in  particular,  that  the  double  integral  of  an 
integrable  function  may  be  found  by  successive  upper  and  lower  integration 
whenever  one  bound  of  the  function  is  finite.  If,  however,  the  bounds 
are  both  infinite,  the  double  integral  will  not,  in  general,  be  capable  of 
calculation  by  this  method. 

One  additional  result  may  be  noticed.  It  is  known  that,  if  f{x,  y)  is 
a  bounded  continuous  function  of  the  ensemble  (x,  y),  its  integral  with 

respect  to  x  between  fixed  limits,  say  I  f(x,  y)dx,  is  a  continuous  function 

of  y.  It  is  shewn  in  §§  1-8  that,  when/,  remaining  continuous,  is  un- 
bounded even  at  one  point,  the  integral  is  in  general  an  upper  or  lower 
semi-continuous  function  of  y  according  as  /  has  a  finite  upper  or  lower 
bound  in  the  interval  considered.  We  may,  of  course,  divide  the  segment 
of  the  axis  of  x  under  consideration  into  a  finite  number  of  segments  in 
each  of  which  one  of  the  bounds  is  finite,  since/  is  continuous. 

It  should  be  added,  in  conclusion,  that  the  paper  has  been  so  worded 
that  the  definition  employed  for  improper  double  integrals  may  be  taken 
to  be  that  of  de  la  Yall6e-Poussin.  The  definition  given  by  myself  in 
my  paper  quoted  below,  presented  to  the  Cambridge  Philosophical  Society, 
leads  more  naturally  to  the  results  obtained,  but  I  have  not  explicitly 
employed  it,  with  the  object  of  rendering  the  paper  more  readily  com- 
prehensible to  those  acquainted  with  the  existing  literature  of  the  subject. 

The  range  of  integration  I  have  always  taken  to  be  a  finite  rectangle, 
and  I  have  not  thought  it  necessary  to  enter  into  the  obvious  general- 
isations which  arise  when  the  number  of  independent  variables  is  more 
than  two. 

1.  The  following  preliminary  theorem  is  fundamental : — 

Theorbm  1. — If  fix,  y)  is  an  upper  {lower)  semi'Contintu)us  function 
cf  the  ensemble  (a;,  y)  having  a  finite  upper  {lower)  bound,  (1)  its  upper 
(lower)  integral  with  respect  to  one  variable  x  is  an  upper  {lower)  semi- 
continuous  function  of  the  other  variable  y,  and  (2)  its  upper  {lower)  double 
integral  is  its  upper-upper  {lower-lower)  integral. 

It  will  be  sufficient  to  prove  these  theorems  when  f{x,  y)  is  upper  semi- 
continuous. 

Since  /(«,  y)  has  a  finite  upper  bound,  it  may*  be  expressed  as 
the  limit  of  a  monotone   descending  sequence    of    bounded    continuous 

•  •*  On  Monotone  Sequenoes  of  Continuous  Functions,**  §  6,  Cor.,  Proc,  Camb.  Phil.  Soc,, 
Lent  Term,  1908. 
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functions  fi{x,  y)  ^ U{x,  y)  '^ U{x,  y)  >  .... 

Keeping  y  constant  and  integrating  from  a  to  6  with  respect  to  Xy  and 
denoting  the  integral  of /»  by  FJ^y\  the  functions 

i^i(y)  >  ^M  >  ^aCy)  >  ..• 
form  a  monotone  descending  sequence  of  continuous  bounded  functions. 

The  limit  of  this  sequence  is  therefore  an  upper  semi-continuous 
function  of  y.  By  a  known  theorem,*  however,  this  limit  is  the  upper 
integral  with  respect  to  x  of  the  upper  semi-continuous  function  /(a;,  y). 
This  proves  the  statement  (1). 

Again,  the  double  integrals  of  /i(a;,  y),  /aCa;,  y),  ...  also  form  a  mono- 
tone descending  sequence  whose  limit  is  again,  by  a  known  theorem,  the 
upper  double  integral  of  /(«,  y). 

Since  /n(a;,  y)  is  bounded  and  continuous, 

fj/n(a?,  y)dxdy  =\dy\f{x,  y)dXy 

so  that     j]  f{x,  y)dxdy  =  JLt^  j  dy  \fn{x,  y)dx  =  Lt^  J  Fn(y)dy. 

But,  since  it  has  been  shewn  that  JF'iCy),  F^iy)^  ...  form  a  monotone 
decreasing  sequence  of  continuous  bounded  functions  of  y,  whose  limit 
F{y)  is  therefore  an  upper  semi-continuous  function  of  y,  the  last- 
mentioned  limit  is  the  upper  integral  of  F(y)y  that  is,  by  what  has  been 
proved  -  -      - 

JJ /(aJ,  y)dxdy  =\dy  \f(x,  y)dx. 

This  proves  the  statement  (2). 

2.  On  account  of  the  fundamental  character  of  the  above  theorem,  we 
now  give  an  instructive  alternative  proof  of  the  first  result. 
We  require  the  following  lemma  : — 

Lemma. — If  f(x,  y)  is  an  upper  {lower)  semi-continuotis  functuyii 
of  the  ensemble  («,  y),  and  Uy  and  Ly  are  the  upper  and  lower  bounds  of 
fix,  y)  on  any  particular  parallel  to  the  axis  of  x  between  fixed  limits 
for  Xy  then  Uy  and  Ly  are  both  upper  (lower)  semi-continiums  functions 
of  y- 

We  give  the  proof  for  an  upper  semi-continuous  function. 

♦  For  the  upper  integral  of  an  upper  semi-continuous  function  is  its  generalised  or 
Lebesgue  integral,  and  generalised  integration,  term  by  term,  is  allowable  in  the  case  of 
a  monotone  sequence.  It  is  easy  to  give  an  independent  proof  of  the  case  of  this  theorem 
used  more  than  once  in  our  investigation.  For  the  general  theorem,  cp.  Beppo  Levi,  Atti  di 
Torino,  1907. 

R    2 
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For,  if  2/1,  ^2*  •  •  •  is  a  sequence  of  values  of  y  having  y^  as  limit,  there 
will  be  a  point  P^  on  the  line  y  =  y^  where  /(ar,  yj  assumes  its  upper 
bound  C7y  .  These  points  P„  for  all  values  of  n  have  one  or  more  limiting 
points  lying  on  y  =  yQ,  and  at  such  a  limiting  point,  /(x,  y)  being  upper 
semi-continuous  with  respect  to  the  ensemble  (a?,  y),  the  value  of  f(x,  y^j 
is  not  less  than  any  limit  approached  by  the  quantities  TJy^ ;  a  fortiori, 
the  same  is  true  of  C/y^,  which  shews  that  XJy  is  an  upper  semi-continuous 
function  of  y. 

Again,  on  the  line  y  =  yo  there  will  be  a  point  Pq  where  /(«,  y)  has 
a  value  less  than  L,  where  L  is  any  quantity  greater  than  Ly.  Since 
fix,  y)  is  upper  semi-continuous  with  respect  to  y,  its  values  on  all  neigh- 
bouring lines  y  =  yn  on  the  ordinate  of  Pq  are  also  less  than  L,  and 
therefore  the  same  is  true  of  the  corresponding  lower  bounds  Ly^.  That 
is  to  say,  Ly  is  an  upper  semi-continuous  function  of  y. 

Cor.  1. — If  fiXyy)  is  a  continuoiis  function  of  the  ensemble  {x,y), 
its  tipper  and  lower  boimds  Uy  and  Ly  on  any  parallel  to  the  axis  of 
X  between  fixed  limits  for  x,  are  continuous  functions  of  y. 

Cor.  2. — If  fix,  y)  be  upper  (lower)  semi-continuous  with  respect  to 
y  only,  then  the  lower  {upper)  bound  only  is  an  upper  (loiver)  semi-continuous 
function  of  y. 

Alternative  proof  of  (1)  in  Theorem  1  : — 

Since  f{x,  y)  has  a  finite  upper  bound,  it  may  be  shewn*  that  its  upper 
integral  with  respect  to  x  is  the  lower  limit  of  its  upper  summations. 

Now,  taking  any  fixed  division  of  the  segment  (a,  b)  into  a  finite 
number  of  segments,  and  for  fixed  y  taking  the  upper  limit  of  /(a;,  y)  in 
each  segment  and  summing,  so  as  to  form  one  of  these  upper  summations, 
we  get,  by  the  preceding  theorem,  an  upper  semi-continuous  function  of  y. 

Taking  any  monotone  sequence  of  such  upper  summations,  descending 
to  the  lower  limit,  it  follows  that  that  limit  is  an  upper  semi-continuous 
function  of  y,  which  proves  the  required  result,  viz.,  that  the  upper 
integral  of  the  upper  semi-continuous  function  /(a:,  y)  with  respect  to 
X  is  an  upper  semi-continuous  function  of  y  when  f{x,  y)  has  a  finite 
upper  bound. 

8.  As  a  special  case  of  Theorem  1,  we  note  the  following  : — 

Theorem  2. — If  /(x,  y)  is  a  continuous  function  of  the  ensemble  (x,  y) 
with  a  finite  upper  {lower)  bound,  its  double  integral  is  the  upper  {lower) 
integral  with  respect  to  y  of  tlie  integral  with  respect  to  x. 

♦  This  theorem,  which  is  easily  proved,  is  probably  contained  in  Severini's  Thise,  which, 
however,  I  have  not  been  able  to  procure. 
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Further^  the  integral  with  respect  to  x  of  such  a  function  is  wn  upper 
{lower)  semi-continuous  function  of  y. 

The  following  example  shews  that   the  result  just  stated  is  all  that 
can,  in  general,  be  predicated : — 

Construction  of  a  Continuous    Unbounded   Positive    Function  f{x^  y), 
wliose  Integral  ^ 

F{y)  =  \  f(x,y)dx, 

with  respect  to  x,  is  a  Bounded  Lower  Semi-Continiums  Function  of 
y,  not  Continuous. 


Fio.  1. 


Take  the  unit  square  (Fig.  1)  and  divide  it  by  the  lines 

«  =  y,         x=:2y, 
into  three  triangles. 

In  the  isosceles  right-angled  triangle  put 


u=f(x,  y)  = 


y 


In  the  other  right-angled  triangle  put 

u=f(x,  y)  =«-*. 
In  the  remaining  triangle,  shaded  in  the  figure,  put 

-,       .       2y—x  ,    x—y        2  1  /I  1    \ 


(1) 


(2) 


(3) 
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so  that  in  this  triangle,  for  any  constant  valae  of  y, 

^>f(x.y)-^x-i,  (4) 

the  sign  of  equality  holding  only  at  the  respective  extreme  points,  and 
f(x,  y)  decreasing  in  a  monotone  manner  from  the  former  to  the  latter 
value.  Thus,  for  constant  y,  fix,  y)  is  a  monotone  decreasing  continuous 
function  of  x ;  it  is  always  positive,  and,  except  on  the  axis  of  y,  always 
finite.     On  the  axis  of  :c  it  is  :r~^. 

The  formulae  (1),  (2)  and  (8)  being  continuous  functions,  it  follows  that, 
at  any  point  of  the  unit  square  not  on  one  of  the  dividing  lines 

x  =  y,        x=2y, 

fix,  y)  is  a  continuous  function  of  the  ensemble  {x,  y).  The  same  is  true 
on  the  dividing  lines,  with  the  possible  exception  of  the  origin,  since  the 
expressions  for  fix)  in  the  two  triangles  having  that  line  as  boundary 
agree  on  that  line.  The  only  doubt  remains  at  the  origin,  where  fix,  y) 
is  infinite.  But,  if  we  draw  any  rectangle,  as  OACB  in  the  figure,  having 
the  corner  opposite  the  origin  on  the  line 

x=  2y, 

and  in  this  rectangle  draw  any  line  parallel  to  the  x-axis,  since  fix,  y) 

decreases  monotonely  along  this  line,  its  value  at  any  point,  such  as  P,  or 

P'  or  P"  in  the  figure,  is  greater  than  that  on  the  bounding  ordinate  AC, 

that  is,  greater  than  at  A,  where  it  is  x~^.     Thus,  by  taking  A  sufficiently 

near  to  0,  so  that  i 

0A<^. 

all  the  values  of  fix,  y)  in  the  rectangle  are  greater  than  k,  so  that  /  is 
continuous  at  its  infinity,  the  origin. 
Integrating,  we  have 

JP(0)  =  [  x-^dx  =  2,  (5) 

and  when  y  is  not  zero, 

F^)  =  r /(^' y^ **^+  r/(^'  y)dx+[  fix, y) dx, 

Jo  Jy  J2y 

or,  using  the  formulas  (1),  (2)  and  (8),  and  integrating 

F{y)  =  1+2-^-1  -I  (l-^'|.)+2(l-V2^)  =  i  (l-Vl)-    (6) 

From  (5)  and  (6),  we  see  that 

F{0)  =  2<i<UF{y), 
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fio  that  F{y),  though  elsewhere  continuous,  is  only  lower  semi-oontinuoaB 
at  the  origin. 


4.  Construction  of  a  CorUiiitcoiis  Unbounded  Positive  Function  f{Xf  y), 

whose  Integral  n 

F(y)  =  ^J{x,y)dx, 

with    respect    to   x    is    a   Bounded   Non-Integrable  Lower  Semim 
Continuous  Function  of  y. 


Fio.  2. 

Ex.  2. — ^We  define /(a;,  y)  in  the  unit  square  as  follows  : — 
On  the  ^-axis  take  the  typical  ternary  perfect  set  of  positive  content* 
(lying  between  ^  and  §),  say  6.  On  each  black  interval  of  G  erect  an  isosceles 
right-angled  triangle  (black  in  the  figure),  and  an  isosceles  triangle  whose 
altitude  is  equal  to  its  base  (shaded  outside  the  black  triangle). 

Let  Oi  be  the  lower,  and  bi  the  upper  end  of  the  i-th  black  interval, 
and  Mi  its  middle  point.     Then  the  line 

y=^mi 

divides  the  strip  bounded  by  the  parallels  through  Oi  and  bi  symmetrically. 
In  each  half-strip  we  have  one  black  and  one  shaded  triangle  and  a 
white  part.  We  define  fix^  y)  in  the  lower  half -strip  as  follows,  and  then 
change  (y—ad  into  (bi—y),  so  as  to  get  the  corresponding  formulsB  in  the 
upper  half-strip. 

In  the  black  triangle        f{x,  y)  = ;  (1) 

y—Oi 

*  Young's  Theory  of  Sets  of  Faints,  Ex.  1,  p.  78.  The  oonstruction  is  by  means  of  diyision 
into  8,  3',  3*,  ...,  3»,  ...  equal  parts.  The  oomplomentary  set  of  **  black  intervals  **  consists  of 
the  central  third  of  the  segment  (0,  1),  the  central  ninth  of  (0,  |)  and  (|,  1),  and  so  on. 
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in  the  white  part  /(a:,  y)  =  a:"* ;  (2) 

in  the  shaded  triangle    f{x,  y)  =    ^  ^^  ^  +  ^   J^  >  (8) 

y  y  V2y' 

where,  for  shortness,  we  write    y'  =  y—a^.  (8a) 

This  function  is,  by  the  preceding  example,  continuous  throughout  the 
half  strip,  and  therefore  throughout  the  whole  strip,  since  the  values  of 
the  given  expressions  in  the  two  half  strips  agree  on  the  median  line.  On 
the  two  extreme  lines 

y  =  (hf        y=bu 

we  have  f{Xy  y)  =  x'^,  (4) 

which  also  expresses  the  function  on  any  parallel  through  a  point  of  the 
perfect  set  G.  The  function  f{x,  y),  so  defined  for  the  whole  unit  square 
is  then  clearly  a  positive  continuous  function  of  the  ensemble  (x,  y),  and 
is  finite  everywhere  except  at  the  points  of  G,  where  it  is  infinite. 

Integrating,  we  have 

F{y)  =  2  at  all  the  points  of  the  perfect  set  (r, 

while  elsewhere 

^(y)  =  |[l-(y-^)*]    or    f[l~(6~y)*], 

according  as  y  lies  in  the  lower  or  the  upper  half  of  the  black  interval 
(Oi,  6i)  or  di.  Thus  F{y)  is  lower  semi-continuous  at  every  point  of  the 
perfect  set  G  and  is  elsewhere  continuous ;  it  is  therefore  a  non-integrable 
function  of  y. 

Since  F{y)  is  lower  semi-continuous,  its  lower  integral  is  its  generalized 
integral,  that  is 

2I+22p  F(y)  dy  =  21+72  [i(Z,-f  (Jdi)*]  =  |-f /- 1^  2d[ 

(where  /  is  the  content  of  G),  which  is  the  value  of  the  double  integral  of 
/(«,  y)  over  the  unit  square. 

It  may  be  noticed  that  the  upper  integral  of  F{y)  only  differs  from  the 
above  by  taking  ^  instead  of  2  at  all  the  points  of  G,  so  that 


lFmy==\-'-^M- 


Thus  the  upper  integral  of  the  integral  is  greater  than  the  double  integral, 
contrary  to  what  can  happen  when  the  integrand  is  bounded,  in  which 
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case    the  double  integral  is  always  greater  than  or  equal  to  the  upper- 
upper  integral,  whether  the  integrand  is  continuous  or  not. 

If  we  integrate /(x,  y)  with  respect  to  y  from  0  to  1,  we  get  a  function 
of  X  which  is  clearly  finite  and  continuous  for  all  values  of  x  other  than 
zero,  and  is  always  greater  than  Ix~^^  so  that  it  has  the  limit  +  ^  at  the 
origin.  The  value  at  the  origin  is  also  +oo.  Thus  the  function  is  a 
continuous  unbounded  function,  having  a  single  infinity  at  the  origin. 
The  integral  of  this  function  is,  of  course,  the  double  integral  of /(x,  y) 
over  the  unit  square,  and  has  therefore  the  value  already  found. 

Theorem  8. — Griven  any  f miction  f{x,  xj)  wJiatever  with  a  finite  upper 
boundy  its  upper-upper  integral  is  less  than  or  equal  to  its  upper  double 
integral,  that  is 

\dy\f(x,  y)tte<||/(a;,  y)dxdy. 

Let  0(a;,  y)  be  the  associated  upper  limiting  function  of /(a:,  y),  that  is 

the  function  got  by  taking  at  each  point  (x,  y)  the  highest  value  which  can 

be  approached  as  limit  by  f{x,  y)  in  the  neighbourhood  of  the  point  in 

question.     Then  0  is  an  upper  semi-continuous  function  of  the  ensemble 

{Xf  y),  and  it  has  the  same  finite  upper  bound  as  /  itself.      Hence,  by 

Theorem  1,  its  upper  double  integral  is  its  upper-upper  integral.     Since, 

however,  as  is  easily  seen,  /  and  0  have  the  same  upper  double  integral, 

this  proves  that         77  7- 

]dy\<j>  (a:,  y)dx  =  jj/(aj,  y)  dx  dy.  (1) 

Now  the  associated  upper  limiting  function  ot  /{x,  y)  when  y  is  con- 
stant is  evidently  less  than  or  equal  to  0(a;,  y)  at  each  point  {x,  y).  Hence 
the  upper  integral  otf{x,  y)  with  respect  to  x,  y  being  constant,  which  is 
the  same  as  the  upper  integral  of  that  associated  upper  limiting  function, 
is  less  than  or  equal  to  the  upper  integral  of  0  with  respect  to  x,  that  is 

]f{x,y)dx:^]<l>{x,y)dx.  (2) 

Hence,  by  (1)  and  (2), 

I  dy  j/(a;,  2/)  cte  <  JJ  /(aj,  y)  dxdy. 

A  similar  argument  proves  the  alternative  theorem  : — 

Given  any  function  f{x,y)  whatever  with  a  finite  lower  bound,  the 
lower-lower  integral  is  greater  than  or  equal  to  tJie  lower  double  integral, 

that  is  rr  .  . 

JJ  fix,  y)dxdy  ^\dy^  f{x,  y)  dx. 
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Cor.  1. — If  f{Xy  y)  is  any  bounded  function  of  the  ensemble  (x,  y), 
\\fixy  y)dxdy  ^\dy  j/(x,  y)dx^\dy  J/(aj,  y)dx^  \\f^^'  y)dxdy. 

Cor.  2. — If  f{x^  y)  is  an  integrable  bounded  function,  then  in  the  pre- 
ceding inequality  tJie  sign  of  equality  must  be  taken  throughout. 

6.  Theorem  4. — If  fix,  y)  be  any  function  of  x  and  y,  its  lower-upper 
integral  is  less  than  or  equal  to  its  upper  double  integral,  that  is 

j  dy  jf(x,  y)  dx  <  \\fix,  y)  dxdy. 

Let  <f>  be  the  upper  limiting  function  of  /.  Then  0  is  an  upper  semi- 
continuous  function  of  the  ensemble  {x,  y),  and  therefore*  can  be  expressed 
as  the  limit  of  a  monotone  descending  sequence  of  continuous  functions 
each  having  a  finite  lower  bound, 

and  the  upper  double  integral  of  <f>  is  the  limit  of  the  double  integral  of  0«. 
Thus,  if  the  upper  double  integral  of  0  is  finite,  we  can  find  n  so  that 

fj  i>nix,  y)  dxdy—^^  <t>{x,  y)  dxdy  <  e,  (1) 

e  being  any  positive  quantity  previously  chosen  at  will. 

But,  by  Theorem  1,  since  ^  has  a  finite  lower  bound,  and  is  continuous, 

\l  <t>n{x,  y)  dxdy  =^\dy^  <j>n{x,  y)dxdy 

=  \dy\<l>n{x,  y)  dxdy  > \dy  ^(x, y) dx,  (2) 

since  at  every  point  ^«  ^  <l>^f> 

Since  /  and  0  have  the  same  upper  double  integral,  it  now  follows 
from  (1)  and  (2)  that 

Ij/C'T,  y)  dxdy+e  >  J  dy  J  f(x,  y)  dx, 

which,  e  being  at  our  disposal,  proves  the  theorem. 


*  Theorem  of  §  6,  Case  3,  of  my  paper,  **  Note  on  Monotone  Sequences  of  Continuona  Fono- 
tion«.*' 


1908.]  Integrals  of  a  function  of  two  variables.  251 

7.  Summing  up  our  results  so  far,  we  have  shewn  that  for  functions 
with  a  finite  upper  hound, 

upper  double  ^  upper-upper ; 

for  functions  with  a  finite  lower  bound, 

lower-lower  ^  lower  double  ; 
for  any  functions, 

upper  double  >  lower-upper, 

upper-lower  ^  lower  double. 

The  example  just  given  shews  that  it  may  happen  for  functions  with  an 
infinite  upper  bound,  that 

upper  double  >  upper-lower  ; 

and  for  functions  with  an  infinite  lower  bound,  that 

lower-upper  >  lower  double. 

Thus  for  a  bounded  function, 

upper  double  >  upper-upper  ^  lower-upper, 

upper-lower  ^   lower-lower  ^  lower  double, 

while  for  an  unbounded  function  the  upper  double  may  be  displaced  so  as 
to  occupy  the  second  position  in  its  own  sequence,  but  not  the  third,  while 
in  the  other  sequence  it  may  be  displaced  so  as  to  occupy  the  second  place, 
between  upper-lower  and  lower-lower,  but  no  further.  Similar  remarks 
apply,  of  course,  to  the  lower  double.  Thus  in  the  case  of  a  function 
which  has  infinite  upper  and  lower  bounds,  the  following  is  a  possible 
inequality : — 

upper-lower  >  upper  double  >  lower  double  >  lower-upper, 

or,  more  fully, 

upper-upper  >  upper-lower  >  upper  double  >  lower  double 

>  lower-upper  >  lower-lower. 

One  point  only  rests  in  doubt,  namely,  as  to  the  possible  relative  posi- 
tions of  the  lower-upper  and  the  upper-lower.  It  is  clear  that  in  the  case 
of  an  unbounded  function  they  may  change  positions,  that  is,  we  cannot 
say,  a  priori,  which  of  the  two  is  greater.  It  remains,  however,  still  to 
discuss  their  relative  position  when  the  function  is  bounded.  In  this  case 
also  either  position  is  possible,  as  is  shewn  by  Examples  3  and  4. 
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8.  The  following  simple  example  shews  that  in  the  case  of  a  bounded 
function  the  following  relative  position  is  possible, 

upper-lower  >  lower-upper. 

Ex. — Take  in  the  segment  (0,  1)  of  the  y-axis  a  perfect  set  nowhere 
dense  of  positive  content  I.  For  every  value  of  y  belonging  to  this 
perfect  set,  let  ^^^^  ^^  ^  ^^ 

and  elsewhere  f{x,  y)  =  0, 

the  region  of  integration  being  the  unit  square. 

Then  /(x,  y)  is,  for  every  value  of  y,  a  continuous  function  of  x  and 
therefore  integrable,  so  that 

j/(x,  y)dx  =  \f{x,  y)  dxy 

and  has  the  value  1  or  0  according  as  y  does  or  does  not  belong  to  the 
perfect  set.  The  function  of  y  so  defined  is  therefore  non-integrable, 
having  the  upper  integral  =  /,  and  the  lower  integral  =  0,  so  that 

/  =  upper-lower  >  lower-upper  =  0. 

The  following  example,  on  the  other  hand,  shews  that  in  the  case  of  a 

bounded  function  the  relative  position  may  be  reversed,  so  that  we  may 

have 

lower-upper  >  upper-lower. 

Ex. — Take  in  the  segment  (0,  1)  of  the  x-axis  a  perfect  set  nowhere 
dense  and  of  positive  content  /,  and  on  each  of  the  ordinates  through  its 
points  place  a  similar  set.  We  thus  get  a  plane  perfect  set  nowhere  dense 
of  content  2^,  such  as  is  given  in  Ex.  5  and  Fig.  24  of  my  Theory  of  Sets 
of  Points,  pp.  178,  174. 

At  every  point  of  this  plane  perfect  set  let 

f{x,y)  =  0, 

and  elsewhere  have  the  value  1. 

Then  for  every  value  of  y  belonging  to  the  perfect  set  of  content  I  on 
the  ^-axis,  we  have  - 

]f(Xyy)dx  =  1, 

but  (/(«,  y)dx  =  1—1, 

while  for  other  values  of  y  both  the  upper  and  the  lower  integrals  have 
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the  Tmloe  1.  Thzs  Hjc  :ipf«r  integral  vith  rcspecs  to  x  is  an  integrmble 
fimesuxi  of  y.  viiiLe  iL^  lov&r  iniaznl  vim  r&qicet  to  x  is  a  noD-integiable 
fnzKtioQ  ot  ^r  iifoee 

bwtr-'^'per  =  opper-opKr  >  opper-iover. 
In  ficfi  1  =     Ifj   fj.rj  'ir>\dfj  ./  r.rj  dx  =  l—L 

9.  Frvs  ihe  abrre  nesohe  vie  cm  as  ooee  dedoce  :he  following  : — 
\1    /r -j^  imz^jr-iili  /um^rir^  iar^  a  jimiu  appi-r  boumd. 

^PP"^  </'>ii'V£?  =  i^pp^r-wpfr  =  upper-hiyrer  =  lower  double. 

'3  /."i  :^  M4^  v/an  i>if^7rai.V/ii*rn':'^  ijrtC;^  j^  imimiu  ^pptr  and 
OR  imKmiu  ly^-rr  hrjumd,  ths  method  of  repeated  vppf^  amd  l?v^r  imt^ra- 
tk^  'cii^  V'jtaUfj  fail  in  general  tj  gm  the  rji«^  cf  iii  ioai^  ini^graL 

'Addid  March  Uth.  190^- — In  the  *boT>?  PH^^  I  i»w  deKheratelj 
AT<xriEd  the  use  of  the  eoneep:  of  Lebesgae  ini«e$rftxk>a.  I  hoped  in  this 
war  to  appeal  to  a  larger  pablic.  I  shoold  like  to  pxnt  oat.  however, 
wfaa«  is  indeed  obvioas  to  any  one  aeqaainted  with  the  Lebesgne  theory, 
that  the  reasoning  by  which  the  inequalities  tlll.^  and  -TT.^  were  obtained, 
really  gives  as  a  slij^itiy  more  exiended  lesolt.  viz.. 

fT.>     upper  doable  ^  middle-upper. 

tVL}     middle-lower  >  lower  double. 

ffbere  the  word  "  middle  "  is  used  to  denote  the  generalised,  or  Lebesgue, 
.r.^e:STaL  which,  as  is  well  known,  lies  in  general  beiween  the  upper  and 
xover  ime^^rais,  and  may  be  equal  to  eiiher  or  bodi.  When  the  function 
is  lower  semi-^^jniinuous  the  Leketsgue  integral  is  equal  to  the  lower 
ii,'^:pnd^  which  I  write,  symbolically. 

\f\j  Ix  =  -}/*x'ir. 
'.:.  |>erL&ps, 

l/x'dx  =  i/\x'ix- 
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Hence,  in  §  6,  equation  (2)  may  be  written,  since  {<l>n(x,y)dx  is  a  lower 
semi-continuous  function  of  y, 

\\  <l>Ax,  y)  dxdy  =  \dy^  <f>n{x,  y)  dx 

=  \  dy  \  <l>n{x,  y)  dx 

•       _ 
=  \  dy  ^  <l>n{x,  y)  dx 

>\dy  \f{x,  y)  dx. 

Hence,  for  a  function  unbounded  above   and   below,  the   most  general 
inequality  will  be 

upper-upper  >  upper-lower  >  upper  double  >  middle-upper 

>  middle-lower  >  lower  double  >  lower-upper  >  lower-lower.] 
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GENERALISATION  OP  A  THEOREM  IN  THE  THEORY  OP 
DIVERGENT    SERIES 

By  G.  H.  Hardy. 

[ReoeiTed  Jnlj  23id,  1907.— Read  Noyember  14th,  1907.] 

1.  In  a  paper  recently  printed  in  these  Proceedings*  I  proved  the 
following  theorem  +  : — If 

(1)  ^ an  is  a  series  summable  by  Cesaro's  method  of  mean  values, 
***"*^  i8o+Si+...+sJl(n+lh 

where  Sn  =  aoH"%+'-«+^^> 

tends  to  a  finite  limit  as  n  tends  to  infinity  ; 

(2)  fn  is  a  function  of  n  which,  together  toith  its  first  and  second 
differences  /      /  /      o/     _i_/ 

is  positive  for  all  values  of  n ; 

then  the  series  ^a^fn  is  also  summable. 

Further,  if  fn  is  also  a  function  of  a  variable  x,  and  the  condi- 
tion (2)  is  satisfied  throughout  a  certain  interval  of  values  of  x,  say  (0, 1), 
andf^  has  a  finite  upper  limit  throughout  this  interval,l  tJien  the  series 
^dnfn  is  luiiformly  summuble  throughout  the  interval :  and  if  every  fn  is 
a  continuous  function  of  x,  the  sum  of  the  series  is  also  a  continuums 
function  of  x. 

I  also  stated  (Z.c,  p.  267)  that  I  had  no  doubt  of  the  truth  of  an 
obvious  generalisation  of  this  theorem.  Suppose  that  the  first  of  the 
quantities 

SI 


.1  _  go+*i+.»>+^n 


n+1 
^^^  n+1 


•  Proc,  London  Math.  Soc,,  Ser.  2,  Vol.  4,  p.  247. 

t  L.c,  p.  256. 

\  It  is  obvious  that  the  same  is  true  of  /«. 
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which  tends  to  a  limit  as  n  tends  to  infinity,  is  5^.  Then  the  series  Sa^ 
may  be  said  to  be  summable  (Hk).* 

Then  it  is  natural  to  suppose  that  the  theorem  may  be  generalised  by 
supposing  Sfl^n  to  be  summable  (HA),  and  the  A+1  sets  of  differences 

A/;,  A%,  ...,  A^^% 

to  be  positive.  But  when  I  wrote  my  former  paper  I  had  not  been  able 
to  overcome  the  considerable  algebraical  difficulties  which  appeared  to  be 
involved  in  the  proof  of  this  theorem. 

On  the  other  hand,  the  theorem  which  I  had  proved  was  not  sufficient 
to  deal  with  all  the  interesting  particular  cases  which  actually  arise  when 
we  try  to  make  applications  of  it  (v.  p.  264  of  my  former  paper).  I  was 
therefore  led  to  consider  in  greater  detail  the  most  interesting  particular 
case,  viz.,  that  in  which  the/n's  are  such  that  ^a^fn  is  convergent  for  all 
points  of  (0,  1)  except  aj  =  0,  and 

lim  fn  =  1, 

X— >.0 

for  all  values  of  n ;  and  I  obtained  three  theorems!  which  were  sufficiently 
general  for  the  purposes  of  the  applications  which  I  had  in  view.  Mr. 
Bromwich  then  proved  a  more  general  theorem  which  included  all  these 
theorems  and  also  some  very  similar  theorems  arrived  at  independently, 
for  the  case  of  A;  =  1,  by  Dr.  C.  N.  Moore.  + 

It  is  mainly  owing  to  suggestions  derived  from  these  latter  investiga- 
tions that  I  have  since  been  able  to  prove  a  theorem  which,  so  far  as  I 
know,  includes  all  the  theorems  which  have  been  referred  to.  This 
theorem  stands  to  the  generalisation  contemplated  in  my  former  paper  in 
the  same  relation  which  Mr.  Bromwich's  theorem  bears  to  the  first  of  the 
theorems  which  I  proved  in  the  Math.  Annalen  :  that  is  to  say,  the  con- 
dition 

is  replaced  by  the  more  general  condition  that 

2nMA^-+7n| 


•  This  extension  of  C^saro*s  method  is  due  (implicitly)  to  Holder,  Math,  Annalen,  Bd.  xx., 
p.  636. 

t  *'  Some  Theorems  concerning  Infinite  Series,"  Math.  Annalen,  Bd.  lxiv.,  p.  77. 

X  Moore,  TraTis,  Anter,  Math.  Soc,  Vol.  viii.,  p.  299  ;  Bromwich,  Math.  Annalen, 
Bd.  liXV.,  pp.  369  and  362. 
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is  convergent,  or  (when  /«  is  a  function  of  x)  that 


2  ,^|A*+7,|<Z 


for  all  values  of  x  and  n. 


2.  There  are  two  alternative  definitions  of  the  sum  of  a  divergent  series 
on  mean  value  lines  when  G^saro's  original  definition  fails.  One  is 
Holder's  definition  stated  above,  which  defines  mmmability  (Hk).  But 
G6saro  himself  gave  a  somewhat  similar  definition.*     Let 

..-(n+l)(n+2),..(n+t) 
^"^ h\ 

— which  we  may,  in  the  ordinary  continental  notation,  write  m  the  form 

—and  let  S\  =  -4jao+-4i-i%+...+-4Sa». 

And  suppose  that,  as  n  tends  to  infinity, 

tends  to  a  limit.     Then  we  shall  say  that  Zo^  is  swmmable  (Ch). 

For  A;  =  1  Holder's  and  C6saro*s  definitions  are  identical.  That  this 
is  so  for  X;  =  2  has  been  proved  by  Mr.  Bromwich.f  In  all  ordinary  cases 
(as  applied,  e.g.,  to  the  series  1*— 2*+3*— ...)  the  two  definitions  lead  to 
the  same  result:  and  it  has  been  proved  by  E.  Enoppt  that  G^saro's 
definition  includes  Holder's — i.e.,  that  if  a  series  is  summable  (Hk)  it  is 
also  summable  (Ck),  and  the  sums  agree.  It  is  not  unlikely  that  G6saro's 
definition  is  more  general :  it  is  conceivable  that  the  two  always  cover  the 
same  ground.  But  Gdsaro's  definition  should  certainly  be  adopted  as  the 
standard  one ;  for  it  is  at  least  equally  general,  and  is  far  more  easy  to 
work  with  in  practice,  owing  to  the  fact  that  the  expression  of  o^  in  terms 
of  the  sums  S!^  is  as  simple  as  the  reverse  equation,  whereas  the  ex- 
pression of  an  in  terms  of  s!^  is  complicated  and  clumsy.  The  contrast 
appears  very  clearly  when  Mr.  Bromwich's  work,  with  G^saro's  definition, 
is  contrasted  with  his  own,  or  mine,  with  Holder's* 


*  Bromwich,  Infinite  Series,  pp.  811  et  seq^ 

t  See  pp.  363-5  of  his  paper  in  the  McUK  Annalen  already  quoted. 

t  Qrenetoerie  von  Beihen  u.  s.  w.,  Inaugural  Dissertation,  Berlin,  1907,  p.  19. 

8EU.  2*    VOL.  6.    WO.  991.  8 
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8.  The  first  part  of  the  theorem  is  as  follows  : — 
Thbobem  a. — If  Sa^  *«  summable  (Ck)  and 

M  convergent,  then  ^a^fn  is  summable  (Ck).  Further,  its  sum  is  equal  to 
that  of  the  series  ^  ^^  A^+7n, 

which  is  absolutely  convergent. 

We  note  as  a  matter  of  minor  detail  that,  if  Zon  is  summable  (Hk),  it 
is  also  snmmable  {Ck),  and  so  Son/n  is  summable  (Ck) :  but  we  cannot 
affirm  that  the  latter  series  is  summable  (Hk),  except  for  %  =  1,  2. 

That  2S*  A^+Yn  is  absolutely  convergent  follows  at  once  from  the  fact 
that  Sj/n*  tends  to  a  limit  as  n  ->  oo . 

Some  Algebraical  Preliminaries. 
4.  We  denote  the  sum 

An(lQfQ+An-iaifi+...+A^anfn 

formed  from  2a»/n,  as  Sl  is  formed  from  2  an,  by  TJ:  and  we  proceed  to 
express  it  in  terms  of  «*    ^k  ^u 

Oo,    0\,    ...,    Oni 

and  the  differences  of  the  functions  /«.     We  have 

(1)      a.  =  sS-(*+^)  sLi+  (*  j^)  sj;_.-...+(-)**'sU-r* 

Thus 

(2)  2'»  =  |o^«-'/%C(-)'(*t^)^'- 

This  expression,  as  it  stands,  involves  a  certain  number  of  terms  Sj  with 
negative  suffixes  j  :  these  must  be  considered  to  be  defined  as  being  equal 
to  zero.     In  this  formula  for  T^  the  coefficient  of  Sj  is 

i(-)'(*tV'-^-««- 


*  It  is  easy  to  see  (Bromwioh,  Infinite  Series,  ^c.)  that 
35ia"  =  (l-jj;)-(**')3aHa;*, 
and  2a«Jt"  =  (!-«)*♦»  S/Sla;". 
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If    this  expression    contains  any  terms  for  which  j+i  >  n,  they  may 
simply  be  omitted.     Thus,  with  this  proviso,  (2)  may  be  written  in  the  form 

<3>  ^'  =  io  ^  lo  ^-)'  i^V)  ^»-^-*-^^-'  =  Jo  °^^  ' 

say. 

5.  Now 


(4)  ai=  ^^{-yfij^ifj^u 

where  A+.  =  (*|^)  ^5-,-*. 

From  this  it  follows  that 

where 

To  verify  this  result  substitute  for  yj+i  in  the  expression  (5),  and  pick  out 
the  coefficient  of  fij+j,.    We  find  this  coefficient  to  be  (—1)^  times 

and  it  is  easy  to  see  that  this  reduces  to  ^+x*^     Thus 

m     va.=A(-)-e-^r+')(*ij)^:.-.,. 


*  The  simplest  proof  is  probably  by  means  of  symbolical  operators.  Let  E  denote  the 
operation  which,  when  performed  on  /«,  changes  it  into  /.^.i.  The  expression  aboTe,  on 
writing  i  =A  +  ;i,  becomes 

But  {^  +  E)fn  »A-A^i+A*i  =A. 

whence  the  result. 

8    2 
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But  this  expression  may  be  simplified  considerably.    For 

_  (A;-t+l+»')!  {k+l)\  (n-i-i-^v+k)\ 

(A;-i+l)!  ^!   (i-p)\  {k-i+l+v)l  k\  (n-j-i+vV- 

and  so 

-=eT')i.<-''C)r^'T'^')- 

i<->'C)("~-'~r'+') 


is  the  coefficient  of  ^  in 


y=0  \v/ 


or  (1  -}-  <)»-J-i+t  1 1  _  (1 + <) }  i, 

or  (-)*<*  (!+«"-■'-*+*; 

and  is  therefore  equal  to     (-)*  (""{"*•'*'*) . 

if  0  <  «  <  A;,  and  to  zero  if  «  =  A;+l.     Thus 

m  «..  =  (->'('+^)(»X:+'). 

Henoe 

<»>        ^=.s('T')("1:r>'*'-'/- 

and 

»«      ^=A^i(*T')("i::+>"-'/- 

with  the  proviso,  we  may  repeat,  that  itj+i  >  7i  we  must  write  0  for^+i. 
This  formula  is  the  end  of  our  algebraical  transformations.* 


*  It  has  been  snggested  to  me  that  these  transformations  should  be  capable  of  being 
simplified,  and  I  do  not  doubt  that  this  is  so  ;  but  I  have  not  been  able  to  effect  any  appre- 
ciable simplification. 
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6.  Suppose,  e.g.,  that  A;  =  1.     Then  (12)  becomes 

(12a)  n  =  i^  8]  { (n-;+l)  A%+2A^i}, 

which  is  easily  verified.     If  ft  =  2,  (12)  becomes 

(liy  n  =   I  S;  |(^-;+2)(^-;+l)A«/,+8(n-;+l)Ay,,>+8A/,,3}  . 
and  so  on. 

7.  We  can  now  proceed  to  the  proof  of  our  theorem.     We  suppose  that 

is  convergent.     If  this  is  so  the  same  is  true,  as  has  been  shown  by 
Mr.  Bromwich,*  of  all  the  series 

2n>^-MA*^^-Vn|     (X  =  0,  1,  ...,ft). 
We  have  to  show  that  in  these  circumstances 

iim(rj;MJ)  =  isSA*+7n. 

0 

8.  We  consider  first  the  terms  in  T^  for  which  i  =  0.    These  give 

Now  (*'~^"*'*)  -Al  =  ^  {(»-;•+ l)(n-y+2) ...  (n-j+k) 

-(n+mn+2)...{n+k)\, 
which  is  negative  and  numerically  less  than 

where  £  is  a  constant.    Thus 


«-S=i^A*-V,+i?o. 


Ai      i=o 


where  |iio|<f  Jj  A»+'/,|  ; 

and  so 


*  M<Uh.  Afmalen,  Z.c,  p.  861. 
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9.  Next  we  consider 

'«=(*t')i.rG^*)^^'"-*"- 

Since 

(^^iZt^^)  =  (^-i+l)(^-i+2)  -  (n-i+ft-i)/(ft-i)!  <  Kn^'\ 
it  foUowB  that  1^  I  <  :^  i  I  A*+i'*/+,  | ; 

and  therefore 

(14)  „lim  (|-)  =  0. 

From  (18)  and  (14)  it  follows  that 

(15)  lim(nMi)=J^S5'A»+Vj. 
which  establishes  the  theorem. 

10.  Thbobbh  B. — If,  in  addition, 

0 
for  all  values  of  n  and  x,  then  the  series 

is  uniformly  convergent. 

Let  S  be  the  sum  (Ck)  of  the  series  Zon :  and  let  Zo^  be  the  series 

for  which  /  o        '  /    -^  m 

On  =  Uq—S,    an  =  an     (n  >  0), 

so  that  S'  =  0.     Then 

^2  S;  A»+7^  =  S  2  A^^'fj+  i;  S;^- A*+V^  =  o-i+cr,, 
say.     Choose  m  so  that  for  j  ^  m, 

is;*/4i<e. 

*  Ml.  Bromwioh  (I.e.,  p.  861)  has  proved  that  the  same  is  then  true  of 

i^-x  |A»->-»/'|     (A  =  0,1 *). 

0 
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Then 

(16) 

1  (Ta  1  <  2eZ. 

Also 
(17) 

iA'^'fi 

<i,|;MA-/.l<5 

and  from  (16)  and  (17)  the  theorem  follows. 

Corollaries. — (a)  If  every  fn  is  continuous,  the  sum  of  the  series  ^a^f* 
is  continuums, 

(/8)  If  all  the  differences 

n 

are  positive,  the  condition    2  n*  A*"*"^^  <  K 

is  certainly  satisfied,  and  the  concluMons  of  the  theorem  apply. 

The  proof  of  this  will  be  found  in  Lemma  A  of  my  paper  in  the  Math. 
Annalen  quoted  above. 

11.  Applications. — I  have  already  stated  that  the  very  general 
theorems  proved  by  Messrs.  Fej^r,  Moore,  and  Bromwich,  and  myself, 
with  especial  reference  to  a  particular  case,  enable  us  to  deal  effectively 
enough  with  the  majority  of  interesting  special  applications  which  occur 
naturally  in  analysis.  It  would  therefore  be  futile  to  give  any  consider- 
able number  of  illustrations  here.  In  the  paper  cited  above*  I  pointed  out 
the  kind  of  case  in  which  a  more  general  theorem  of  the  kind  here  proved 
is  necessary.     A  simple  example  is  given  by  supposing 

•^•  =  (^'  <*>«)• 

If  the  series  Za»  is  summable  (Ck)  it  follows  that 

{a+nxY 
is  uniformly  summable  (Ck)  in  any  interval  (0,  i).    Thus,  e.g., 

2- 


(-rn' 


{a+nxY' 

*  L.C.,  p.  86. 
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where  0  <,t<,k^  is  uniformly  summable  {Ck)  and  is  a  continuous  func- 
tion of  a;  for  x  =  +  0.  In  order  to  deal  with  this  by  my  former  theorems 
it  was  necessary  to  suppose  s>k+l,  while  Mr.  Bromwich's  theorem 
required  s  >  k — ^the  series  being  then  convergent  except  for  s  =  0. 

Even  in  the  theorem  here  proved,  however,  it  must  be  observed  that 
fn  is  what  Dr.  Moore  has  called  a  convergence  factor :  its  introduction  into 
the  series  ^On  makes  that  series,  if  not  convergent,  at  any  rate  more 
stmmable.     The  series 

2(— rn*(a+na;)'     (s>0), 

in  which /n  is  a  divergence  factor,  and  ^a^fn  less  summable  than  Zon, 
falls  outside  the  scope  of  any  theorem  hitherto  proved,  though,  of  course, 
it  may  be  dealt  with  easily  enough  by  special  devices. 

The  Theorems  A,  B,  however,  seem  to  me  interesting  less  on  account 
of  any  of  their  applications  than  as  a  contribution  to  the  abstract  theory 
of  divergent  series,  and  as  marking  something  like  the  limit  of  what  may 
reasonably  be  expected  to  be  proved  concerning  the  introduction  of  con- 
vergence fsMstors  into  series  summable  by  the  method  of  mean  values. 
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AN  EXTENSION  OF  EISENSTEIN'S  LAW  OF  RECIPROCITY 

(Second  Paper.) 

By  A.  E.  Western. 

[Read  February  13th,  1908.— Received  March  26th,  1908.] 

1.  This  is  a  continuation  of  my  former  paper  with  the  same  title.* 
In  the  first  part,  a  general  method  is  given  for  determining  all  the 
reciprocal  factors  ^  or  S?'  in  the  field  of  r*-th  roots  of  1,  i  being  an  odd 
prime ;  and  it  is  proved  that,  in  general,  a  necessary  and  sufficient  con- 
dition that  V  should  be  primary  is  that  the  unit  of  "^i  should  be  1. 

The  second  part  contains  results  analogous  to  those  of  the  first  paper 
and  Part  I.  of  this  paper,  as  regards  the  field  of  2"-th  roots  of  1,  and  the 
Eisensteinian  law  of  reciprocity  is  established  for  this  field. 

The  third  part  applies  the  general  theory  in  Part  II.  to  the  fields  of 
the  8-th  and  16-th  roots  of  1.  And  the  fourth  part  deals  in  like  manner 
with  the  field  of  the  9-th  roots  of  1. 

2.  The  laws  of  reciprocity  given  in  these  papers,  including  as  a 
particular  case  Eisenstein's  law,  furnish  complete  solutions  of  the  ancient 
problems  in  the  theory  of  residues  of  powers  of  rational  numbers,  (1)  to 
find  the  residue  of  a^~^^*  mod  p,  without  actual  calculation ;  and  more 
generally,  (2),  if  a  is  given,  to  find  what  numbers  p  are  such  that  a^'^^* 
has  1,  or  any  other  given  residue  mod  p. 

These  problems  for  the  case  a;  =  2  led  to  the  discovery  of  the  quadratic 
law  of  reciprocity ;  and  then,  in  order  to  deal  with  the  case  of  2;  =  4, 
Gauss  found  that  it  was  necessary  to  take  into  consideration  the  complex 
factors  of  the  form  a+bi  of  which  real  primes  of  the  form  4n+l  are 
composed.  From  this,  as  its  starting-point,  there  has  been  developed  the 
theory  of  algebraic  numbers,  in  which  algebraic  numbers  are  the  primary 
elements,  the  data  of  the  theory. 

From  that  point  of  view,  Eisenstein's  law  is  incomplete,  in  that  one 

*  Proc,  London  Math,  Soc.,  p.  16,  iupra.    This  is  referred  to  in  the  present  paper  as  the 

**  first  paper." 
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of  the  two  numbers  concerned  must  be  rational ;  the  law  is  merely  a  step 
(though  an  indispensable  step)  on  the  way  to  Rummer's  general  law  of 
reciprocity  between  any  two  numbers  of  the  field  of  l-th  roots  of  1.  This 
incompleteness  of  Eisenstein's  law,  from  the  point  of  view  of  the  theory 
of  algebraic  numbers,  is  probably  the  reason  why  neither  Eisenstein  him- 
self nor  any  subsequent  writer,  so  far  as  I  can  find,  has  called  attention 
to  its  finality  from  the  point  of  view  of  the  ordinary  theory  of  numbers.* 
In  the  following  paragraph  I  indicate  briefly  how  Eisenstein's  law,  as 
extended  by  me,  furnishes  the  answers  to  the  above-mentioned  problems. 

8.  In  the  first  place,  these  problems  may  be  reduced  to  the  case  of  x 

being  the  power  of  a  prime.     For,  if  a;  =  TZ""' ...,  and  a^-^>/*  =  r  (mod  p), 

then  a^P"^^"  =  r^"*  (mod^),  so  that  each  Id^tor  i*  of  a?  can  be  dealt  with 

separately.     Then  let  x  =  T,  where  Hs  2  or  an  odd  prime,  and  for  brevity, 

let  a  be  a  prime  q,  different  from  l.    And  first  assume  that  the  prime 

factors  of  p  in  the  field  of  T-th  roots  are  ideals  of  the  principal  class, 

i.e.,  are  actual  numbers,  and  let  it  be  one  of  these  factors  in  its  primary 

form.     Then  r«-m»  —  f    /    i      /     ^     x 

j(p-w  __  Igr/Tr}     (mod  ^), 

and,  by  the  law  of  reciprocity, 

{qH  =  Nq}f 

and  the  latter  depends  upon  the  residues  of  ir  and  its  conjugates  mod  g, 
its  explicit  expression  being  given  in  the  first  paper,  §  5,  and  in  §  19 
below.     If,  for  instance,  I  is  odd,  and  q  is  given,  and  p  is  to  be  found  to 

^*'^*^  jO>-i)/'"=l     (niodi>), 

then  the  condition  for  p  is  that 

Utt^''^  =  1  (mod  g),  {t  =  0,  1,  ...,/-l), 

and  another  expression  of  this  condition  is 

^1 ...  yfrq^i  =  1     (mod  q). 

Secondly,  when  the  prime  factors  of  p  are  non-actual  ideals,  let 
^i»  t)2»  -M  t^A  be  a  set  of  h  ideals,  which  respectively  belong  to  the  h  classes 
of  ideals  existing  in  the  field  in  question.  Supposing  such  a  set  to  be 
known,  and  that  i)  is  that  one  of  them  which  belongs  to  the  opposite  class 


•  See,  for  instance,  H.  J.  S.  Smithy  Report  mi  the  Theory  of  Numbers,  Art.  66.  Kummer's 
law  does  not  exist  for  certain  values  of  Z,  such  as  37,  59,  and- 67,  and  in  these  fields  Eisenstein's 
law  is  the  only  law  of  reciprocity  yet  discovered. 
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to  p,  then  t)P  is  an  ideal  of  the  principal  class,  say  v.     Then  v  being  made 
primary,  the  law  of  reciprocity  gives 

{ql9}  =  {^lq\{qm-\ 

and  so  the  value  of  {qlp\  depends  upon  the  residues  of  v  and  its  conju- 
gates mod  q. 

And  in  either  case,  the  congruence* 

[qlp]^  =  >Ai  ...  r/^q-i     (mod  g), 

may  be  used  for  the  calculation  of  {?/p[,  that  is,  of  q^'^^^""  (modp). 


Part  I. 

The  Field  of  V-th  Boots  of  1,  I  being  an  odd  Prime. 

4.  In  the  first  paper,  §  2,  I  defined  V^»-i,  in  accordance  with  the  defi- 
nition of  rf/'g  there  given,  to  be  — jp.  But  for  the  present  purpose,  it  is 
more  convenient  to  define  V^{»-ii  and  ^r  by  means  of  the  property 

yfrg  =  2^*+^ 

(see  first  paper  §  10) ;  whence  we  obtain 

V^>i  =  V^  =  m-l+m2^    «  =  1,  2,  ...,?•- 1), 

or,  in  the  reduced  form,     V^i«-i  =  ^j*  =  —  1. 

Then  the  equation  (14)  in  the  first  paper,  §  10,  holds  for  the  exceptional 
cases,  in  which  g'  =  0  or  —1  (mod  P*"^). 

The  following  known  properties  of  reciprocal  factors 

V^-,-1  =  yl^g  (1) 

and  ^^(fiO  =  ^„  (2) 

where  gg'  =  1     (mod  ?*), 

are  easily  proved  from  either  definition  of  yjrg. 

And,  writing  ^^  =  2^4?^,  in  its  unreduced  form  («  =  0,  1,  ...,  r*— 1), 

we  obtain  A7^'^  =  Al  (8) 

and  A^^v  =  Al.  (4) 

These  results,  which  appear  to  have  been  discovered  by  Jacobi,  will  be 
useful  in  determining  the  units  of  the  reciprocal  factors  in  the  field  corre- 
sponding to  given  values  of  I  and  n. 

•  First  paper,  $  7. 
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5.  The  method  proposed  in  the  first  paper,  §  19,  for  finding  the  unit 
of  X  is  incomplete  as  there  given.  For  the  purpose  of  completing  it,  some 
additional  results  are  needed  connecting  numbers  respectively  belonging 
to  the  fields  of  r*"^-th  and  f^-th  roots  of  1. 

I  denote  ideals  and  numbers  of  the  field  k{^)  by  an  asterisk  («). 

(xf  means  the  least  positive  residue  of  x  mod  T^S  and 
[xj  the  greatest  number  not  greater  than  arZ"*''*^ 
L  means  r*~*(Z— 1). 

9*  is  that  prime  ideal  factor  of  p  which  is  divisible  by  p,  so  that  p* 

satisfies  the  congruence 

Jl-lM  =  ^     (ujod  p*). 

The  primitive  root  r  mod  Z*  is  also  a  primitive  root  mod  ?*"S  and  will 
be  used  for  the  field  k  (^). 

If  fu  is  a  factor  of  p*,  then 

80  that  r~  =  1       (mod  l""'^), 

that  is,  u  =  xLf  where  x  =  0,  1,  ...,  Z— 1. 

Therefore,  if  v*  denotes  the  similar  product  of  P*,  P'*,  ...  that  v  is  of 
p,  p',  ...,  we  obtain 

€p;  =  Uvt^^L   ix  =  0, 1, ...,  z— 1), 

where  e  is  a  unit  of  the  field  k(^).  The  result  of  putting  v'  =  ^'v  for  v  in 
this  equation  is  to  introduce  on  the  right  the  unit  f*''^'^^  ;  now 

(r^-l)2r^  =  r^^-l, 

and  r^— 1  is  divisible  by  Z*"^  and  no  higher  power  of  Z,  so  that 

2/^^  =  Zv, 

where  v  is  prime  to  Z.  This  substitution  therefore  enables  us  to  make  c 
become  a  real  unit,  say  e'.  And  since  putting  e'v^  for  v^  will  not  alter  the 
expression  of  ^*  in  terms  of  i/*,  except  perhaps  as  to  sign,!  we  may  omit 
.'.and  write  .?  =  n.,,.^     (x  =  0,1.  ...,  l-l).  (5) 

The  same  reasoning  shews  that  this  equation  specifies  the  power  of  ^ 
appropriate  to  v,  except  as  to  a  power  of  ^"*  . 

t  First  paper,  §  12. 
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6.  Let  p  be  a  primitive  l-th  root  of  1,  and  Xq,  Xi,  ...  any  algebraical 
quantities.     Then 

Il(xo+x^p^+x^p^+...+xi.ip<^-''^y)     {y  =  0,  1,  ...,  l-l) 

is  a  rational  integral  function  of  the  variables,  with  rational  integral  co- 
efficients. It  is,  when  Z  >  8,  a  non-symmetric  function.  The  number  of 
ways  in  which  any  term  x^x^^  ...  (other  than  x^,  x\,  ...)  occurs  in  the 
expansion  of  the  product  is  the  multinomial  coefficient 

P(ao,  ai,  ...)  =  l\lao\ai\  ..., 

which  is  a  multiple  of  L  Suppose  that  p  occurs  as  the  coefficient  of  this 
term  in  c  of  these  P  ways ;  then,  since  the  total  coefficient  is  rational, 
every  other  power  of  p  (except  1)  must  each  occur  as  coefficient  just  c 
times,  and  the  coefficient  will  be  1  in  the  remaining  P—c(l^l)  times. 
Adding  together  all  these  coefficients  the  total  coefficient  of  the  term  is 
P^cl.  So  in  the  expanded  product  the  coefficient  of  every  term  except 
a^Qf  x{,  ...  is  a  multiple  ot  l;\  that  is, 

mxo+x,py+...+Xi^ip^-'^^  =  afo+x{+...+af,^,    (modi).     (6) 

This  supplies  an  elementary  proof  that  the  norm  of  any  number  prime 
to  I  of  the  field  k(p)  is  =  1  (mod  I) ;  for,  if  Xq,  Xi,  ...  are  rational 
numbers,  the  left  side  is  the  product  of  Xx  and  the  norm  of 

and  the  right  side  is  =  2x  (mod  t).  It  may  also  be  noted  that  the  same 
reasoning  applies  to  any  other  symmetric  function  of  the  I  linear  ex- 
pressions occurring  in  this  product. 

7.  Writing  p  for  f\  v  =  2a„f^,  and 

CTK  =  ^ai,^K^^^    (V  =  0,  1,  ...,  Z^-^-l), 
we  find  that 

Applying  the  theorem  (6),  we  obtain  from  (5), 

v*  =  Jxri=Jxrj,(^)  =  p{i')     (modi).  (7) 


t  I  am  indebted  to  Mr.  F.  J.  W.  Whipple  for  pointing  out  that  the  following  important 
theorem  may  be  directly  deduced ;  viz.,  that  the  norm  of  ao  +  aJip+  ...  +  Xt.ipf^^  is  congruent  to 
(a^  -f  Xi  -h ...  -I-  a;/_i)'~^  (mod  2),  and  consequently  no  possible  term  in  the  expansion  of  the  norm 
is  absent. 
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It  follows  that  the  sums  of  the  coefficients  of  v*  and  v  are  congruent  mod  Z, 
and  therefore  that  the  value  of  E  defined  in  the  first  paper,  §  12,  is  the 
same  in  the  fields  k  (^)  and  k  (^). 

8.  Let  il  be  the  unreduced  product  ^i ...  "^^^-i,  and  e'  =  E^'^,  and  g 
is  at  present  supposed  prime  to  I ;  then  (11)  of  the  first  paper  gives 

6'Q*  =  f**'ni/;t^^-*3*    {t  =  0,  1,  ...,  L-1),     (8) 

wherein  k*  is  supposed  to  be  known,  and 

e'Q  =  f*[ni.p'-'^+0Z+0'(f^-l)]     it  =  0,  1,  ...,  ZL-1),   (9) 

where  k  is  unknown,  Z  =  0  is  the  irreducible  equation  satisfied  by  ^,  and 
0  and  if>'  are  rational  integral  functions  of  ^  to  be  so  chosen  as  to  make 
(9)  an  identity  in  f.  Then  putting  ^  for  f  in  (9),  we  see,  from  the  first 
paper,  §  10,  that  Q  becomes  =  Q*  (mod  I) ;  also  vt  becomes  Pt  (f^),  which 
=  Vt  (mod  I),  and  Z  becomes  L     So  (9)  gives 

6'Q*  =  f^'Hi/;^''"-'^  (mod  I)    (t  =  0,  1,  ...,  lL-1).     (10) 

Now  v^^^i^  =  i/( ,  so  the  index  of  v^  on  the  right  is 

2|>r-,-:^]    (a;  =  0,  1,  ...,  Z-1). 

9.  This  index  may  be  reduced  as  follows. 

Let  r-,  =  rl,+j7^-^    {0<j<l\ 

and  r-i=l+Af*"^      (0<h<l). 

Then  r.t-xL  =  rl,+(;+iAr-,)  P"^     (mod  Z"*), 

and  r.,_,i  =  rl,+xT'-\  (11) 
where  »'  is  the  least  positive  residue  otj+xhr-t  (mod  I). 

Again,  gr-t^xi  =  grlt+gx'P"'^     (mod  P), 

so  {gr-t^.L)  =  (i7/'-t)*+a:"r-S                                  (12) 

where  x"  is  the  least  positive  residue  of  [gr*_fy+gx'  (mod  Z).  As  a:  runs 
over  a  complete  set  of  residues  mod  I,  so  do  x'  and  x".  We  obtain  there- 
fore, from  (11),  ^ 

2,r-,.,x=rl,Z+i(Z-l)Z% 

and,  from  (12),  ^.igr^t-^i)  =  igrlX  l+i  (l-l)  l\ 

Therefore  2;,[grr_,..J  =  [>rlj+i  (flr-l)(Z-l). 
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10.  Now  Uvl^^"^^^"^^  is  a  power  of  the  norm  of  v\  and  is  therefore 
=  1  (mod  I).     So  (10)  gives 

e'tr  =  f*^n,/J^'*-'3*  (mod  Z)     (^  =  0,  1,  ...,  L-1); 
and,  comparing  this  with  (8),  we  find  that 

^k-ni  =  i     (modZ). 

Now,  writing  X  =  1— f,  we  know  that  I  =  jyX^'"^^'"" ,  where  17  is  a  unit. 
If  d  is  prime  to  Z,  (^— l)(f— 1)"^  is  a  unit,  say  e;  and  so 

^=l-eX, 

and  ^  =  1  -  (e\f    (mod  I) . 

Therefore  the  smallest  value  of  x  such  that 

^'=1     (modZ) 
is  n,  and  so  A  =  Ap*+AZ"~\ 

where  7/  is  still  to  be  found. 

11.  Let  n  =  2a„f*  {v  =  0,  1,  ...,  Z^— 1)  be  the  number  IIi/p''-'^  in  its 
simplest  (or  any)  form ;  and  let  11*  =  Sajf^  be  e'f"**'f2*  in  its  unreduced 
form.     Then  (9)  may  be  written 

c'Q  =  ^■'+**[n+0Z+0'(f^-l)],  identically ;  (18) 

and  putting  ^  for  ^  in  this,  and  comparing  the  result  with  (8),  we  get 

Z0(^)+n(f')  =  n-, 

and  so  writing  ^  =  Xq+Xi^+...+xv*-^^i^~  "■\ 

and  equating  coefficients, 

Ixt+I^ot^ar-^  =  a;.  (14) 

Now  c'Q(l)  =  (71^1  ly-'    and     Q  (1)  =  0  (mod  Z*)  ; 

so  differentiating  the  identity  (18),  and  then  putting  ^  =  1,  we  obtain 

(AP*-^+r)(no/Z)''-^+II(l)+Z^"(l)  =  0  (mod  Z*),  (16) 

which  determines  h.  So  beginning  with  the  degree  Z,  for  which  the  units 
are  known,  we  can  proceed  in  turn  to  find  the  units  of  Q  for  the  degrees 
Z^,  Z®,  ...  .  And  in  particular  the  unit  of  X=  SP'i  ...'*'r-i  is  thus  deter- 
mined, and  then,  as  shewn  in  the  first  paper,  §  17,  v  may  be  made 
primary.  The  law  of  reciprocity  enunciated  in  the  first  paper,  §  20,  is 
therefore  proved.  • 
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12.  I  shewed  in  the  first  paper,  §  16,  that  if  i/  be  primary,  the  unit  of 
'*'i ...  "iTg^i  is  1,  for  all  values  of  g  prime  to  I;  so  taking 

(7=2,  8,  ...,  i-1,  Z+1,  ..., 

the  units  of  %,  whenever  g^O  or  —1,  mod  I,  and  of  ^gi^i%i,  for  all 
values  of  g,  are  all  1. 

Conversely,  is  v  primary  when  the  unit  of  '*'i ...  %^i  is  1  ?     Let 

g  =  r^    (mod  ?^), 

r  being  chosen  so  that /is  a  factor  of  P*"^  (i— 1),  and  let  ef  =  Z**"^  (i— 1). 
Then  the  unit  ot%...  ^/_i  is  1,  and  so 

putting  I/'  =  ^v  for  v,  the  index  of  the  unit  of  '^'i ...  '^'r^-i  becomes 

a:2/^[r^r-i]     W  =  0,  1,  ...,  c/-l) 

=  a;2,2:«r^+^[r^r-^_^]     (m  =  0,  1,  ...,  e-1 ;  t;  =  0,  1,  ...,/-l) 

=  x(7^-l)i-*2,rV-,+^ 

=  X  (r^-l)  I'^'fr^  (mod  P). 

This  index  is  prime  to  Z  if  /  is  so ;  and  in  that  case  p  is  uniquely  deter- 
mined out  of  the  set  ^i/,  and  must  therefore  be  primary.  In  particular, 
taking  g'  =  2,  i/  is  primary  when  the  unit  of  SP'i  is  1,  unless  2  =  r**  (mod  Z*), 
that  is,  unless  2'"^  =  1  (mod  P).  No  value  of  I  is  known  for  which  this 
congruence  is  true,  and  it  is  known  to  be  untrue  for  all  values  of  I  less 
than  167.t 

18.  Though  the  units  of  '^pi.i  and  "iTgi  are  not  needed  for  the  law  of 
reciprocity,  they  will  be  useful  in  other  applications.  The  unit  of 
Q  =  '^'i ...  ^g-i  when  ^  =  vZ  is  a  power  of  ^*,  Z*  being  the  highest  power 
of  Z  in  9  (fi)'st  paper,  §  15). 

In  this  case,  we  get  by  similar  reasoning  to  that  in  §  9, 

^x  I>r-,..J  =  lvrl,J  l+^g  (Z-1), 
and  so  (10)  now  becomes 

e'QT  =  ^ni/;C*'"-'^^'    (mod  I). 

Let  n;  =  ^j...^;.i, 

t  A.  Cunningham,  Quart.  Jour,  of  McUh.^  VoU  xxxvu.,  pp.  139, 142. 
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then  «'fi;  =  ^*'ni/rt'"*-J*, 

and  80  Q*Q;"' =  ^-'^•^'     (modZ). 

Now  the  power  of  ^,  say  ^,  to  which  f2*Q*"*  is  congruent,  mod  i,  may 
be  supposed  to  be  known,  all  the  reciprocal  factors  for  the  degree  f*"^ 
being  known.     We  therefore  have 

and  h  may  now  be  determined  as  before. 

i  may  be  expressed  in  terms  of  {l/v}  for  the  field  ft(^),  which  I  write 
{l/p}**-  For  the  argument  of  §  6  of  the  first  paper  remains  true  if  I  is 
substituted  for  g,  and  we  obtain 

F{^y={llvrF{^)     {modlh 
so,  writing  {l/v}**  =  ^,  and  changing  f  into  f*, 

F(C^y  =  ^F{t'^)    (modi). 
But  ir  =  F(t)'^F(^r\ 

and  Ql  =  F{^YF(t'r\ 

so  f2X"'  =  F(f^yF(f*T^  =  f^     (modi), 

and  i  =  jvl     (mod  f*"^ ) , 

and  k  =  (jv+A;)  l+kP^-K 

We  have  hitherto  supposed  t?  >  1 ;  when  v  =  1,  since  [rl  J  =  0,  (10) 
^^"^"^^^  ^'fl-  =  f«     (modZ). 

Also  Q*  =  F(^)'F(^)-^ 

=  {//!.}••  =  f>^    (modi). 
So  ft  =  jl+hr"\ 

14.  We  have  so  far  been  considering  the  units  of  "ifg  relatively  to  the 
number  v.  The  whole  process  is  evidently  applicable  to  ^g  when  p  has 
actual  prime  factors.  But  when  the  prime  factors  of  p  are  not  actual,  one 
cannot  speak,  in  the  same  sense  as  before,  of  the  unit  of  ^^.  Let 
n^  =  Sa.f*'  be  a  number  given  as  the  product  np[^"*"'^'-'^"^'-'^ ;  and  let 
^l  =  f*^'nj,  identically,  ^J  and  IIJ  being  supposed  to  be  known.  We 
have  seen  in  §  11  that  Ug(^)  is  invariant,  mod  Z,  in  whatever  form  11^  is 
i.e.,  whatever  multiple  of  Z  is  added  to  11,. 

8S&.  2.     VOL.  6.     NO.  992.  T 
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Comparing  llg(^)  with  IIJ,  the  value  of  y  such  that 

C^m,(^  =  u;  (modz) 

may  be  determined  by  inspection.  Now,  writing  11^  in  future  for  f^II^, 
we  get,  as  in  §  11, 

Vr,  =  ^-*+*'-[II,+0Z+0'(f*-l)]  identicaUy, 

ip  being  determined  as  before  by  (14).  Finally  h  is  found  as  before  by 
differentiation. 

Ilg  will  be  capable  of  being  distinguished  from  its  associates 

fn,     (a:  =  l,  2,  ...,  P»-l) 

by  the  residues,  mod  I,  of  its  coefficients  ;  we  can  therefore,  when 

call  f*  the  unit  of  \[rg  relatively  to  11^. 

15.  In  the  first  paper  I  remarked,  §  4,  that  a  test  is  needed  to  pick 
one  out  of  the  set  ^v  {h  =0,  1,  ...,  i*"*  — 1)  as  the  standard,  and,  §  22, 
that  some  process  for  making  v  primary  should  be  found  applicable  directly 
to  I/,  instead  of  to  the  reciprocal  factors.     Such  a  test  is  as  follows.     Let 

i/  =  2:a.r        (u  =  0,  1,  ...,  Z'^-l), 

and  i/(k)  =  2arf*f^*     (v  =  0,  1,  ...,  Z~-*-l), 

where  a»i*  is  the  coefficient  of  f^*  in  i/,  so  that  i/(o)  =  v.  Then,  provided 
that  i'(fc)(l)  is  prime  to  Mor  Ap  =  1,  ...,  n— 1,  one  only,  say  i/,  of  the  set 
^v  satisfies  the  n  conditions 

vok)(l)  =  0  (mod  0,  {k  =  0,  1,  ...,  n-1),         (16) 

where  the  differentiation  of  vqc)  is  with  respect  to  ^  .  This  property  holds 
for  any  form  of  i/,  and  is  therefore  an  essential  property  of  i/  as  a  number.! 
In  applying  this  to  a  given  number,  the  conditions  are  to  be  applied  in 
the  order  A  =  0,  1,  ...,  w— 1 ;  first,  h^  is  found  so  that  ^^'v  satisfies  the 
first  condition,  then  hi  so  that  f*i'+*oj/  satisfies  the  second,  and  so  on. 
The  necessity  for  the  proviso  that  vq;)  (1)  should  be  prime  to  I  arises  from 
the 'fact  that,  if  not,  the  process  breaks  down  ;  suppose,  for  instance,  that 
V  satisfies  the  first  condition  ;  then  the  second  condition  gives 

hiVo)W+vii)(l)  =  0    (modO, 

t  Cf.  the  first  paper »  ^  8. 
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which  leaves  hi  indeterminate,  if  i/(i)  (1)  =  0  (mod  I).     The  conditions,  if 
satisfied  by  v,  are  satisfied  also  by  all  its  conjugates. 

16.  The  method  of  the  last  paragraph  has  two  defects,  when  we 
attempt  to  use  it  for  the  purpose  of  ascertaining  when  v  is  primary ; 
firstly,  it  is  inapplicable  when  v(k)0)  =  0  (mod  Z),  for  any  value  of  k; 
and  secondly,  the  property  of  satisfying  the  conditions  (16)  is  not,  in 
general,  invariant  for  multiplication,  or  (what  is  the  same  thing  in  other 
words)  the  residues  mod  I  satisfying  the  conditions  do  not  form  a  group. 
But  primary  numbers  form  a  group,  for  if  v  and  i/'  are  primary,  then  w' 
is  evidently  also  primary ;  and  we  cannot  therefore  expect  to  find  any 
simple  relationship  between  a  number  v  satisfying  (16),  and  the  associate 
f*i/  which  is  primary. 

We  have  shewn  that  the  index  of  ^  in  the  unit  of  "iTg  is  the  residue 
mod  r  of  a  rational  algebraic  function  of  the  coefficients  of  the  reciprocal 
factor  Ilg,  and  of  other  reciprocal  factors  of  lower  degrees,  which  function 
is  expressible  as  a  function  of  the  coefficients  of  v.  It  follows  that,  when 
v'  =v  (mod  P)  and  p  is  primary,  v'  is  also  primary.  It  is  shewn  in 
Parts  III.  and  lY.  below  that  in  the  fields  of  8-th,  16-th,  and  9-th  roots 
of  1,  I/'  is  primary  whenever  v'  =  u  (mod  Z) ;  and  it  seems  probable  that 
this  is  true  generally,  for  the  numbers  of  the  set  ^v  are  all  incongruent 
mod  Z,  and  one  only  of  them  is  primary. 

17.  If  €  is  any  real  unit,  the  substitution  of  ev  for  v  multiplies  the 
unit  of  any  **"  by  the  norm  of  e  in  the  field  A(f+f"^),  that  is,  by  ±  1 ; 
therefore  ev  is  primary  when  v  is  primary.  Accordingly  the  group  of  the 
real  units  is  a  sub-group  of  the  group  of  primary  numbers ;  and  E  the 
group  of  residues  mod  I  of  the  real  units  is  a  sub-group  of  P,  the  group 
of  residues  mod  I  of  primary  numbers.  {r\  is  also  a  sub-group  of  P,  and 
is  of  order  Z— 1. 

P  contains  residues,  say  y,  y',  ...,  none  of  whose  powers  are  contained 
in  the  group  {E,  r},  and  it  seems  probable  that  some  of  such  residues 
y,  y',  ...  may  be  selected  generating  a  group  J,  such  that  P  is  the  direct 
product  of  the  groups  E,  {r[,  and  /.  Assuming  that  this  is  so,  the 
group  G  of  all  semi-primary  residues  mod  Z  will  be  {^,  E,  r,  J\.  Conse- 
quently a  method  of  discovering  the  group  P  is  to  form  the  group  E,  and 
to  complete  the  analysis  of  G  by  finding  residues  y,  y',  ...  generating  a 
group  J,  none  of  whose  residues  belong  to  the  group  {^,  E,  r]  ;  then,  if 
y,  y',  ...  are  primary,  P  =  \E,  r,  J\  ;  and  if  not,  let 

T    2 
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be  primary,  then  y^,  yi,  ...  generate  a  group  J^,  and  we  shall  have 
P={£?,  r, /of,     and     G  =  \^,  E,  r,  J^]. 

I  propose  to  call  the  residues  of  J  or  J^,  as  the  case  may  be,  canonical 
residues.  Then  every  number  v  may,  by  multiplying  it  by  a  suitable  unit, 
be  made  congruent  to  r*y  mod  I,  where  y  is  one  of  the  canonical  residues. 
The  assumption  here  made  as  to  the  structure  of  the  group  G  is  justified 
in  the  cases  dealt  with  in  Parts  III.  and  lY.  below.  The  use  of  the 
canonical  residues  in  practice  facilitates  the  calculation  of  the  residues  of 
the  coefficients  of  the  reciprocal  factors  to  mod  I  or  powers  of  I,  and  con- 
sequently the  calculation  of  the  units  of  the  '4^'s. 

Part  II. 
The  Field  of  T'-th  Boots  of  1. 

18.  There  are  some  differences  between  this  and  the  general  case, 
but  a  large  part  of  the  reasoning  in  the  first  paper  and  in  Part  I.  of  this 
paper  is  valid  for  the  case  Z  =  2,  and  need  not  be  repeated. 

There  are  no  primitive  roots  mod  2^*,  but  every  odd  residue  is 

=  ±5'*     (mod  2*). 
r  denotes  5  or  some  odd  power  of  5. 
Then  r^-*=  1+2*^-1     and     r^"' =  1     (mod  2"). 

The  substitution  s  changes  ^  to  ^  and  t  changes  ^  to  ^"^ 
The  prime  ideal  factors  of  p  are 

P„  =  «~P  =  p(r')    and    pt  =  5«^p  =  p(^-r-)    (^  =  0,  1,  ...,  2'^-^-l). 

e,  the  exponent  to  which  q  appertains,  is  a  power  of  2. 
qr  =  ±  W  (mod  2*),  r  being  supposed  chosen  so  that  /  is  a  power  of  2. 
The  different  residues  of  q  mod  2*",  and  the  corresponding  values  of 
e  and  /,  are  as  follows  : — 

e  =  2*^-2,     g  =  ±  1+2^  (mod  28),       /  =  1. 

e  =  2'*-»,     g  =  ±  1+28  (mod  2*),       /  =  2. 

e  =  2'^-^     3  =  ±  1+2^'  (mod  2*+^),    /  =  2^-^ 

__  (q=±  1  +  2^-1  (mod  2^),    /  =  2^-^ 

^""    '       1(?  =  -1  (mod2'»),    /  =  0. 

e  =  1,  q=      1  (mod  2*^),    /  =  0. 
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It  appears  from  this  table  that,  except  when  q  =  ±1  (mod  2"), 

ef  =  2*-^ 

If  g  =  1  (mod  4),  the  prime  factors  of  q  are 

q^  =  8\    and     ql  =  8''tq, 

where  u  =  0,  1,  ...,  2*"^— 1,  when  q  =  l  (mod  2*),  but  otherwise, 
tt  =  0,  1,  ...,/—!  ;   and,  if  g  =  —  1  (mod  4),  they  are 

where  u  =  0,  1,  ...,  2'*"^— 1,  when  g  =  — 1  (mod  2"),  but  otherwise, 
u  =  0,  1,  ...,  2/-1. 

Z  denotes  ^'  +1,  so  that  Z  =  0  is  the  irreducible  equation  satisfied 
by  f. 

It  will  be  useful  to  adopt  the  convention  that,  when  g  =  1  (mod  2*) 
/  is  2*"* ;  this  is  consistent  with  the  definition  of  /.  With  this  con- 
vention, the  number  of  prime  factors  of  q  is  2/,  except  in  the  case 

g  =  —  1     (mod  2**), 
which  is  peculiar. 

19.  As  in  the  first  paper,  §  5,  we  find  that,  when  q  =  l  (mod  4), 

\,lq\  =  n.„^^-v|;-^^-  (mod  q)     {u  =  0,  1,  ...,/-l) 
and  \i^lqr=  H.;?;;-.;;/^-  (mod  q). 

And,  when  g  =  —  1  (mod  4),  except  g  =  —  1  (mod  2"), 

\vlq\  =  llul'--  (^od  q)     (u  =  0,  1,  ...,  2/-1) 

and  ^/?  [  *  =  IKVr  (™^  ?)• 

And,  when  g  =  —  1  (mod  2*), 

[vlq\  =  Hi/JI^-  (mod  g)     (u  =  0,  1,  ...,  2'^-«-l), 
and  Iv/gf'^IIi/^^"-  (mod  g). 

As  in  the  first  paper,  §§6  and  7,  we  have 

ig/i/}«  =  ^i...>F,-i     (modg). 

The  first  paper,  J  8,  shews  that  the  index  of  v^  in  ^j  ...  ^^.i  is 
[^r_u] ;  and  the  index  of  vl  in  the  same  expression  is  then  fl'— 1— [j'r-J, 
since  either  v^  or  v^  must  occur  in  each  "^. 


278  Mb.  a.  E.  Western  [Feb.  18, 

When  q  =  l  (mod  4),  the  proof  that  ^i ...  %-i  is  congruent  mod  q 
to  {W?!',  so  far  as  powers  of  v  and  its  conjugates  are  concerned,  is 
similar  to  that  in  the  first  paper,  §  9. 

Secondly,  when  g  =  —  1  (mod  4)  =  —  r^  (mod  2*),  we  find  that 

i/«  =  vl^  (mod  g), 

and  so  vf  =  v^^^  or  v^^^    (mod  ?), 

according  as  x  is  even  or  odd. 

In  particular,  vjf"^  =  1     (mod  q). 

Since  M+[— ar]  =  —  1,  we  have 
where  e  is  a  unit. 

Now  n^:^-^-'^-^  =  n,n,.;_\-;^^;,Y/- 

and  nvl'^^-'"--^  =  n,n,v:r^-'''-«^^ 

where  i;  =  0, 1, ...,  2/— 1  and  a?  =  0, 1,  ...,  Jc— 1. 

So,  expressing  i/v-.(sz+i)/  and  v^-sa/  ^s  powers  of  Vv+/,  the  index  of  1^^+ 
in  ^i...^5-i  is 

=  2.(g-«'-gr-**-«)-2;[-gr-,+^](-gr»-i    (y  =  0, 1,  ...,6J-1). 
Now  (— gr-»+K^)  =  r^r,+(3,+i)/ ; 

so  the  index  is  g*— 1— (3r_»,   which  proves  the  congruence  mod  q  of 
'4^1... '^g.i  and  {v/gfS  so  far   as  v  and  its  conjugates  are  concerned. 
Similar  reasoning  applies  to  the  case  of  gr  =  —  1  (mod  2*). 
As  in  the  first  paper,  §  12,  when  ^(1)  =  0  (mod  2), 

where  x  =  [(g^+l)r-J— [grr-J  =  0  or  1.     There  is  no  need  to  introduce 
the  unit  —1,  since  it  is  ^' . 

And,  as  in  the  first  paper,  §  15,  the  unit  of  F(^f  is  the  same  as  the 
unit  of  F(— 1)^  But  F(— 1)^  =  p,  when  p  =  l  (mod  4),  so  the  unit  of 
F(^^  is  1. 

20.  Corresponding  to  the  relations  (1)  and  (8)  of  §  4,  supra,  we  now 
^^""^  V^-.-i  =  (-irV^„  (17) 

a:'"'  =  AU,n.i^.  (18) 
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And,  in  particular, 

(2)  and  (4)  remain  true  when  2  =  2. 

Writing  the  norm  of  v,  N  =  2*Jf+l,  we  have  M  =  lm  (mod  2),  the 
sum  being  taken  over  all  the  rational  prime  factors  of  N,  and  so 

We  also  find  I  that       ^,(1)  =  (</+l)2*-^m     (mod  2''), 

so  that,  when      p=l  (mod  2*+^),      ^^,(1)  =  0  (mod  2*), 

and  when    p  =  1+2*  (mod  2*+^),      V^^(l)  =  0  or  2*"^  (mod  2*), 

according  as  g  is  odd  or  even. 
And  it  is  easily  deduced  that 

^,(1)  =  ((7+1)2*-^ if    (mod  2*),  (19) 

and  that,  if  Q^  =  ^i ...  ^^_i, 

QgiD  =  0        (mod  2~), 
when  9  =  1  or  2  (mod  4),  and 

Q^(l)  =  2*-*ilf    (mod  2*), 
when  9  =  8  or  0  (mod  4). 
As  in  (6),  supra,  we  have 


Vh   =   V^.V.. 


— »    =    l'i«l'«(  — ^. 


And  this  specifies  the  power  of  ^  appropriate  to  u,  except  as  to  a  power 

of  r". 

And,  as  in  §  7,  supra,  vu  =  o-q+o-i,  v^^.j— »  =  <ro""^i  J   so 
v;  =  flr5-<7f  =  v,(^)     (mod  2). 


21.  The  reasoning  of  §§8,  9,  and  10  applies  when  g  is  odd,  the 
only  difference  being  that  here  the  smallest  value  of  x  such  that 
^^  =  1  (mod  2)  is  a?  =  n— 1,  instead  of  n,  so  that 

Whether  A  is  =  0  or  1  (mod  2)  may  be  determined,  as  in  §  14,  by 
comparison  of  the  residues  mod  2  of  the  coefficients  of  11^  and  11*.     In 

X  CI.  H.  J.  8.  Smith,  Report  on  the  Theory  of  Nwnbera,  Art.  60,  foot-note. 
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fact,  using  the  same  notation  as  in  §  11,  except  that  11  is  reduced  to  its 
simplest  form,  viz.,  2at,f*  {v  =  0,  1, ...,  2*""^— 1),  IIJ*  must  have  at  least 
one  odd  coefficient ;   calling  this  al*,  since 

a;+a;^2«-,  =  <     (mod  2), 


«« 

^ 

0*+j,-j 

(mod  2). 

«. 

= 

<. 

a 

u+S»-»  = 

«:+,-.    (mod  2), 

«« 

= 

«:+..- 

tt 

<»«+2- 

.,  =  a;     (mod  2), 

So,  if 

h  is  even  ;   if 

h  is  odd.     We  therefore  obtain 

Q  =  ^'2"-^+*-[n,+0z+^'(f^-i)] 

identically,  wherein     II,  =  ^''^Uvl^'-^  vl'~'"^'-^, 

and  A  is  0  or  1,  as  above  found.     And,  finally,  by  differentiating   this 
identity,  and  then  putting  f  =  1,  we  determine  h\ 

22.  The  process  of  §  15  applies  here  with  two  modifications.  The 
first  is  that  the  last  of  the  conditions  (16),  corresponding  to  k  =  n^l^ 
must  be  omitted  ;  the  other  conditions  (16),  in  the  present  case,  fix 
V  except  as  to  sign,  and  it  is  unnecessary  for  the  present  purposes  to 
fix  the  sign  of  v,  for  the  unit  of  each  "¥  is  unaffected  by  changing  the 
sign  of  V.     The  other  modification  is  that  v(k)0)  is  always  prime  to  2 ;  for 

i/(fc)(l)  =  VQc-i)W--V(ic-.i){l)  =  v(ic-i){l)  =  1     (mod  2). 

The  unit  of  every  "^  may  be  made  of  the  form  ^  by  choosing 
u  =  Xav^v  out  of  the  set  v,  ^v,  ^i/,  ^v,  so  as  to  satisfy  the  first  two 
of  the  conditions  (16) ;   these  may  be  written 

2a4r+i  =  2a4v+8     (mod  2)^ 

2a4r+2  =  0  (mod  2)  J 

And  it  follows  from  these  that      2a4v  =  1         (mod  2). 

This  property  is  invariant  for  multiplication.  For,  let  fi  =  2bv^v  be 
another  number  satisfying  (20),  and  let  /xi/  =  2ct,f*'  and  aj  =  2„a4tt+v, 
with  similar  notation  for  /ul  and  julv.  The  conditions  (20)  then  are  ai  =  as, 
ai  =  0  (mod  2).     Then,  as  in  the  first  paper,  §  18, 

c^  =  2^aX-x     (mod  2),    (a:  =  0, 1,  2,  8), 

whence  c^  =  4,      c^  =  0     (mod  2). 

In  illustration  of  my  assertion,  in   §  16,   that  the    residues    mod  I 
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satisfying  (16)  do  not  in  general  form  a  group,  I  may  remark  that,  if 
IJL  and  V,  besides  satisfying  (20),  also  satisfy  the  third  condition  of  (16), 
viz.,  2)a8v+4  =  0  (mod  2),  ijlv  does  not  necessarily  satisfy  this.     A  number 
prime  to  2  and  satisfying  (20)  will  be  called  semi-primary. 
The  reciprocal  factors  ^  are  semi-primary  ;   for,  writing 

V',  =  2^;^    and    ^lr,(r')  =  al+a\r'+al^-^-'+al^-^-\ 

^g(^'^)  being  a  reciprocal  factor  of  p  in  the  field  of  4-th  roots  of  1,  we 
have,  as  in  the  first  paper,  §  10,  2«^J^^^  =  aj. 
Now,  if  gr  ^  0  or  —  1  (mod  4), 

aj  =  2'^-*w-l,         al  =  al  =  al  =  2~-^m ; 

and,  if  y  =  1  or  2  (mod  4),  it  is  known  that,  when  p  =  1  (mod  8), 

a{  =  al  =  al  =  0     (mod  2). 

Hence  each  '^  also  possesses  this  property,  and  therefore  its  unit  must 
be  t^, 

28.  In  particular,  the  unit  of  X  =  '^^I'^g'^a^*  is  *1^^8  determined,  and 
is  of  the  form  ^.  The  substitution  of  v'  =^  ^u  tov  v  in  the  expression 
for  X  in  terms  of  v  (as  in  the  first  paper,  §  17)  causes  the  index  of  the  unit 
to  become  4A?+4A«,  where  h  is  odd.  So,  by  proper  choice  of  a?,  v  may  be 
made  primary,  i.e.,  such  that  the  unit  of  X  is  1.  It  will  be  noticed  that, 
if  k  be  even,  v,  when  primary,  is  also  semi-primary ;  but  if  k  be  odd,  v 

^iv+i  =  1,     2a4,  =  0     (mod  2). 
Accordingly,  when  ?  =  1  (mod  4), 

{plq}^=  {q/p}^     (modg), 
that  is,  {v/q}  =  [q/v]. 

Again,  since  F{^  F(f-«)  =  (-  irp, 

F(^F(^-^  =  (-l)^J/; 

and  therefore  the  unit  of  F(f)«F(^-^  is  (—1)^  times  the  unit  of 
F  (f)"^F(f-«)"^ ;  so  that,  if  g  =  —  r^  (mod  2*),  and  v  is  primary,  the  unit 
of  ^i...^,-iis(-l)''. 

So,  in  this  case,  when  g  =  —  1  (mod  4),  we  obtain 

that  is  {>'hQ}  =  \-qlv\. 
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With  the  convention  that  q  is  taken  with  such  sign  as  to  make 
g  =  1  (mod  4),  we  have  in  each  case  the  law — 

{.Iq]  =  {q/u}. 

This  is  capable  of  the  same  extension  as  before  (first  paper,  §  20) » 
namely : — 

If  V  is  any  primary  number  of  the  field  of  2^'th  roots  of  1,  and  a 
is  any  odd  rational  number  prime  to  u,  taken  with  such  sign  as  to  be 

=  1  (mod  4),  then  i  i   ]        <    /  t 

{vla\  =  {alv\. 

24.  Corresponding  to  §  12,  we  find  that,  when  u  is  primary,  the  unit 
of  '*'2g-i'^^  is  (—1)''  for  all  values  of  g.  And  conversely,  if  the  unit  of 
'^I'^a  is  (— 1)^»  then  v  is  primary.  We  see  that  in  the  present  case,  there 
are  no  reciprocal  factors  whose  units  are  always  1  when  v  is  primary, 
similar  to  'S^i,  '^9,  ...  when  I  is  odd ;  but  the  unit  of  each  separate  '4^, 
must  be  determined  by  the  process  of  §  IS.  This  fact  is  the  real  reason 
for  the  difficulty  referred  to  in  §  18  of  the  first  paper.  We  may  here  take 
G  to  be  the  group  of  all  semi-primary  residues  mod  2,  and  E'  to  be 
If*,  ^},  for  every  real  unit  e  is  semi-primary.     The  substitution  of  w  for 

/  V  leaves  the  unit  of  '^i'^2  unaltered,  and  so  ev  is  primary,  when  v  is 

primary.    Canonical  residues  may  be  found  as  before,  forming  a  group  J, 
and  P  the  group  of  primary  residues  mod  2  will  then  be  {E,  J\. 

25.  The  Units  of  ^2"-*-i»  ^wm2  ^2"-*,  when  n>2. — We  find,  from 
\                                 (2),  that 

so  V^2»-'-i  is  a  number  of  the  field  k  (f +f^~  "^),  and  we  may  write 

l/r2«-i-i  =   (— l)*n2«->-i, 

where  Ha-i-i  =  bo+^b,l^+{-iy^'  f ""'-'']  {v  =  1,  2,  ...,  2'^-*-l). 

Applying  the  process  of  §  11,  and  remembering  that 

V^;--!.!  =  2m-l+2m2f2^     {v  =  1,  2,  ...,  2*-^-l), 

we  find  2a;o+6o  =  2m— 1, 

2x,,+br,  =  2w  =  2a;2-»-.t,+  (-ir'"^6»    {v  =  1,  ...,  2''-^-l), 
and  «2"-*  =  w ; 
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and  80  6o  =  1  ("^^d  2),       6«  =  0  (mod  2). 

Accordingly     Hg-i-i+^Z  =  m+ J (6o-l)+[m-i  (6o+l)]  C^'' 

+2,[(m+J6J(f-+^-^-«)+(m-J6«)(r"*^"+r"^]    (u  odd) 
+2,[(m+i6,)  (r+r"'^+(^-iW(^"'^"+r  "'"•)]     (t^  even) 

Dififerentiating,  we  obtain 

A  =  m+i(6o+l)     (mod  2). 

If  n2»-i-.i  is  taken  with  such  sign  as  to  make  bQ  =  l  (mod  4) ;  then 
the  unit  of  V^2»-»-i  is  (— 1)*"*"\  and  consequently  the  ifnit  of  V^2»-i  is  —1. 
We  easily  deduce  that 

A^:r'  =  0,      Ap,  =  m    (mod  2). 

Similarly,  when  n  =  2,  the  process  of  §  11  gives  at  once  that 

V^i  =  — (a— 60, 
where  a  =  l  (mod  4),  as  is  already  known. 

The  fact  that  A^l^  =  m  (mod  2)  may  also  be  derived  directly  from 
its  definition  as  the  number  of  solutions  of 

If+B^  =  1     (mod  p), 

which  satisfy  a;+2*~^y  =  2*"^     (mod  2*), 

using  reasoning  which,  though  simpler  in  form,  is  essentially  the  same  as 
that  given  by  H.  J.  S.  Smith!  for  the  case  of  8-th  roots  of  1. 

26.  \[r^'^  and  ^i  are  the  same  numbers,  except  as  regards  units.  For 
Rummer's  theorem  ||  shews  that  ^i  contains  Pm,  if  r.«  >  2'^"^ ;  and  that 
Vr2"-»  contains  P.,  if  r-«+(2-V.J  >  2-. 

But,  r-«  being  odd,  (2*"V_J  =  2*~\  so  the  condition  becomes 

Since  ^2"'*^  is  unaltered  by  the  substitution  s^'  t,  if  it  contains  P«,  it  must 
also  contain  P^4.sn-t. 


t  Report  on  the  Theory  of  Numbers,  Art.  121. 
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The  results  of  this  and  the  previous  paragraph  hold  also  for  "iTf^-^^u 

which  is  ^Hj,  where  tt       tt     t  /         v.  ^v.  i.        ^  o*-ix 

*  Hi  =  ni/«v;^.2"-'     (w  such  that  r_«  >  2*  ^). 

Since  both  "^j*-!-!  and  Hi  are  unaltered  by  s^'^t,  so  also  is  ^;  that  is, 
the  unit  is  (— 1)\ 

27.  The  Units  o/^2"-'+i  and  -^i. — Here  we  find,  from  (2),  that 

and  so  ^2"-*+i  is  a  number  of  the  field  h  (f^. 

Nowt  ,  V%V^8ir+i  =  V^iV^Jt 

which,  for  g  =  2*"^,  gives 

Now  yj^^^i  =  (-i)i(^>+i)ni,     v^;«.2  =  (-.i)i(^i+i)n;, 

where  \  and  6J  are  the  absolute  terms  in  IIi  and  IIJ  respectively ;    so 

^1  =  ^iHi,      ^2*->+i  =  62*->+i  n2~-»+i, 
we  find  n2»-i+i  =  ni, 

and  02"-»+i  =  (-  l)i<^«-*  0i, 

or,  provided  that  b^  =  6j  (mod  4), 

02«-l  +  i  =  01. 

The  coefl&cient  of  ^  in  ^/r^  is  the  number  of  solutions  of 

B'^+B^=  1     (modi?), 

such  that  x+y  =  v     (mod  2*). 

These  solutions  occur  in  pairs  x,  y,  and  y,  x^  except  when  x  =^  y  =  x'  say, 
and  then  2B^  =  1  (mod  p).  Therefore  the  coefficient  of  f ^  in  ^i  is  odd, 
and  the  other  coefficients  are  even.  Now  f^  =  {2/p[^,  and  so,  comparing 
yfri  with  Hi,  we  see  that  ^  =  +  ]  2/p  [^ 


First  paper,  §  11  (15),  taking  ^  =  2. 
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Pabt  hi. 
The  Fields  of  S-th  and  16'th  Boots  of  1. 

28.  In  these  fields  there  is  only  one  class  of  ideals,  the  principal  class, 
so  that  all  ideals  are  actual  numbers.  We  may  therefore  take  v  to  be  a 
prime  factor  ir  of  the  rational  prime  p.     I  use  throughout  r  =  5. 

I  give  for  reference  the  results  in  the  field  of  4-th  roots  of  1  which  will 
be  needed,  namely,  those  for  the  casejp  =  1  (mod  8).     Here  we  have 

p  =  8m+l,       TT  =  a+bi, 
where  a  =  1,     6=0     (mod  4),       and      p  =  a*+6' ; 

V^i  =  ^2  =  —  ia—bi)  =  2i4»f*, 
where  Aq  =  2m— J  (a+1), 

Ai  =  2w+i6, 
A2  =  2m+i(a— 1). 
A^  =  2m— iJ. 

29.  The  Field  of  8'th  Boots  ofl.l — I  write  «  for  f+^.  Here  the 
fundamental  real  unit  is  6  =  l+f+f"^  and  c*  =  1  (mod  2),  so  the  group 
jB  of  §  17  is  of  order  2.     Writing 

the  semi-primary  conditions  are 

01  =  08,     09  =  0     (mod  2). 

If  Oi  =  1  (mod  2),  then  ir  =  c  (mod  2),  and  rTr  =  1  (mod  2).  The 
canonical  form  of  tt  is  therefore  tt  =  1  (mod  2),  that  is 

Oo  =  l,     Oi  =  O9  =  O8  =  0     (mod  2). 

The  sign  of  tt  is  immaterial,  ir  and  —  tt  being  both  canonical.      The 
conjugates  of  ir  are 

With  TT  in  its  canonical  form,  the  equation  tt*  =  tttti  holds  good,  ir*  being 
o-f  6^,  for  we  find  2       «  ,  «         ^ 

O  =        00—02  +  20108  I 

r  •  (21) 

6  =  --  ai+a?+2ao09  J 

X  Jacobi  stated  the  units  of  the  reciprocal  factors  in  this  field,  without  proof  or  any  indi- 
cation of  the  method  of  their  discovery,  in  '*Ueber  die  Kreistheilung/*  Crelle*s  Journal, 
Vol.  XXX.,  p.  166 ;  Collected  Works,  Vol.  vi.,  p.  264. 
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(22) 


So  a  =  l+a\    (mod  8), 

but  a=l+4»»     (mod  8), 

and  80  02  =  ^m     (mod  4). 

Let  c+dm  =  irirj,  giving  p  =  c'+2(?,  and 

c  =  al-a\+al-al  ]  ^ 

d  =  a^ai—aiaz+aaOa+aeao . 

Whence  we  easily  obtain 

c  =  1  (mod  4),      d  =  Ox+^s  (™od  *)» 

and  J  (c-1)  =  J6  =  id+m  (mod  2). 

We  know,  from  §  22,  that  the  units  of  the  reciprocal  factors  are  d:  1 ;  so 
applying  the  results  of  §§  25-27,  we  see  that 

^,  =  (- 1)'=  (c-dw),  V'B  =  (- 1)*"""  ic-dw), 

Vrg  =  (-ir^Hc-dw),      ^4  =  -ic-d^), 

^,  =  (-I)*  (a- 6^,         Va  =  (-l)*+-(a-6^. 

SO.  Applying  the  process  of  §  11  to  rfr^,  in  order  to  determine  k,  we 
^*^®  2*0+0  =  i  (4m-a- 1),       2a;i-d  =  J  (4w+6), 

2«a       =  i  (4w+a— 1),       2x3— d  =  i  (4m— b). 
And  so     ^(1)  =  1  (mod  2),       ^(1)  =  *,— a;8+2a;a  =  J6  (mod  4), 
whence  A;  =  J6+1     (mod  2). 

The  coefficients  A't  ot  the  reciprocal  factors  are  therefore  as  follows : — 

If  6  =  0  (mod  8), 

aI  =  i(4m-a-2c-l),      A]  =  J(4TO-a+2c-l), 
A\  =  i{4m+b+2d),  ^J  =  J(47»+i— 2d), 


^2  =  J(4m+a-l)      = 
aI  =  l(4m-b+2d), 


A9, 


a]  =  J(4w— 6-2d). 


Ao  =  l{im-Sa-l),  Al  =  l(4m+a-l), 


Al  =  ^{4m+b) 


=      Al 


A\  =  i(4m+a+26-l),      Al  =  l{4m+a-2b-l), 
Ai  =  H4m—b)  =      At 
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And  if  6  =  4  (mod  8),  Al  has  the  value  given  above  to  -4^+4- 
If  m  =  0  (mod  2), 

^J  =  i(2m+c-l), 
^J  =  ^?  =  J(2m-(i). 

And  if  m  =  1  (mod  2),  Al  has  the  value  given  above  to  Al^^. 

Since  the  unit  of  V^iV^a  is  (—1)"*,  tt  is  primary. 

And  67r  is  also  primary,  so  that  the  primary  residues,  to  one  of  which 
every  ir  may  be  reduced  by  multiplication  by  a  power  of  f ,  are 

1     and     l+f+^     (mod  2). 

When  TT  is  of  the  second  form,  since  e.ei^  = —  1,  each  of  the  units 
of  the  ^'s  above  stated  must  be  changed  in  sign.  The  primary  residues 
may  also  be  written  in  the  form 

1+2/1  (X'+X")     (mod  2), 

where  yi  =  0  or  1,  X  being  1— f^  a  factor  of  2. 

81.  The  Field  of  16'th  Boots  of  1. 
Let  c.i  =  f+r.        <^  =  ^'-^.        ^  =  f+^, 

and  mi  =  ^+t\     ^3  =  ^*+^-',     ^8  =  f+r'. 

The  fundamental  real  units  here  are 

€i  =   l+tSTi, 

€2  =  l+BTi+tSTa, 

«3  =  l+^STi+tsra+tsTg. 
We  jSnd  that      e^  =  e^e^  (mod  2),       ej  =  1,  ej  ~  1  (mod  2), 

so  the  group  E  is  {cj,  c^}  of  order  8. 
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The   residues  of  E,  and  the  simplest  corresponding  units,   are    as 
follows : — 

Residues  of  JS7.  Simplest  Units. 

1  1 


€ 


.2    — - 


=  1  +0*2  =       €•  =1  +t!ra 


ej  =  1  +t!r2+c^8  =    ^atf^       =1  —^q+^b 

63  =  l+Wi+^STa+tSTa  =       €3         =  I+ot'i+tstq+Ws 
6163=  l+tSTi+tSTa  =       €2         =  l+tsri+OTa 

€^€3  =  l+OTi  +or3  =  —  e-CgC^  =  l+tSTi  +13-8 

€^€8=  1  +^8  =       ei(^         =    1  +^8 

The  norms  of  ci  and  €3  in  the  field  k  (f+f"*)  are  —1  and  1  respectively. 

Writing  tt  =  26,f*     (t;  =  0,  1,  ...,  7), 

the  semi-primary  conditions  are,  the  modulus  being  2, 

63+63  =  0, 

60+64  =  1. 

0,  the  group  of  semi-primary  residues  mod  2,  is  of  order  2*^,  for  61,  63,  65, 
69,  64  may  each  be  0  or  1.  The  group  E'  =  {^,  E]  is  of  order  2*.  To 
complete  the  analysis  of  G,  we  need  a  residue  of  order  2,  in  G  but  not  in 
E'.     Such  a  residue  is 

y  =  1+f +^,     for     y^  =  1  (mod  2) ; 
so  J=  {y\. 

Therefore  G  =  j^,  cj,  €3,  y}, 

and  the  canonical  residues  are  1  and  y ;  and  we  take 

7r  =  l+6i(f+^)     (mod  2), 
where  6^  =  0  or  1. 

The  conjugates  of  ir  are 

7ri=7r(^),        ^2  =  7rO,        7r3  =  7r(f^), 


(28) 
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When  &i  =  0  (mod  2),  all  the  conjugates  are  =  1  (mod  2);  and  'when 
bi  =  l  (mod  2), 

x,  =  l+f+^,       x:  =  l+f+^     (mod2), 

82.  With  either  canonical  residue,  we  have   tt*  =  Trxg ;  in  fact,  this 

a,  =  -^bl+bl+2bob^-2b,b,+2bsb, 
Oa  =      bl-bl+Uob,--2b,bs+2b,b, 
oa  =  -bl+bli+2bob^+2b^b,-2b^b,j 
Then  ao  =  1,     Oi  =  0,     o^  =  0,     03  =  261    (mod  4) ; 

and     a  =  1,     b  =  46i,     c  =  46i+l     (mod  8) ;     d  =  26i    (mod  4).    (24) 
Also,  when  6  =  0  (mod  8),  we  find,  since  p  =  a^+b^  =  c^+2{?, 

a  =  l+8m,       c  =  l+8m+4d     (mod  82) ; 
and,  using  the  equations  (21)  and  (22),  we  easily  obtain 

tto  =  1— 4m+6,       Oa  =  i6+2df     (mod  16), 
Oi+Oa  =  d     (mod  16) ; 
and,  using  (28),  64  =  2m,     69+65  =  2m+J6     (mod  4), 

62+^1+^5  =  i^»     b^+b^+b^  =  Joa     (mod  4), 
bi+bj^+b^+hj  =  2w+J6+id  (mod  4). 

Again,  when  6  =  4  (mod  8), 

a  =  — 7+8m,       c  =  — ll+8m    (mod  82); 

Oo+Oa  =  7— 4m— J6,       ^Oi+a^  =  —  2+ J6     (mod  16), 

ai+Os  =  4+8m+6+d    (mod  16) ; 

6a  =  Joi,       6e  =  l+2m+J6+Jai     (mod  4), 

64+63+^  =  2+2^,     64+61+65  =  J6-id    (mod  4). 

In  each  case  a  =  l+8m+26     (mod  16).  (26) 

88.  We  have         xttJ  =  CQ+CifOi+C^uy^+Cs^f 
where  Co  =  6S-6?+6|-6l+6j-6^+6?-6?, 

Ci  =  60  61— 61 62+62  68— 63  64+64  65— 65  65+ 65  67+ 6^  60, 
C2  =  6062-6168+6264-6366+6465—6567—6660+6761, 
Cs  =  6068-6164+6865-6365+6467+6560-6561+6762, 

BHB.  2m      TOL.  6.     VO.  993.  U 
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and  80     Co  =  1+J6  (mod  4),     Cj  =  0,     Ci  =  C^  =  J6  (mod  2). 
Let  #1  =  ('7r7rp(7ra7rp  =  Co+CiWi+Caftj^+CaWg, 

where  Cq  =      C2-2CJ, 

Cj  =      CoCi+GoCg — 2C2C/8, 

C3  =  —  ^0  ^11  Cq  C3 — 2C/1  C/j, 
and  BO    Co  =  1  (mod  8),     Cj  =  J6  (mod  4),     Ci  =  Cg  =  0  (mod  2).      (26) 
Let  *a  =  (7r7ra)(7r87rD  =  ^d.C'     (v  =  0,  1,  ...,  7), 

where  dg  =  ao  (7o+ (— % + 03)  Cg, 

di  =  (Oa+Og)  (7i+(ao— Oj)  Cg, 

da  =  Oi  Cq—  (Oo+Oa)  Cg, 

ds  =  (—ao+«8)C'i+(ai— 02)03, 

^4  =  OaCo— (Oi+Og)  Ca, 

dg  =  —  (ao+ai)C'i+(aa— a8)C8» 

cLi  =  —(ai+aa)^! +(00+03)  (73, 
and  so  do  =  l+i6,     d^  =  0  (mod  4) 

da  =  do  =  0  (mod  2),     da+dg  =  ^b  (mod  4) 
di  =  d8  =  d5  =  d7  =  J6  (mod  2),     di  =  d^,     dg  =  dg  (mod  4) 
di+df  =  ^+d5  =  J6  (mod  4),     and     2d„  =  1  (mod  4) 


(27) 


84.  The  reciprocal  factors  of  p  are — 

l/ri  =  f**irt^i  =  f*«^l  (Co— CiCOi  +  CaWi  — CoWg), 

^3  =  f«.«a$a         =  r*  (do+dgf-da^-d^^+d^r-di^-do^+d^O, 
yfr,  =  f***«^a         =  r**  (do+d8f+de^-di^-d,f*-d,^+dar+dgr), 
Vr,  =  (-l)'*+i«^i  =  (-l)«+Mco-Cia,i+CaC«^-C3a,3), 
^,  =  ^i(c-d^-d^), 

Vr^  =  f«"«^a         =  r*"(do-d,f-def^-dg^-d,f*-d3^-dar-diO, 
and  V^a^  =  (— l)'*V^i6-2jr. 
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We  find,  from  (2),  that 

V^i3  =  V^5(f")     and     V^n  =  ^8(f"), 

whence  Ajg  =  Tc^,     hn  =  —  A^g   (mod  4), 

and  the  relation  used  in  §  27,  V^s^V^+i  =  V^iV^^»  gives, 

when  g=l,  k^^k^^k,  =  2m+i6+2 1 

\  (mod  4) ;  (28) 

and  when  g^  =  2,  Jci+kf^—k^  =  2m+i6+2  J 

therefore  k^  =  0,     ki  =  k^   (mod  2). 

86.  To  determine  ki,  we  find,  from  §  27,  that  4tki=:b+8h;  and  so, 
2ajo+Co  =  i(8m— a— 2c— 1),        2x^        =  J(8m— a+2c— 1), 
2xi—Ci  =  J(8m+6+2(i),  2x5— Cg  =  J(8w+6— 2d), 

aca+Cj  =  J(8m+a— 1),  2a?g— Cj  =  J(8nt+a— 1), 

2a:8— Cg  =  i(8m— 6+2(i),  2^:7—61  =  i(8m— 6— 2d). 

Then  20  (1)  =  —  6    (mod  16),         0  (1)  =  1    (mod  2), 

and  Hid)  =  26       (mod  16); 

and  so  4tki  =  b+8  (mod  16), 

that  is,  the  unit  of  ^1  is        ^"^^  =  —  f*» 

Next,  since  A?g  =  0  (mod  2),  so  that  the  unit  of  ^3  is  ^,  we  have 
2a:o+do  =  i  (4w-c— 1),         2x^+d^  =  i  (4m+c— 1), 
2aji+d6  =  i  (4m+d),  2^5—^1  =  i  (4m— d), 

2«a— da  =  2m,  2a:g— dg  =  2nt, 

2a?3-d,  =  i  (4m+d),  2aj7+d8  =  J  (4m-d). 

Then  20(1)  =  8m+di+dg— d5-d7+2da— 2d8    (mod  16), 

113(1)=       «dj-d3+dB+d7-2da+2d8    (mod  16), 
and  0  (1)  =  1    (mod  2) ; 

and  so  4A:g  =  8m+8    (mod  16), 

that  is,  the  unit  of  ^g  is  (— 1)*^^ 

Then,  by  (28),  4*^  =  -  6+8    (mod  16). 

V  2 
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86.  The  units  are  therefore  as  follows,  dg  being  the  unit  of  ^,, 

03  =  e,  =  0n  =  (-ir^\    04  =  «8  =  «i2  =  -1, 

e5  =  0l3=^*+^  0,  =  0,,  =  f*+B«+«; 

and  so,  since  0i02  =  (^1)**,  v  is  primary,  if  it  is  in  either  of  the  oanonioal 
forms. 

When  6  =  0  (mod  8),  corresponding  to  the  canonical  residue  1  (mod  2), 
primary  numbers  bjcq  those  whose  residues  mod  2  are  those  of  the  group  E. 
And  when  6  =  4  (mod  8),  corresponding  to  the  canonical  residue  y, 
primary  numbers  are  those  whose  residues  belong  to  the  set  yE,  which 
are  as  follows : — 

y=l  +f        +^ 

Any  residue  of  G  may  also  be  written  in  the  form 

i+y5i(x'+x^+y4X'+y6^'+y6^'+y7^'    (mod  2), 

where  each  ^  =  0  or  1.  It  might  be  expected  that  some  simple  relation 
between  the  y's  would  hold  for  primary  residues ;  and,  having  expressed 
all  the  pi^imary  residues  in  this  form,  I  find  that  the  following  congruences 
hold  :— 

when  ya  =  0,  then  ^4+^5+^6+^7  =  0     (^od  2) ; 

and  when  y^  =  1,  then  y^+^c+y?  =  1     (n^iod  2) ; 

so  that,  in  each  case,  the  condition  that  a  residue  is  primary  is 

(ya+i)(»5+i)+y4+y6+y7  =  i    (mod  2). 
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Part  IV. 

The  Field  of  %th  Boots  of  I. 

87.  The  notation  used  here  for  the  field  of  8rd  roots  of  1  is :  /o  is  a 
8rd  root  of  1,  |>  =  9m+l,  ir*  =  a'\'a'p,  in  the  semi-primary  form,  and 
taken  with  such  sign  that 

1,     a'  =  0     (mod  8). 


Then 
where 

where 


We  have 

that  is, 
and 


a 

p  =  a'-aa'^-a'''  =  \{A^+9a% 
A  =  2a-a'  =  -  1    (mod  8). 
V^i  =  -(a+aV^  =  2^./o% 
A^  =  8m+J(-2a+a'-l), 
^i  =  8m+i(a+a'-l), 
A^  =  8w+J(a— 2a'— 1). 

A^  =  4f  =  4+9?w  (mod  27), 


A  =  2+9m    (mod  27) 
a+a'  =  1    (mod  9) 


)• 


(29) 


88.  The  fundamental  real  units  in  the  field  of  9th  roots  are 

*o  =  -  f-rS      «!  =  -  C'-t'.      e,  =  -  ^-^*, 

where  ^o^i^a  =  1>       ^^^      ^q+ci+c^  =  0. 

The  units  are  taken  with  such  sign  as  to  make  the  sum  of  the  coefficients 
of  each  unit  =  1  (mod  8). 

The  group  E  is  |eo,  ei},  where 

ej  =  ej  =  1     (mod  8). 

Every  residue  of 'JE?  may  be  expressed  in  the  form  x+yeo+zei^  where 
x+y+z  =  1  (mod  8),  and  also  in  the  form  l+2y«X*  (v  =  2,  ...,  5);  tjie 
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residues  and  the  simplest  corresponding  units  are  : — 

Residuee.  Simplest  Units. 

1=1=1  1 

ele,  =       1-eo+ei  =  1  -\*+\'  ej^i 

eoej  =       l+eo-ei  =  1  +X*-X»  eoe* 

eo    =  €o  =  l-\'-\'-\*-\^  eo 

ei    =  ei=l-X«-X»+X*  61 

«*ej  =         -eo-«i  =  l-X^-X"         +X»  «j 

^     =_1         _ej  =  I+XHX'-X*  eiej 

eoei  =-l-eo         =  l+X'+X'+X^+X'  So^i 

ej     =_l+eo+ei=H-XHX»         -X»  .^e^ 

These  simplest  units  are 

ejei  =  —  2— eo+ei,       e^^  =  l+eo~ei»       eo^i  =  —  1— «<>» 

€1*8  =  —  1  — ei,       ea«o  =  —  1  — ca- 

The  primitive  root  mod  9  used  is  2,  so  that  s  is  the  substitution  changing 

is  a  prime  factor  of  p,  the  terms  in  ^,  ^,  and  ^,  being  disposed  of  by  the 
identity  ^+^+1  =  q 

TT  being  taken  with  such  sign  that  7r(l)  =  1  (mod  8),  and  being  also 
semi-primary,  we  have 

60+68-1  =  61+67  =  63+63     (mod  8). 

G,  the  group  of  residues  mod  8  satisfying  these  congruences  is  of 
order  8*,  and  jB'  =  \^,  E}  is  a  sub-group  of  order  8";  the  residue 

y  =  l+f-r     (mod  8) 

is  of    order  8;    and  therefore   G=  {^,  ^q,  e^,  yf,    and  there  are  three 

canonical  residues  1,  y,  and     o -      pip?,      j  ox 

^  Y  =  1— f+r   (mod  8). 

We  may  therefore  take 

7r=l  +  6i(f-0     (mod  8), 

where  6i  =  0,   ±1    (mod  8). 


\ 
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89.  The  conjugates  of  tt  are 

^i  =  ^(^)»     ^a  =  «-(r)»     ^8  =  ^(^)>     ^4  =  ^(r)»     and     xg  =  7r(^X 
Applying  (5)  and  (7)  to  the  present  case,  we  have 

TT*  =  Tnr2'7r^  =  ir(^     (mod  8), 
and,  writing    o-q  =  b^+b^^,    a-^  =  6if +67^,     0-3  =  b^C^+b^^, 

=  l+crj  =  1  +  861-861/5     (mod  9), 
and  so  ^i  =  —  ^'    (mod  8).  (80) 

Similarly,  taking  the  residue  of  ir^  (mod  27),  we  find 

60+63  =  1— 8m+a'     (mod  9) ; 
and,  when    6i  =  0  (mod  8),     60  =  1— 8w— ^',     63  =  Ja'  (mod  9) ; 
when  61  =  1       (mod  8),        63+63  =  —  1— Ja'+63    (mod  9) ; 

and,  when    61  =  —  1  (mod  8),        63+63  =  —  1+ Ja'— 63    (mod  9), 

40.  Let     4>  =  TTTTiir^  =  Co+Caf^+Cif+Cjf^+c^f'+Caf®; 
then,  since  ttttitt^  =  l+6i(— f— f^+f'+f®)     (mod  8), 

Cq— 1  =  C3  =  0,    Ci  =  C3  =  —  61,     C7  =  C3  =  61     (mod  8).      (81) 
And,  taking  the  residue  of  0  mod  9,  we  find 

Co+Cg— 1  =  C1+C2+C7+C3  =  —  86J    (mod  9) ; 
and,  when  6i  =  0    (mod  8), 

Co  =1—^',      Cs  =  ^'    (mod  9), 
Ci  =  —C8  = —63+67,      C3  =  —  C7  =  61+69— 67— 63    (mod  9). 

41.  Writing  0g  =  §^9  for  the  unit  of  ^g,  we  find,  from  (1)  and  (2),  that 

di^=  6^=  6^,      02  =  6^9      ^3  =  ^5  =  ^2^ ; 
the  reciprocal  factors  therefore  are 


296 


Mb.  a.  E.  Wbstbbm 


[Feb.  18, 


Then,  applying  the  process  of  §  11  to  ^i, 

Sxo+co+cs  =  -  87n-|(-2o+a'-l), 
Sxi+Cg+Cg  =  —  8m— J(a+a'— 1), 
9xi+Cl+c^  =  —  8m— J(a— 2o'— 1); 
and  so  k^  =  Ja'+Cs- Ci— C2+C7+<'8     (™o^  8) 

=  Ja'+6i  =  0     (mod  8). 
The  canonical  forms  are  therefore  primary.     And  we  find  for  yfr^, 

8X0+C0+C3  =  —  8m+l, 
8X1+C1+C7  =  —  8m, 
3xs+Ca+Cg  =  —  8m, 
and  so  A;2  =  —  C3— Ci+Cg  =  Ja'  (mod  8). 

Therefwe  ^i  =  1,        ^a  =  P^'- 


42.  When  a'  =  0  (mod  9),  the  corresponding  canonical  residue  being 
1  (mod  8),  primary  numbers  are  those  whose  residues  mod  8  are  those  of 
the  group  E. 

When  a'  =  —  8  (mod  9),  the  corresponding  canonical  residue  being  y, 
primary  numbers  are  those  whose  residues  mod  3  belong  to  the  set  y  {^f , 
namely — 


y    = 

^ny  = 

«o4y  — 
«oy  = 
«iy  = 

'Xy  = 
<y  = 

«beiy  = 
c?y  = 


+f       -f         =1        -X»+X* 
+^        -f«  =  1        -X'-X^-X* 

-^     +f'-r+f'  =  i-xHx'-V+x* 

+r'-f-r'-r-^ = i+x»       -x" 

+^     +f»+r       =H-x«       -X* 


And,  when  a'  ==  8  (mod  9),  the  corresponding  canonical  residue  being  y*. 
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primary  numbers  are  those  whose  residues  mod  8  belong  to  the  set  y^  |£[ , 
namely — 

-/=      1        -f       K'         =1         +X»-X* 

ele,y'=       1  -^         +^=1         +X»+X*+X' 

eoeJy»=       1        +^+f«-^^-.f«=l  +X«         -X« 

6oy«  =  -  l+^-f+^        +f«  =  1-X^         +X*+X» 

e,y«  =  -l+^  ^^_^  =  1-X»  -X» 

6^ejy«  =  -  l+f8+f-.^«+f^         =  1-X^         -X* 

ey  =       -f»+f  +r  =  1+X^-XHX*+X« 

eo6,y«  =         -f8-^-f«-^^-^  =  1+X^-X»         -X« 
ejy«=         -^       +f*+r         =1+X«-X»-X* 

It  is  evident  that  if  tt  is  primary,  so  also  are  its  conjugates.  It  appears 
that  l+yaX^+y3X®+y4X*+y6X®  is  a  primary  residue  in  the  following 
eases : — 

when  ya  =  0,         and     t/i+j/s  =  —  ^s     (^ao^  3), 

when  ^2  =  1»         aiid     y^+y^  =  —  l      (mod  8), 

and  when  yj  =  —  1,     and     ^4+^5  =  ^s""!  (mod  8). 

These  three  cases  may  be  expressed  in  one  congruence,  viz., 
yj— ^2^8+^3+^4+^6  =  0     (mod  3). 


I 

i 

i 
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OSCILLATING  SUCCESSIONS  OP  CONTINUOUS  FUNCTIONS 
By  W.  H.  Young,  Sc.D.,  F.R.S. 

[Received  Maich  26th,  1908.— Read  April  30th,  1908.] 

1.  The  theory  of  series  which  neither  converge  nor  diverge  to  a 
definite  limit  has  been  little  studied.  It  is  clear  none  the  less  that 
from  the  point  of  view  of  theory  of  functions  such  series  have  as  real  a 
claim  to  consideration  as  the  more  usual  ones ;  there  is,  moreover,  the 
important  application  to  the  theory  of  derivates. 
/  The  investigator  is,  however,  met  on  the  threshold  by  the  diflBculty 

that  the  methods  which  were  fruitful  in  the  more  simple  case  do  not  at 
once  apply.  On  the  one  hand,  the  nature  of  the  sum  function,  or  rather 
of  the  two  functions  which  now  correspond  to  it,  has  not  been  elucidated, 
and  on  the  other,  the  usual  definition  of  uniform  convergence  by  means  of 
the  remainder  function  does  not  lend  itself  easily  to  generalisation.  This 
last  difficulty  is  removed  by  the  formulation  given  by  myself  in  a  recent 
paper  presented  to  this  Society,  a  formulation  which  depends  on  the 
introduction  of  what  I  call  the  peak  and  chasm  functions.  Moreover, 
the  application  of  the  method  of  monotone  sequences  leads  readily  to 
the  required  information  as  to  the  nature  of  the  upper  and  lower  functions, 
which,  in  the  general  case,  replace  the  sum-function. 

Except  in  the  fundamental  theorem  which  concerns  the  nature  of  the 
functions  defined  by  the  extreme  limits  at  every  point,  I  confine  my 
attention  to  series  of  continuous  functions.  In  the  case  of  the  funda- 
mental theorem,  however,  this  restriction  is  unnecessarily  narrow.  The 
nature  of  the  upper  function  is,  in  fact,  found  to  be  the  same,  in 
general,  whether  the  generating  functions  &re  continuous,  or  only  lower 
semi-continuous.  In  the  same  way  the  lower  function  has  the  same 
nature  whether  the  generating  functions  are  continuous,  or  only  upper 
semi-continuous. 

The  fundamental  theorem  in  question  is  as  follows : — 

The  upper  (lower)  function  of  a  sequence  of  lower  (upper)  semi- 
continuous  functions  is  upper  (lower)  semi-continuous,  except  possibly 
at  a  set  of  points  of  the  first  category.  This  is,  moreover,  true  not 
only  with  respect  to  the  continuum,  but  with  respect   to    every  perfect 
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set.     In  particular,  the  upper  and  lower  derivates  have  these  properties 
respectively. 

This  fundamental  theorem  includes  as  a  particular  case  Baire's 
theorem  when  the  upper  and  lower  functions  coincide.  In  a  paper  in 
the  Messe7iger  of  Mathematics*  I  shewed  that,  in  the  case  of  a  single 
variable,  this  theorem  of  Baire's  still  held  when  there  was  continuity 
on  one  side  only  at  each  point.  In  the  present  paper  I  shew  that  the 
corresponding  property  is  possessed  by  the  upper  and  lower  functions, 
viz.,  that  their  nature  is  the  same  when  the  lower  and  upper  semi- 
continuity  of  the  generating  functions  is  on  one  side  only. 

Turning  to  the  nature  of  the  convergence  and  divergence,  we  have  now, 
in  general,  what  is  usually  called  oscillatory  divergence  existing  at  every 
point.  It  at  once  follows  from  the  fundamental  theorem  that  the  points 
at  which  the  measure  of  this  divergence,  or,  as  I  prefer  to  say,  the  measure 
of  the  oscillation,  is  greater  than  k  form  an  ordinary  inner  limiting  set. 

The  consideration  of  the  peak  and  chasm  functions  leads,  on  the  other 
hand,  to  the  splitting  up  of  the  concept  of  uniform  convergence  and  diver- 
gence into  two  components,  which  I  call  uniform  oscillatio7i  above  and 
below.  I  shew  that  the  points  of  uniform  oscillation  above  and  below 
have  each  the  same  distribution  as  have  in  the  simple  case  the  points  of 
uniform  convergence,  viz.,  that  they  fill  up  the  continuum  except  possibly 
for  a  set  of  the  first  category.! 

Further,  all  the  results  as  to  the  distinction  of  right  and  left  obtained 
in  connexion  with  ordinary  uniform  convergence  and  divergence  still 
hold.  In  other  words,  non-uniform  oscillation  above  and  below  have 
each  on  the  right  and  left  the  same  measure  except  possibly  at  a 
countable  set  of  points. 

Closely  connected  with  the  main  subject  of  the  paper  is  the  con- 
sideration of  the  distinction  of  right  and  left  in  the  case  of  derivates. 
Here  we  are  concerned  in  general  with  two  distinct  sequences,  that 
leading  to  a  right-hand  and  that  leading  to  a  left-hand  derivate.  The  result 
obtained  is  that  whatever  be  the  nature  of  the  function  and  of  its  derivates, 
bounded  or  unbounded,  the  derivates  are  the  same  on  the  right  and  left, 
except  at  a  set  of  points  of  the  first  category. 

♦  W.  H.  Young,  **  A  New  Proof  of  a  Theorem  of  Baire's,"  Messenger  of  Math.,  New 
Series,  August,  1907. 

t  From  this  it  foUows  in  particular,  hy  the  characteristic  property  of  a  set  of  the  first 
category,  that  the  well  known  theorems  concerning  the  mode  of  convergence  of  a  series  of  con- 
tinuous functions  and  the  nature  of  its  limiting  function  still  hold  when  osdllaUng  divergence 
is  allowed  at  a  set  of  the  first  category,  viz.,  the  points  of  uniform  convergence  and  divergence 
still  fill  up  the  continuum,  except  for  a  set  of  the  first  category,  and  the  limiting  functions  are 
all  pointwise  discontinuous. 


/ 
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2.  Let  /i,/a,  ...  be  a  sequence  of  functions,  not  necessarily  having  a 
definite  limit  at  each  point.  At  each  point  we  shall  then  have  a  highest 
possible  limit,  and  a  lowest  possible  limit,  and  perhaps  intermediate  limits. 
The  function  /  whose  value  at  each  point  is  the  highest  possible  limit  is 
called  the  upper  function^  and  the  function  ^  whose  value  at  each  point  is 
the  lowest  possible  limit  is  called  th^  lower  function.  With  this  explana- 
X  tion  we  may  write  shortly, 

/(a;)  =  highest  Lt /.(or), 

11=00 

?  f{x)  =  lowest     Lt  fn{x). 

We  now  define  the  left-  and  right-hand  peak  and  chasm  functions  as 

follows : — 
'  We  take  an  interval  (P,  Q)  with  P  as  right-hand  end-point,  and  denote 

:  the  upper  bound  ol  fn{x)  for  points  x  internal  to  this  interval  by  Mn,q* 

The  highest  possible  limit  of  Mn,  q,  as  n  increases  indefinitely,  we  denote 
i  hj  Mq. 

[  Now,  if  Qi  and  Q2  are  two  positions  of  Q,  of  which  Q^  lies  between  P 

'  and  Qi,  it  follows  from  the  definitions  that 

i 

»  Hence,  also,  Mq^  ^  Mq^^  . 

If  therefore  we  make  Q  move  up  to  P  as  limit,  the  quantities  Mq  will 
form  a  monotone  decreasing  sequence,  and  will  therefore  have  a  definite 
limit  not  greater  than  any  of  them  ;  this  limit  we  take  as  the  value  TriiP) 
{  of  the  left-hand  peak  function  at  P. 

i^  Similarly,  working  on  the  right,  we  get  the  right-hand  peak  function 

'  TrR{P).     The  function  7r(P)  whose  value  at  each  point  is  that  one  of  itl 

and  ttr  which  is   not  less    than  the  other,    is  the    peak  function  par 
excellence. 

Similarly,  interchanging    "  upper "    and  "  lower "  we  get  the  chasm 
functions  xu  Xr*  ^^^  X« 

8.  Thborbm  1, — If  f  denote  either  the  upper  or  the  lower  function, 
XiiP)  <  ^dP)  <  i>L{P)  <  irdP). 

(A  similar  inequality  holds,  of  course,  on  the  right.) 
For,  if  X  be  any  point  inside  the  interval  (P,  Q)  on  the  right  of  P,  and 
Mn,Q  denote  the  upper  bound  of/n(a;)  in  this  interval, 

/n(xXAfn,g. 
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Making  n  increase  indefinitely,  f{x),  being  one  of  the  limits  on  the  left, 
cannot  lie  above  the  highest  limit  Mq  on  the  right,  that  is, 

Now,  letting  x  describe  a  sequence  having  P  as  limit,  any  limit  which 
we  may  obtain  on  the  left  is  less  than  or  equal  to  3fg ,  so  that 

Since  this  is  true  for  all  positions  of  Q,  it  is  true  when  Q  moves  up  to  P, 
so  that  J    /T^x  ^       /T^ 

0X(P)  <  TTLiF)' 

Similarly  ^ii(P)  >  Xi(-P). 

which  proves  the  theorem. 

Theorem  2. — If  th-e  functions  f^  are  continuous  at  P, 

XLiPXfiPX-^LiJP)^ 

(A  similar  inequality  holds,  of  course,  on  the  right.) 
For,  since /n  (a;)  is  continuous  at  P,  it  has  the  definite  limit /n(P),  as  x 
approaches  P,  so  that  -  ,^.  ^  ,, 

Since  this  is  true  for  all  values  of  n,  /(P)  cannot  be  higher  than  the 
highest  limit  of  the  right-hand  side,  that  is, 

/(P)<Mg. 

Since  this  is  true  for  all  positions  of  Q, 

/(P)<^x(P). 

Similarly  the  other  inequality  holds,  which  proves  the  theorem. 

From  these  theorems  it  follows  that  if  the  peak  and  chasm  functions 
are  equal  at  P,  the  upper  and  lower  functions  agree  and  are  both  con- 
tinuous at  P,  supposing  the/„'s  to  be  continuous  functions  at  P.* 

Again,  it  follows  that  at  a  point  where  the  peak  function  is  eqiml  to 
the  upper  function,  the  latter  is  upper  semi-continv^us^  while  at  a  point 
where  the  chasm  function  is  equal  to  the  lower  function  the  latter  is  lower 
semi-continuous. 


*  If  the  /m's  are  not  oontinuous,  the  same  holds  with  a  oountably  infinite  set  of  possible 
exceptions,  by  the  results  of  my  paper  on  **  The  Distinction  of  Bight  and  Left  at  Points  of 
Disoontinnity/'  QiMri.  Jour,  of  Math,,  1907. 
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4.  Let  /i,/a,  ...  be  a  sequence  of  lower  (upper)  semi-continuous  func- 
tions. Let  vi,  2  denote  the  function*  which  at  each  point  has  the  valae  of 
the  greater  of  /i  and  /a,  or  is  equal  to  both,  if  they  are  equal.  Then  Oi,  t 
is  a  lower  (upper)  semi-continuous  function.  + 

Let  vi^n  be  the  function  which  at  each  point  has  the  value  of  the 
greater  of /«  and  v^^i,  or  is  equal  to  both.  Then  it  follows,  for  each  value 
of  n,  that  Vi^  n  is  a  lower  (upper)  semi-continuous  function.     Also 

is  a  monotone  ascending  sequence. 

Thus,  if  the  original  functions  /i,/a,  ...  were  lower  semi-continuous, 
the  limit  Vi  of  the  last  sequence  is  a  lower  semi-continuous  function. 
This  function  Vi  is  such  that  at  each  point  its  value  is  the  upper  bound  of 
/i,/q,  ...  at  that  point. 

Similarly  we  define  t?2,  t?8»  ..,  ^n  being  got  from  /*,  /n+i,  ...  as  t?i  was 
from /i, /a,  .... 

Then  Vi>V2>^3>--' 

is  a  monotone  descending  sequence  of  functions,  which,  if  the  fnS  were 
lower  semi-continuous,  are  lower  semi-continuous.  The  limit  of  this 
sequence  has  at  each  point  its  value  equal  to  the  highest  limit  approached 
by  /i,/2,  ...,  and  is  accordingly  the  upper  function  /  of  the  original 
sequence. 

Similarly,  if  the  original  functions  were  upper  semi-continuous,  we  get 
the  lower  function  /  represented  as  the  limit  of  a  monotone  ascending 
sequence  of  upper  semi-continuous  functions. 

Thus  we  have  the  following  theorem  : — 

Thborbm  3. — The  upper  (lower)  function  of  a  sequence  of  lower  (upper) 


*  Lebesgue,  in  his  InUgrationt  p.  121,  uses  a  similar  device  in  the  case  of  a  sequence  of 
measurable  functions  to  shew  that  the  upper  and  lower  functions  are  measurable. 

t  For,  if /i  and/]  are  both  lower  semi-continuous,  and  Ak  any  number  less  than  fk{x')t 
we  can  find  an  interval  throughout  which 

/,(a:)  >ii„        /,(j)>^,; 

and  therefore  V],2  is  greater  than  the  greater  of  A^  or  A^^  that  is,  greater  than  any  number  less 
than  its  value  at  x',  and  is  therefore  lower  semi-continuous.  Similarly,  if  /,  and  ft  are  both 
upper  semi-continuous,  and  Ah  any  number  greater  than  fk  (x'),  we  can  find  an  interval 
throughout  which  f^  <  ^^^        f^  j^:)  <  A^ ; 

and  therefore  t^i,]  is  less  than  the  greater  of  Ai  and  A*,  that  is,  less  than  any  number  greater 
than  its  value  at  x\  and  is  therefore  upper  semi-continuous. 


1908.]  Oscillating  successions  of  continuous  functions.  308 

semi'Contvntious  functions  is  the  limit  of  a  monotone  descending  (ascending) 
seque7ice  of  lower  (upper)  semi-continuous  functions. 

Cor.  1. — The  upper  (lower)  function  of  a  sequence  of  lower  (upper) 
semi'Contintums  functions  is  upper  (lower)  semi-continuous  tvith  respect  to 
any  perfect  set,  except  at  a  set  of  points  of  the  first  category  with  respect 
to  that  set. 

For  all  the  common  points  of  continuity  of  the  generating  semi- 
continuous  functions  yield  points  of  upper  (lower)  semi-continuity  of  the 
limiting  function.  This  is,  moreover,  true  whether  we  refer  to  the  con- 
tinuum or  to  any  other  perfect  set. 

Cor.  2. — The  points  at  which  the  upper  function  of  a  sequence  of 
lower  semi-continuous  functions  is  + « ,  or  is  >k,  form  an  ordinary 
inner  limiting  set. 

For  they  are  the  points 

Vi  =  +oo   or  >A,     t?9  =  +oo   or  >A,     ..., 

that  is,  the  inner  limiting  set  of  a  sequence  of   ordinary  inner  limiting 

sets.* 

Similarly, — 

The  points  at  which  the  lower  function  of  a  sequence  of  upper  semi- 
continuous  functions  *«  —  oo ,  or  <  A,  form  an  ordinary  inner  limiting 
set. 

Hence  also,  the  points  at  which  the  upper  (lower)  function  of  a  sequence 
of  lower  (upper)  semi-continuous  functions  <  A:  O  A:)  form  an  ordinary 
outer  limiting  set. 

It  may  be  noticed  that  in  the  case  when  the  functions /i, /a,  ...  are  not 
only  lower  semi-continuous  but  never  —  oo ,  each  of  the  functions  Vn  has  a 
finite  value  at  each  point,  and  therefore,  being  lower  semi-continuous,  is 
bounded  below.  Hence  the  lower  integral  of  t?n  (which  is  its  generalised, 
or  Lebesgue,  integral)  is  the  upper  limit  of  the  lower  summations. 

A  similar  result  holds  when  /i,/a,  ...  are  upper  semi-continuous,  and 
never  +<^>  for  the  generating  upper  semi-continuous  functions  of  the 
lower  function. 

5.  Applying  the  results  of  the  preceding  article  to  the  case  when  the 


•  Young,  Theory  of  SeU  of  Points  (Cambridge  University  Press,  1906),  p.  73,  Theorem  38a. 
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original    functions   /i,  /s,  ...    are    continuous  functions,    we   have   the 
4  following : — 

The  upper  function  is  upper  semi-continuous,  and  the  lower  function 

;  lower  semi-continuous  with  respect  to  any  perfect  set,  except  possibly  at  a 

set  of  the  first  category  with  respect  to  that  set. 

>j  The  upper  function  is  the  limit  of  a  monotone  descending  sequence  of 

\  lower  semi'Continumts  functions,  and  the  lower  function  the  limit  of  a 

monotone  ascending  sequence  of  upper  semi-continuous  functions. 

The  points  at  which  the  difference  of  the  upper  and  lower  functions  is 
greater  than  k  form  an  ordinary  inner  limiting  set.     Or,  as  we  may  say, 
the  points  at  which  the  "  measure  of  the  oscillation  "  is  greater  than  k 
i  form  an  ordinary  inner  limiting  set. 

f  Any  function  which  is  the  limit  of  a  sequence  of  continuous  functions 

,,  can  be  expressed  as  the  limit  of  a  decreasing  sequence    of  lower  semi- 

1  continuous  functions,  and  also  as  the  limit  of  an  ascending  sequence  of 

ji  upper  semi-continuous  functions.     Such  a  function  is  therefore  pointwise 

;  discontimwtis  with  respect  to  every  perfect  set. 

^-  This  last  result  is  Baire's  theorem,  which  is  here  proved  in  another 

]  new  way.    Assuming  the  converse,  which  has  also  been  proved  by  Baire, 

V.  it  shews  that  any  function  which  is  pointwise  discontinuous  with  respect 

7  to  every  perfect  set  can  be  expressed  in  each  of  these  two  modes,  and  gives 

a  criterion,  which  may  sometimes  be  convenient,  for  determining  whether 

a  function  belongs  to  Baire's  first  class. 


'I 
i 


h 


6.  Although  we  have  throughout  worked  with  a  discontinuous  para- 

t  meter  n,  which  approaches  the  value  infinity  along  a  countable  set  of 

values,  the  whole  discussion  might  equally  well  have  been  based  upon  a 

sequence  depending  on  a  continuous  parameter  h,  which  approaches  the 

value  0,  say. 

Since  the  right-hand  upper  and  lower  derivates  /"^  (a:)  and  /+  (x)  of  a 

continuous  function  /(a;)  are  the  upper  and  lower  functions  of  a  sequence 

of  continuous  functions  ^/    •  7  x     r,  ^ 

f{x+h)'-f(x) 

h 

where  h  is  a,  continuous  positive  variable  which  approaches  the  value  0, 
or  (Hobson's  Functions  of  a  Beal  Variable,  p.  552)  of  a  sequence 

f(x-i-hn)''f(x)^ 
h^ 

all  that  has  been  said  about  upper  and  lower  functions  applies  to  derivates. 
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7.  Theorem  4. — There  is  no  disUnction  of  right  and  left  toith  respect 
to  derivateSy  except  possibly  at  a  set  of  the  first  category. 

For,  since  in  every  closed  interval  the  right-hand  upper  derivate/*" 
and  the  left-hand  upper  derivate  /"  have  the  same  upper  bound,  it  follows 
that  at  each  point  they  have  the  same  associated  upper  limiting  function 
of  Baire,  say  0^. 

But,  except  at  points  of  a  set  of  the  first  category,  both  the  upper 
derivates  are  upper  semi-continuous,  and  therefore,  both  being  equal  to  0£, 
they  are  equal  to  one  another,  which  proves  the  theorem  as  far  as  the 
upper  derivates  are  concerned. 

Similarly  it  follows  for  the  lower  derivates,  and  therefore  for  the  upper 
and  lower  derivates  simultaneously,  since  the  sum  of  two  sets  of  the  first 
category  is  a  set  of  the  first  category. 

This  result  may  be  compared  with  that  of  Lebesgue*  that  a  differential 
coefficient  exists  in  the  case  of  a  large  class  of  functions,  and  in  particular 
functions  with  bounded  derivates,  except  at  a  set  of  content  zero. 

The  above  theorem  is  true  without  any  limitations,  and  is  not,  even  in 
Lebesgue's  case,  included  in  his  result.  It  is  easy,  in  fact,  to  construct  a 
set  of  the  first  category  whose  content  is  that  of  the  continuum,  and  whose 
complementary  set  is  therefore  of  content  zero  without  being  of  the  first 
category.! 

Combining  the  two  results  in  the  case  of  the  functions  considered  by 
Lebesgue  we  have  the  result  that  there  is  no  distinction  of  right  and  left 
with  regard  to  derivates,  except  possibly  at  a  set  of  the  first  category  of 
content  zero. 

It  should  be  noted  that  we  cannot  obtain  any  information  with  regard 
to  the  identity  of  upper  and  lower  derivates  by  our  method  of  procedure, 
still  less  prove  that  they  agree  except  at  a  set  of  content  zero.  It  is  easy, 
in  fact,  to  construct  two  bounded  functions  which  have  all  the  properties 
of  the  derivates  utilised  above,  and  which  do  not  agree  at  any  point  of  an 
interval. 

Ex. — Let  fi(x)  =  2~''  at  all  the  rational  points  with  denominator  2~^, 
and  =  1  elsewhere. 

Let  /a (a:)  =  1—3"^  at  all  the  rational  points  with  denominator  3"*, 
and  =  0  elsewhere. 


•  Lebesgue,  InUgratian,  pp.  128  seq.  See,  however,  Hobson,  Functions  of  a  Real 
Variable  (Cambridge  University  Press,  1907),  p.  666. 

t  W.  H.  Young,  '*  On  the  Construction  of  a  Pointwise  Discontinuous  Function  all  of 
whose  Continuities  are  Infinities  and  which  has  a  (Generalised  Integral,"  Qtiarterly  Journal^ 
February,  1908. 
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Both  functions  are  boundecl,  fi  is  everywhere  greater  than  /s,  both 
functions  have  the  upper  bound  1  and  the  lower  bound  0  in  every  interval, 
and,  while  /i  is  upper  semi-continuous  except  at  a  set  of  the  first  category 
(here  countable), /a  is  lower  semi-continuous  except  at  a  set  of  the  first 
category  (countable).  The  Lebesgue  integrals  are  1  and  0  respectively, 
integrating  from  0  to  1. 

8.  On  account  of  its  importance  we  give  an  alternative  proof  of  the 
result  just  obtained,  a  proof  moreover  independent  of  the  fact  that  the 
derivates  have  the  same  0^  and  ^£. 

Alternative  proof  of  the  theorem : — 

There  is  no  distinction  of  right  and  left  with  respect  to  derivates  except 
at  points  of  a  set  of  the  first  category. 

Let  hi,  h^f  ...  he  Bk  sequence  of  positive  quantities,  monotone  and 
decreasing  with  zero  as  limit,  and  such  that  the  upper  function 

fix)  =  highest  ^Lt^  fnix),  (1) 

where  f^i,^  =  E^E+I^Zim  (2) 

is  the  upper  right-hand  derivate  F'^  of  the  function  F{x).* 

Let  corresponding  dashed  letter  apply  to  the  left-hand  upper  derivate, 

®^  '^**  /'  ix)  =  highest  ^Lt^  fn  ix),  (3) 

is  the  upper  left-hand  derivate  F",  where 

f^^,^=nx-K)-Fi.)^  (4) 

/In 

It  follows  that,  if  gn(x)  denote  the  function  got  by  suppressing  the  dashes 
in  (4),  and  g (x)  be  the  upper  function  of  the  series  gi,  g^,  ..., 

g{x):^f{x)^F-.  (5) 

Now,  let  P  be  any  point,  and  Qi  and  Ri  the  f~  ~^.  J~ 
points  to  the  right  of  P,  such  that 

PQi  =  QiRi  =  h.  (6) 

Let  a;i,n  be  the  point  of  the  interval  (P,  Qi)  where  the  continuous 
function /n  (a;)  attains  its  upper  bound  M^^q^. 

Then  the  point  y^^^  lies  in  the  interval  (P,  -Bi),  if 

y\,n  =  Xi^n+hn,  (7) 

♦  Hobfion,  Theory  of  Functions  of  a  Real  Variable,  p.  662. 
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since  hi'>  hn,  for  all  values  of  n.     Also 

whence  it  follows  that  the  upper  bound,  say  Gn^R^,  of  gn  in  the  interval 
(P,  iZi)  is  not  less  than  M^^q^j  i.e., 

Mn^Q^^Gn^B,.  (8) 

Since  this  is  true  for  all  values  of  n,  it  is  true  of  the  highest  limits  Mq^ 
and  Gi2,  approached  by  the  two  sides  of  (8),  that  is, 

Mq,  <  GB^.  (9) 

Similarly,  since  hi  >  Ai+r,  we  have  for  all  values  of  n  >  t, 

*fit,Q,<(3n.B„  (80 

whence  Mq.^Gr,,  (9') 

for  all  values  of  i. 

Now,  by  the  definition  of  the  right-hand  peak  function  irRiP)  of  the 
sequence /i, /a,  ...,  it  is  the  limit  of  the  quantities  Mq.,  since  the  points  Qi 
form  a  sequence  having  P  as  limiting  point  on  the  left. 

Similarly,  since  the  points  Bi  form  a  sequence  having  P  as  limit  on 
the  left,  the  peak  function  of  the  sequence  ^i,  g^,  ...  is  the  limit  of  Gr^, 
Hence,  by  (9'), 

TTsiP)  <  the  right-hand  peak  function  of  the  giS. 

But  the  peak  function  is  equal  to  the  upper  function,  except  at  a  set  of 
the  first  category,  hence 

fixXgix), 

except  at  a  set  of  the  first  category,  a  fortiori,  by  (5), 

f{xXf'(x\ 

except  at  a  set  of  the  first  category,  that  is, 

F^  <  F-,  (10) 

except  at  a  set  of  the  first  category. 

SimUarly,  F'  <  F+,  (11) 

except  at  a  set  of  the  first  category. 
From  (10)  and  (11)  it  follows  that 

F^  =  F-, 

except  at  a  set  of  the  first  category. 

x  2 
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Similarly,  the  right-  and  left-hand  lower  derivates  are  equal  except  at 
a  set  of  the  first  category.  Thus,  finally,  the  two  upper  derivates  are 
equal,  and  the  two  lower  derivates  are  equal  except  at  a  set  of  the  first 
category. 

9.  Theorem  5. — If  the  upper  and  the  lower  function  coincide  at  one  of 
the  points  wliere  the  upper  function  is  upper  semi-continuous,  and  the 
lower  function  lower  semi-continuous,  both  functions  are  contimums  there. 

For  the  \fr  of  the  upper  function  is  not  less  than  that  of  the  lower 
function,  and  is  therefore  not  less  than  the  value  of  the  lower  function, 
since  the  lower  function  is  lower  semi-continuous.  Since  the  upper 
function  has  the  same  value,  this  shews  that 

But,  since  the  upper  function  is  upper  semi-continuous  at  the  point, 

since,  for  any  function,  V^  <  ^» 

this  proves  that  \fr  =  f  =  ^, 

so  that  the  upper  function,  and  similarly  the  lower  function,  is  continuous. 

Cor.  1. — If  the  points  at  which  the  upper  and  lower  functions  do  not 
coincide  form  a  set  of  the  first  category,  the  points  at  which  the  limiting 
functions  are  discontinuous  form  a  set  of  the  first  category. 

In  particular,  if  the  points  known  by  Lebesgue's  theorem  to  be  of  zero 
content,  at  which  the  differential  coefficient  of  a  function  of  the  class 
specially  considered  by  him  does  not  exist,  form  a  set  of  the  first  category, 
the  points  at  which  the  derivates  are  discontinuous  form  a  set  of  the  first 
category. 

We  surmise  that,  even  in  the  cases  considered  by  Lebesgue,  the  points 
at  which  the  differential  coefficient  does  not  exist  will  not,  in  general, 
form  a  set  of  the  first  category. 

We  may  state  Cor.  1  a  little  differently  as  follows  : — 

Unless  the  points  at  ivhich  a  definite  limit  exists  form  a  set  of  the  first 
category  only,  there  is  certainly  a  set  of  the  second  category  at  which  all 
the  limiting  functions  are  continuous. 

Cor.  2. — At  any  point  at  ivhich  the  series  of  non-negative  continuous 
functions 
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where  u^^  u^^  v^^  ...  iias  a  definite  limit,  the  upper  and  lower  func- 
tions, and,  of  eourse,  therefore,  all  intermediate  limiting  functions,  a/re 
continuous. 

In  fact,  the  upper  and  lower  functions  are  respectively  upper  and  lower 
semi-continuous  throughout  the  whole  interval,  the  upper  function  being 
obtained  as  the  limit  of  the  sum  of  the  first  (2n+l)  terms,  and  the  lower 
function  as  the  sum  of  the  first  2n  terms,  when  n  increases  without  limit. 

10.  Uniform  Oscillation.  —  When  the  functions  /«  are  continuous 
functions,  I  shewed  that  uniform  convergence  or  divergence  at  a  point  P 
might  be  characterised  by  the  equality  of  the  peak  and  chasm  functions. 
In  this  case  both  are  equal  to  the  limiting  function,  which  is  moreover 
continuous  at  P.  It  was  then  shewn  that  such  points  of  uniform  con- 
vergence or  divergence  always  exist,  and  indeed  that  they  form  the  com- 
plementary set  of  a  set  of  the  first  category  only. 

Our  theorems  shew  that,  in  the  more  general  case,  the  peak  and  chasm 
functions  cannot  coincide  without  the  upper  and  lower  functions  also  coin- 
ciding. Such  points  may  not  exist  at  all.  The  preceding  theorems,  how- 
ever, suggest  a  generalisation  of  the  notion  of  uniform  convergence  or 
divergence  which  subsequent  investigations  further  justify. 

Dbf. — At  a  point  where  the  peak  function  is  equal  to  the  upper  func- 
tion the  sequence  is  said  to  oscillate  uniformly  above. 

At  a  point  where  the  chasm  function  is  equal  to  the  lower  function  the 
sequence  is  said  to  oscillate  uniformly  below. 

At  a  point  where  both  these  occur,  the  sequence  is  said  to  oscillate 
uniformly. 

The  last  result  of  Article  3  may  now  be  re-stated  in  the  following 
form  : — 

At  a  point  where  a  sequence  of  contintums  functions  oscillates  uni- 
formly above  (below),  the  upper  (lower)  f miction  is  upper  (lower)  semi- 
continuous. 

11.  The  theorems  proved  for  the  peak  and  chasm  functions  in  §  12  of 
my  paper  on  "  Convergence  and  Divergence  of  a  Series  of  Continuous 
Functions,  ...  ''  are  independent  of  the  existence  or  non-existence  of  a 
definite  limiting  function ;  it  is  therefore  unnecessary  to  reproduce  the 
proofs.     The  enunciations  are  as  follows  : — 

Theorem  6. — Any  limit   approached  by  'jr(x),  ttxCx),  or  Trjt(x)  as  x 
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approaches  a  point  P  as  limit  on  the  right  <  'jrLiP)^  and,  as  x  approaches 
P  as  limit  on  the  left  ^  ttr  (P). 

Cor. — ttl  is  upper  semi-continuous  on  the  left  and  ttr  on  tlie  rights 
while  TT  is  an  upper  semi-continuous  function.  As  such*  ttl  and  -jtu,  as 
well  as  TT,  are  at  most  pointtoise  discontinuous. 

Thborbm  7. — At  every  point  of  continuity  of  tt, 

and  both  ttl  and  ttr  are  continuous, 

Thborbm  8. — The  only  points  at  which  both  ttl  and  ttr  are  continuotts 
are  the  points  of  continuity  of  ir. 

Thborbm  9. — The  points^  if  any,  at  which  ttl  differs  from  ttr  are 
countable. 

Similar  results,  interchanging  the  signs  >  and  <,  hold,  of  course, 
for  the  chasm  functions. 

Thborbm  10. — A  t  any  point  where  the  peak  and  chasm  functions  are 
equal  both  are  continuous. 

For  as  x  approaches  P  as  limit  on  the  right,  by  Theorem  6, 

XX (P)  <  Lt  xl{x)  <  Lt  iriix)  <  iTLiPl 

at  such  a  point  as  is  contemplated,  therefore,  the  sign  of  equality  must 
hold  throughout.  The  left-hand  peak  and  chasm  functions  are  therefore 
continuous  on  the  left.     Similarly  we  can  prove  the  result  on  the  right. 

12.  The  following  theorem,  which  in  its  form  of  proof  exactly  corresponds 
to  that  given  in  my  paper  quoted  in  §  11,  proving  that  the  points  at  which 
both  the  peak  and  chasm  functions  are  continuous  are  points  of  unifompi 
convergence  or  divergence,  shews  that  points  of  uniform  oscillation  (above 
and  below)  always  occur,  and  that  their  distribution  is  precisely  that  of 
the  points  of  uniform  convergence  and  divergence  in  the  more  special  case. 

Thborem  11. — At  every  point  where  the  peak  function  is  continuums 
and  the  upper  function  upper  semi-coiitinuxms,  the  peak  function  is  equAil 
to  the  upper  function  (that  is,  there  is  uniform  oscillation  above). 

For,  if  possible,  let  P  be  a  point  at  which  the  peak  function  is  con- 

*  W.  H.  Young,  **Note  on  Left-  and  Right-Handed  Semi-Continuous  Functions,"  Qtiart, 
Jour,  of  Math.,  1908. 
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tinuous  and  the  upper  function  upper  semi-continuous,  but  these  two 
functions  are  not  equal.     Then,  by  Theorem  2,  we  have 

/(P)  <  ir(P). 

By  the  sense  of  this  relation  iriP)  cannot  be  —  oo,  nor  /(P)  be  +oo  ; 
therefore  we  can  find  two  numbers  a  and  fi,  such  that 

f{P)<l3,      a<ir(P),  (2) 

while  at  the  same  time  fi  <  a.  (8) 

Since  P  is  a  point  of  continuity  of  the  peak  function,  we  can  find  a  whole 
interval  {A,  B)  containing  P  as  internal  point,  at  every  internal  point  of 

a  <  7r(x).  (4) 

From  the  definition  of  the  peak  function  it  now  follows  from  (2)  that  we 
can  find  a  point  Q  in  {A,  B),  such  that 

a  <  Mq; 

and  therefore  we  can  find  an  integer  n^,  greater  than  some  assigned 
integer,  such  that  ^  ,,-. 

Since  M^,  q  is  the  upper  bound  of  the  values  of  /«,  (x)  in  the  interval  (P,  (J), 
there  is  certainly  a  point  of  this  interval  where  /»,  (x)  >  a.  Hence  f^ 
being  continuous,  there  is  a  whole  interval  {Ai,  B^),  internal  to  {A,  B)  at 
every  point  of  which  ^  ^  /  x 

while,  of  course,  the  relation  (4)  still  holds. 

By  the  same  reasoning  we  shew  that  there  is  an  interval  Ma,  B^  inside 
{Alt  J5i),  such  that  at  every  point  of  it, 

na  being  a  certain  integer  greater  than  n^. 

Proceeding  thus  we  get  a  series  of  intervals  (^,  B),  {A^^  B^,  {A^^  B^, ... 
each  lying  inside  the  preceding,  and  a  corresponding  series  of  increasing 
integers,  Ui,  n2,  ...,  w^,  ...  such  that  at  every  point  of  Wn  Br), 

a  <fn^{x). 

These  intervals  have  at  least  one  common  internal  point  x,  at  which  the 

preceding  inequality  holds  for  all  integers  r,  so  that  the  upper  function  / 

there  is  certainly  greater  than  or  equal  to  a ;  we  have  therefore  found  a 

point  a;  of  (-4,  J5)  at  which  ^  -,  . 

a  </(a?). 
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Since  this  is  true  for  every  smaller  interval  {A,  B)  containing  the  point  P 
as  internal  point,  it  follows  that 

a  <  0(P), 

while,  by  (2)  and  (8),        f(P)<fi<a<<f>{P), 

which  is  impossible,  since  at  the  point  P  the  upper  function  /  is  upper 
semi-continuous.  This,  therefore,  proves  that  at  P,  the  peak  function 
being  continuous  and  the  upper  function  upper  semi-continuous,  these  two 
functions  must  be  equal. 

Cor. — The  points,  if  any,  tohere  the  peak  ftuiction  differs  from  the 
upper  function  {that  is,  the  points  of  non-uniforvi  oscillation  above)  form  a 
set  of  the  first  category. 

For  they  belong  to  the  set  consisting  of  the  discontinuities  of  the  peak 
function  and  the  points  at  which  the  upper  function  is  not  upper  semi- 
continuous.  But  the  discontinuities  of  the  peak  function  form  a  set  of 
the  first  category,  and  so  do  the  points  at  which  the  upper  function  is  not 
upper  semi-continuous.  Since  the  set  consisting  of  all  the  points  of  two 
sets  of  the  first  category  is  a  set  of  the  first  category,  this  proves  the 
corollary. 

Similarly  we  have  the  alternative  theorem  and  corollary  : — 

Theorem  11'. — At  every  point  where  the  chasm  function  is  contmtums 
and  tlie  lower  function  lower  semi-continuous,  tlie  chasm  function  is  equ4il 
to  the  lower  function  (that  is,  th^re  is  uniform  oscillation  below). 

Cor.  1. — The  points,  if  any,  where  ths  chasm  function  differs  from  the 
lower  function  {that  is,  the  points  of  non-uniform  oscillation  below)  form 
a  set  of  the  first  category. 

Cor.  2. — With  tlie  possible  exception  of  the  points  of  a  set  of  the  first 
category,  the  peak  function  is  equal  to  the  upper  function  and  the  chasm 
function  to  the  lower  function  {that  is,  the  oscillation,  both  above  and 
below,  is  uniform). 


18.  In  the  case  when  a  definite  limiting  function  exists,  as  already 
mentioned,  it  was  shewn  that  the  definition  of  a  point  of  uniform  con- 
vergence or  divergence  of  a  sequence  of  continuous  functions  as  a  point 
where  the  peak  and  chasm  functions  were  equal,  was  concomitant  to  the 
old  i2n(^)-definition  and  its  extension  to  the  case  when  infinite  values 
are  allowed. 
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If  we  seek  a  corresponding  formulation  of  uniform  oscillation,  it  is 
found  that  discrepancies  occur,  except  in  the  case  when  the  upper  and 
lower  functions  coincide  at  the  point  in  question.  These  discrepancies, 
which  arise  when  infinite  values  are  allowed,  occur  none  the  less  when 
only  finite  values  are  permitted.  In  fact  it  may  be  shewn*  that,  at  a 
point  of  uniform  oscillation  where  the  upper  and  lower  functions  are 
both  finite,  we  can  find  an  interval  e2,  corresponding  to  any  assigned 
positive  quantity  e^  containing  P,  and  such  that  for  all  points  x  within 

'^'  l/(a:)-/nWl<  A+e, 

/  denoting  not  only  the  upper  but  also  the  lower  function,  for  all  values  of 
n^rriy  where  m  is  ^n  integer  and  k  a  quantity,  both  independent  of  x^ 
which  can  be  determined.  The  converse  of  this  theorem,  however,  seems 
only  to  hold  when  k  is  zero. 

The  i2n(x) -definition,  indeed,  does  not  lead  directly  to  generalisation 
when  the  upper  and  lower  functions  are  distinct.  The  very  plausible 
generalisation  of  the  inequality 

\Rn{x)\<e, 
in  the  form  fix)  —e  ^fn(x)  </(a:)+e, 

is  found  to  lead  to  a  point  at  which  the  upper  function  is  lower  and  the 
lower  function  upper  semi-continuous.  Such  points,  by  the  results  we 
have  already  obtained,  will  rarely  occur  at  all,  so  that  any  theory  based 
on  their  existence  will  be  of  very  limited  application.  All  this  points  to 
advantages  in  the  new  definition  of  uniform  convergence  by  means  of  the 
peak  and  chasm  functions. 

14.  The  concept  of  uniform  convergence  at  a  point,  however,  is  one 
which  may  be  extended  to  the  case  where  a  definite  limit  exists  at  one 
or  more,  but  not  at  all  points. 

Dbf. — The  sequence  of  functions  fi(x)j /^{x),  ...  is  said  to  converge 
uniformly  to  a  definite  limit  at  the  point  P  if  given  any  positive 
quantity  e,  an  interval  d  can  be  described,  having  P  as  internal  point, 
so  that,  for  all  points  x  within  this  interval  d, 

\f(x)-fn{x)\<e, 

and  also  \J(x)—fnix)  \  <,  e 


*  As  in  the  proof  of  Theorem  8,  pp.        37  of  my  paper  already  quoted. 
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(7  and  I  being  respectively  the  upper  and  lower  functions),  for  all  values 
o/n'^m,  where  m  is  an  integer  independent  of  x. 

Similarly,  we  define  the  expressions  right-handed  and  left-handed 
onif orm  convergence  at  P :  in  this  case  the  interval  d  will  have  P  as 
end-point. 

This  definition  may  also  be  adapted  to  give  "  aniform  divergence  to  an 
infinite  limit  at  the  point  P."  We  merely  have  to  replace  the  two  above 
inequalities  by  the  single  inequality 

or  /,(a:)<-^, 

according  as  the  infinite  limit  is  positive  or  negative,  A  being  any  positive 
qoantity. 

The  reasoning  employed  in  the  proofs  of  Theorems  3  and  4  of  my 
paper  on  "Uniform  Convergence  and  Divergence  of  a  Series  of  Con- 
tinuous Functions  and  the  Distinction  of  Right  and  Left,"  Proc.  London 
Math.  Soc.f  1907,  may  then  be  transferred  almost  verbatim  to  the  case 
in  point.  We  only  have  to  exercise  ordinary  care  wherever  the  limiting 
function  /  occurs,  to  modify  the  wording  so  as  to  refer  both  to  the  upper 
and  to  the  lower  functions  instead  of  to  the  single  limiting  function.  The 
result  is  then  as  follows : — 

Theobbm  12. — If  theft's  are  contintums  functions,  and  P  a  point  at 
which  the  left-hand  peak  and  chasm  functions  are  equal,  the  sequence 
converges  or  diverges  uniformly  on  the  left  at  P. 

Conversely,  if  the  sequence  converges,  or  diverges,  uniformly  on  the 
left  at  P,  the  left-hand  peak  and  chasm  functions  are  equal  at  P. 

(Similar  results  hold,  of  course,  on  the  right.) 

It  may  be  emphasized  that,  in  general,  there  are  no  points  of  uniform 
convergence.  When  such  do  occur,  they  are  special  cases  of  points  of 
uniform  oscillation  which,  as  we  saw,  always  do  occur.  Wherever  at  a 
point  of  uniform  oscillation  we  have  a  single  limiting  value,  the  point  is 
one  of  uniform  convergence. 

15.  We  shall  now  require  the  following  theorem  about  monotone 
sequences : — * 

Theorem  13. — If  /i  >/2  ^  ...  is  a  monotone  decreeing  sequence  of 
functions,  whose  limit  is  /,   then  the  chasm  function  is  the  associated 

*  This  is  a  generalisation  of  the  theorem  in  the  paper  quoted,  **  On  Monotone  Seqaenoee 
of  Gontinooas  Functions.** 
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lower  limiti7ig  function  off,  that  is 

X  =  V^» 
and  at  any  common  point  of  continuity  of  fi^f^,  ...,  the  peak  function  is 
the  limiting  function  f,  _   - 

This  follows  from  the  Theorem  of  the  Bounds,  viz.,*  the  lower  bounds 
as  well  as  the  upper  bounds  form  a  monotone  decreasing  sequence ;  the 
limit  of  the  lower  bounds  is  the  lower  bound  of  the  limit,  while  the  limit 
of  the  upper  bounds  is  only  ^  the  upper  bound  of  the  limit. 

Now,  if  P  be  any  point,  and  Q  a  near  point  on  the  right,  and,  as 
usual,  Ln,Q  denote  the  lower  bound  of  fn  in  the  interval  (P,  Q),  and 
Mn,  Q  the  upper  bound,  we  have,  by  the  theorem  of  the  bounds, 

Li^  Q  ^  Z/2,  Q  ^  ...  ^  Lq  &s  limit, 
where  Lq  denotes  the  lower  bound  of  /  in  the  same  interval. 

Now  the  chasm  function  is  defined  as  the  limit  as  Q  moves  up  to  P  of 
the  limit  of  Ln,Q,  as  n  increases  indefinitely,  that  is,  Lt  Lq.  But,  by  the 
definition  of  the  associated  lower  limiting  function  of  /,  the  limit  of  Lq  is 

this  proves  the  first  part  of  the  theorem. 

If  A  denote  any  number  greater  than/(P),  when  /(P)  is  not  +00 ,  we 
can,  since /(P)  is  the  limit  of  fn{P),  find  an  integer  m  such  that  for  all 
integers  «>m.  f.(P)<  A. 

Since /n(a;)  is  continuous  at  P,  we  can  find  an  interval  (P,  Q)  to  the  right 
of  P,  such  that  , -.       ^    . 

But  Mn,  Q  >  ilfm+l,  Q  >  ..., 

so  that,  for  all  integers  n  ^  m, 

Mn,Q<A. 

Proceeding  to  the  limit  with  n, 

Mq<A, 

and  letting  Q  move  up  to  P,  we  have,  in  the  limit, 

irR(P)  <  A. 


*  W.  H.  Young,  **  On  Functions  defined  by  Monotone  Sequences  and  their  Upper  and 
Lower  Bounds/'  Messenger  of  Mathematics,  New  Series,  February,  1908. 
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Since  A  is  any  number  greater  than/(P),  it  follows  that 

-TTRiF)  </(P).  (1) 

But  since /n  (a;)  is  contitiuous  at  P,  and  for  all  values  x  in  the  open  interval 

^^'^^'  MxXMn,Q; 

therefore  /n(P)  <  itfn,  g. 

Since  this  is  true  for  all  values  of  n, 

/(PXilfg. 
Since  this  is  true  for  all  positions  of  Q  as  it  moves  up  to  P, 

/(P)<7rB(P),  (2) 

whence,  by  (1),  /(P)  =  irjt(P), 

when/(P)  is  not  +00  .     But  when  /(P)  =  +  oo,  the  same  result  follows 
at  once  from  (2),  which  proves  the  theorem. 

16.  Applying,  the  preceding  theorem  to  the  monotone  descending 
sequence  of  lower  semi-continuous  functions  Vi  ^  t^a  ^  •  •  •  whose  limit  is 
the  upper  function  /,  we  see  that  at  every  point  except  at  the  points  of 
a  set  of  the  first  category,  where  one  of  the  functions  Vn  at  least  is  dis- 
continuous, the  upper  function  /  is  itself  the  peak  function  of  the  Vn's. 

Now,  by  the  definition  of  the  VnS,  it  is  evident  that  the  upper  limit  of 
t>n>  that  of  fnyfn+ufn+29  "-  in  any  interval  (P,  Q),  and  is  therefore 
^  the  Mq  of  the/n's.  Hence  the  Mq  of  the  VnS  ^  that  of  the  /n's,  so 
that  the  peak  function  of  the  VnS  >»  that  of  the/n's. 

Hence,  since,  by  Theorem  %f  is  never  greater  tha7i  ir  at  all  the  common 
points  of  continuity  of  the  VnS,  the  upper  function  f  =  the  peak  function 
of  the  fnSy  that  is, 

except  at  a  set  of  the  first  category. 

Similarly,  the  lower  function  is  the  cliasm  function  except  at  a  set  of 
the  first  category,  that  is,  -  __ 

Hence,  wlien  the  upper  and  lower  functio7is  agree,  except  at  a  set  of 
the  first  category,  the  peak  and  chasm  functions  agree,  except  at  a  set  of 
the  first  category.  In  particular,  if  there  is  a  definite  limiting  function 
at  every  point,  the  peak  and  chasm  functions  agree  except  at  a  set  of  the 
first  category,  that  is,  there  is  uniform  convergence  and  divergence,  except 
at  a  set  of  the  first  category. 
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17.  We  have  seen  that  in  general  the  points  at  which  the  upper  and 
lower  functions  are  respectively  not  upper  and  not  lower  semi-continuous 
form  a  set  of  the  first  category,  as  do  also  the  points  at  which  the 
oscillation  is  non-uniform.  In  the  following  examples  both  these  sets  of 
points  are  only  countable. 

Ex.  1. — Let  fn(x)  for  each  value  of  n  be  a  monotone  increasing  function 
of  X.     Then,  if  Q  lie  on  the  right  of  P, 

Hence  it  easily  follows  that — 

(1)  The  right-hand    peak    function  is  the   associated  upper  limiting 

function  of  the  upper  function,  i.e., 

TTRiP)  =  ^r(P). 

(2)  The  left-hand  peak  function  is  the  upper  function,  i.e., 

^l(P)=/(P). 
Similarly, 

(3)  The  right-hand  chasm  function  is  the  lower  function,  i.e., 

XniP)  =/(-P). 

(4)  The  left-hand    chasm    function  is    the   lower  associated  limiting 

function  of  the  lower  function,  i.e., 

XL(P)  =  irL{P). 

We  can  at  once  deduce  that  the  upper  (lower)  function  is  upper  (lower) 
semi-continuous  except  at  a  countable  set  of  points,  and  that  with  the 
same  exceptions  the  oscillation  above  (below)  is  uniform. 

Again,  if  the  upper  (lower)  function  is  upper  (lower)  semi-continuous 
throughout  the  interval  considered,  the  oscillation  above  (below)  is  uniform 
throughout. 

Further,  when  a  limiting  function  exists  throughout  an  interval  it  is 
continuous  except  at  a  countable  set  of  points,  and  the  convergence  or 
divergence  is  uniform,  except  at  a  countable  set  of  points. 

Ex.  2. — Now  let  /n(x)  for  each  value  of  n  be  a  continuous  function 
with  finite  total  fluctuation,  and  suppose  that  in  every  interval  this 
fluctuation  has  a  definite  limit  when   n  is  infinite.     With   the   notation 
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of  Lebesgue*  we  may  write 

where  Pnix)  and  Nn(x)  are  both  monotone  increasing  functions.     Also, 

Vnix)  =  Pn(x)+Nnix), 

where  Vn  (x)  is  also  monotone  increasing,  and,  since  it  is  the  total  fluctua- 
tion ot/nix)  in  the  interval  (a,  x),  has  a  definite  limit,  say  V{x). 

By  Ex.  1,  V{x)  is  continuous  and  the  convergence  of  F«(x)  to  V{x)  is 
uniform,  except  at  a  countable  set  of  points. 

Now  assume  further  that  at  a,  that  is,  at  some  one  point,  fn{x)  has  a 
definite  limit.     Then  the  above  equations  shew  that 

f{x)=f(a)^V{x)+mx\ 

and  a  similar  equation  for  the  lower  function.  This  proves  that  here  also 
the  upper  and  lower  functions  are  respectively  upper  and  lower  semi- 
continuous  and  the  oscillation  is  uniform,  except  at  a  countable  set  of 
points. 

18.  So  far  the  work  has  in  general  applied  to  functions  of  any  number 
of  variables.  In  the  special  case  when  there  is  only  one  independent 
variable,  we  can  work  with  continuity  and  semi-continuity  on  one  side 
only.  I  have  already  made  this  extension  in  the  case  of  one  theorem  of 
Baire's.t  We  now  prove  that  our  main  result  remains  true  if  the 
generating  functions  /i,  /2,  ...  are  continuous  on  one  side  only. 

Theorem  14. — If  f  19/2*  ---  be  continuotcs  on  the  right,  and  F  the  upper 
function  of  the  sequence,  F  is  upper  semi-continumis  excepting  only  at  a 
set  of  the  first  category. 

Let  t?i,  1  be  the  function  which  at  every  point  is  equal  to  both  fi  and  /j, 
or  to  the  greater  of  these.  Then  it  is  easily  proved  that  vi,  1  is  also  con- 
tinuous on  the  right.  I 

Similarly,  if  vi^  2  be  defined  from  Vi,  1  and  /a,  and  each  of  the  functions 

*  InUgration,  pp.  52  seq, 

t  Loc,  cit.,  p.  299,  footnote  •. 

J  For,  if  fi^f^^  V,  the  only  limit  which  can  be  approached  by  v  is  the  only  limit  which 
can  be  approached  by  fi  or/s,  viz.,  the  common  value,  so  that  v  is  continuous  at  the  point. 
If,  however,  /i  =  v,  and  /2<v-2e,  there  will  be  a  whole  interval  to  the  right  throughout 
which  /i  >  v— e,  and  /j<v  — e,  whence  /i  =  u  at  every  point,  so  that  v,  like  /j,  is  continuous 
on  the  right. 
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Vi^n  from  Ui,n-i  and/n+1,  the  functions 

are  all  continuous  on  the  right,  and  form  a  monotone  increasing  sequence. 
Their  limit  Vi  is  therefore  lower  semi-continuous  on  the  right,  and  has 
at  each  point  P  the  highest  possible  limiting  value  of  the  quantities 
/i(-P)>  /a(P),  ..-,  or  one  of  these  values,  if  it  is  greater  than  all  such 
limiting  values. 

Let  t7s,  V3,  ...,  t7ni  ...  be  defined  in  like  manner,  omitting  in  turn  the 
first,  the  first  two,  ...,  the  first  (n— 1),  ...,  of  the  functions  /r.  Then, 
evidently,  ^       ^ 

is  a  monotone  decreasing  sequence  of  functions,  each  of  which  is  lower 
semi-continuous  on  the  right,  and  has  at  each  point  the  highest  possible 
limiting  value  of  the  quantities  /i(P),  /a(P)>  ...»  and  is  therefore  none 
other  than  the  upper  function  F. 

Since*  a  function  which  is  lower  semi-continuous  on  the  right  is  con- 
tinuous with  respect  to  every  perfect  set,  excepting  only  at  a  set  of  the 
first  category  with  respect  to  that  set,  the  points  at  which  one  at  least  of 
the  functions  Vi,  v^,  ...  is  discontinuous  form  a  set  of  the  first  category. 
At  any  point  not  belonging  to  this  set  all  these  functions  are  continuous, 
and  therefore  the  upper  function  F  is  upper  semi-continuous.  This 
proves  the  theorem. 

19.  We  shall  not  attempt  to  deduce  any  of  the  obvious  consequences 
of  the  theorems  above  given.  As  one  example  we  may,  however,  note 
the  following  application. 

Let  fix)  =  Lt  Uxh 

where  fn{x)  is  for  every  value  of  a?  a  continuous  function  with  a  continuous 
differential  coefficient  fn{x).     Then 

/(x+h)-/(x)  ^  Lt  /»(x+fe)-A(^)  =  Lt  Mx+dh), 

where  0  is  >  0  and  <  1. 

Now,  consider  the  set  of  functions  of  which  fn(x)  is  a  type,  and  let 
Mn,Q9  Mq,  n(a:),  ...  refer  to  this  set  of  functions,  the  rest  of  the  notation 
being  the  same  as  in  the  previous  articles. 

Then,  evidently,  /^  (x + Oh)  ^  M*.  q  ; 

*  IjOC,  cit.^  p.  810,  footnote. 
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and  therefore  Lt    Lt  fUx+Oh)  <  L t  M g  <  IIr{x)  ; 

upper  n=«  "  ^  upper       ^    ^ 

therefore  the  upper  derivate  /"*"  {x)  ^  Hr  (x)  ; 

similarly  the  lower  derivate   /+  (x)  ^  Xnix), 

with  similar  results  on  the  left. 

It  at  once  follows  that,  except  at  a  set  of  the  first  category, 

/'^{x)  <  the  upper  function  of  the  set  oi/nix), 

/+  (x)  >  the  lower  function  of  this  set, 

and  further  that  if  the  oscillation  is  uniform  above  and  below  throughout 
an  interval,  then  these  and  the  corresponding  inequalities  on  the  left  hold 
throughout.  Further,  if  even  at  an  isolated  point  at  which  the  oscillation 
is  uniform  above  and  below,  we  have  convergence,  or  divergence  to  a 
definite  infinite  limit,  for  the  series  of  differential  coefficients,  then  at  that 
point  term  by  term  differentiation  is  allowable. 
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NOTE  ON  A  SOLUBLE  DYNAMICAL  PROBLEM 
By  ii.  J.  BboBRs. 

[ReodYed  March  10th,  1908.— Read  March  12th,  1908.] 

I         ... 

A  DYNAMICAL  system  whose  equation  of  energy  in  n  independent  co- 
ordinates a^i,  Xa,  ...,  Xn  is 

7iif+yai|+...=^  +  ^+...,  (1) 

where  Fi,  F2,  ...,  Pi,  P,  are  functions  of  Xi^  x^^  ...,  is  satisfied  by  the 
equations  Y,k,=^P„      Y,i,  =  ^P^    ....  (2) 

provided  Pj,  Pg,  ...  are  respectively  functions  of  x^,  ajg,  ...  only.     For, 
in  Lagrange's  equation, 

we  have 

so  that  the  equation  is  easily  seen  to  be  satisfied. 

where  Xi,  ^,  ...  are  respectively  functions  of  Xi,  Xg,  ...  only,  the  solution 
of  the  dynamical  problem  is  general  and -complete.    For,  if 

the  equation  of  energy  becomes 

in  which  the  constants  Oq,  (h*  •••'  ^^^^s  ^^  ^^^  occur. 

8BB.  2.     TOL.  6.     VO.  995  T 
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Moreover,  equations  (2)  may  be  written 


I    7r5 I    • 


Vi'a 


,  =0 
=  0 

=  0 


(4) 


The  solution  is  therefore  general,  since  we  have  2n  arbitrary  constants, 

vi?.,  Oq,  Oi an-2,  C,  and  the  n  constants  obtained  by  integrating  (4). 

It  is  also  complete,  as  equations  (4)  are  directly  integrable. 

II  Xi,x^...  are  the  generalized  elliptic  coordinates  of  a,  particle  moving 
in  7t-f old  space,  the  vis  viva  of  the  particle  can  be  reduced  to  a  form  corre- 
sponding to  that  in  <1'),  subject  to  condition  (8).  If  the  functions  F  are  all 
zero,  we  shall  get  the  conditions  for  a  straight  line. 

Hence  the  equations  of  a  straight  line  in  n-fold  elliptic  coordinates  ai;e 
the  algebraic  solutions  of  the  system  (4)  of  Abelian  differential  equations. 

We  may,  moreover,  extend  tb^  generality  of  the  solution  by  supposing 
that  the  vis  viva  contains  terms  such  as  L^^,  in  addition  to  those  assumed 
above,  L  being  a  function  of  Xi,  x^,  ...,  Xn  only,  of  a  form  such  that 


_1^ 
L 


+ 


^i(Xi)Yi  '  <h{X^Yi 


+  ...+ 


<pn{Xrd  Yn 


In  such  a  case  ^  is  an  ignorable  coordinate,  leading  to  an  integral  of 
the  type  L0  =  h,  and  as  such  is  subject  to  the  ordinary  laws  which 
modify  the  form  of  the  energy-equation  in  which  ignorable  coordinates 
exist.  When,  however,  as  in  this  case,  the  ignorable  coordinate  occurs  in 
one  term  only,  through  the  square  of  its  time-flux,  in  the  kinetic  energy, 
it  is  worth  noticing-  that  we  may  eliminate  the  variables  entirely  before 
applying  the  other  Lagrangian  equation,  provided  the  corresponding  term 
be  placed  in  the  force-function. 

For  instance,  if  T+iL(f?  =  J7  be  the  equation  of  energy  where  T,  L,  U 
are  independent  of  0,  and  6  any  coordinate  of  the  system,  the  true 
Lagrangian  equation  for  d  is 

dt  Be      c^0      *^     00"^' 
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which  is  the  same  as  if  the^fiqaatioa  hai  bain  derive  1  frDoa  aa  ei3r;;;y- 
equation  ,  2 

If,  thea,  L  has  the  form  assamed  above,  tha  dyninicil  system  has  now 
a  complete  solution  for  all  variables  except  0. 
The  last,  however,  is  given  by 


'^i I ^a 


+  . 


80  that 


d(f> dxi        _j_        dx2         I 


where  now         P.  =  Fr+a^+a,Xr+...  +  GXr'-i  7^. 

As  an  instance  of  the  introduction  of  extra  terms  such  as  ^L^^  into 
the  kinetic  energy,  we  may  shew  how  Euler's  problem  of  the  motion  of  a 
particle  attracted  by  Newtonian  forces  towards  two  fixed  centres  of  force 
may  be  fully  solved,  i.e.,  when  the  path  of  the  particle  is  not  confined  to  a 
plane. 

If  the  force-centres  lie  at  the  foci  of  the  ellipse 

x^      y^ 

^  +  IL  =  i    ia>b), 

a       0 

and  ^  ^  (a+X)(a+M)  a  ^  (6+X)(6+m) 

a— 6       '  6— a        ' 


then  the  focal  distances  are  Va+X±Va+iJL. 

Taking  the  coordinates  of  the  particle  as  :c,  ^  in  the  plane  containing 
the  particle  and  the  force-centres,  and  </>  the  angle  this  plane  makes  with 
a  fixed  plane  with  which  it  is  coincident  at  some  epoch,  the  energy-equation 

where  r^,  r^  are  the  distances  from  the  centres  of  force. 

Y  2 


824  Pbof.  L.  J.  BooBBS  .  [April  80,' 

In  the  elliptic  coordinates  this  becomes 


X — /i  /A  —  X 

Here  L,  the  coefficient  of  ^^  satisfies  the  relation 

1___.  _,.  f  1  ■  1  1 

L"      ^"^      M(6+X)(X-m)"^(6+m)0u-X))' 

so  that  a  complete  solution  of  the  problem  is  obtained  according  to  the 
method  above  indicated.* 

When  n  =  8»  and  X,  Y,  Z  are  elliptic  coordinates,  the  vis  viva  takes 
the  form 

i  (Z- Y)(Z-Z)  iHi  (r--2)(F-X)  y«+i  (Z-X)(Z- Y)  i«, 
where       (g)'=  X«+i?X^+gX+r,       (g)'=]Y«+pY^+?r+r, 

and  (^)^  =  Z^+pZ^+qZ+r. 

Taking  the  equation  of  energy  to  be 
(X-Y){X-Z)P+{Y-Z){Y-X)y^+{Z-X)(Z-Y)k^ 


=  G- 


Z Q  ^ 


(X-Y)(X-Z)^(r-Z)(Y-X)  '  (Z-X)(Z-Y)' 

we  have  seen  that  the  dynamical  system  is  completely  soluble  if  P,  Q,  B 
are  respectively  functions  of  X,  Y,  Z. 

These  functions  can  be  put  into  a  simple  general  form  when  subjected 
to  the  condition  that  the  forces  are  due  to  gravitation  only. 


*  When  the  attractions  are  zero  the  path  is  a  straight  line  whose  equations  are  algebraio 
in  \t  fi  and  circular  functions  of  0.  There  are  three  equations  for  the  solution,  involving 
elliptic  integrals.  The  equation  involving  \  and  n,  leads  to  the  addition  equation  of  elliptic 
integrals  of  the  first  kind ;  while  the  equations  giving  t  and  ^  lead  to  the  fundamental  pro- 
perties of  those  of  the  second  and  third  kind  respectively.  There  is  probably  no  analytical 
process  which  yields  these  results  so  concisely. 
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For  it  is  known  that  if  the  square  of  the  velocity  of  a  particle  be 
denoted  by  ^  j.  V^    i  i^ 

where  x,  y,  z  are  orthogonal  coordinates,  then  Laplace's  operation  is 
equivalent  to 

i.e.,  (F-Z)  ^  +  iZ^X)  ^  +(X-  Y)  gj ,  (5) 

so  that  this  operation  must  annihilate  the  function 

ff  I   P I Q I ^ 

^  {X-Y){X-Z)  ^  (Y-Z)(Y-X)  ^  {Z-X){Z-Y)' 

It  will  be  found  convenient  to  write  X^  for  -^ ,  and  X2  for 

^,=  ii9X'+2pX+q), 

with  corresponding  meanings  for  Y^,  Zi,  Y,,  Zg ;  and  to  use  Q  for  the 
operation  (5),  which,  of  coarse,  only  differs  from  Laplace's  V*  by  a  factor 
here  unnecessary. 

Now  it  can  readily  be  shown  that 


{X-Y)(X-Z) 

_     3"     /      Xl  Xj\  y     Cf     _J.J_Y     ^    1 

_  3   (    Xq Xj -XI       I      -^     1 

~'Si\x-Y     X-Z     {X-Yy'^(X-Z)^l 

_  a    f     Y,  ^,  2Ya  Y?        I     2Zb     .        zl       ] 

~dx\x~Y     X-Z     X-Y     (X-  Yf  "^  X-Z  "^  (X-^" ) 


=  0, 


(6) 


so  that  it  will  be  better  to  substitute  ^Xi  for  P,  since  the  coefficient  of  U 
in  ^VXi  will  then  be  zero. 
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which,  if  we  put  -5—  =  -^?5 ,  becomes 
ox       Al 

Hence,  if  JIf  and  N  be  functions  respectively  of  y  and  ;?  derived  from  Q 
and  12,  just  as  L  is  derived  from  P,  we  see  that  the  final  condition 
required  is  that  the  sum  of  the  three  expressions  of  which  (7)  is  the  type 
must  be  equal  to  zero. 

The  form  of  the  relation  being  purely  algebraic  in  X,  7,  Z,  we  are 
naturally  led  to  test  for  what  value  of  n  the  assumptions  L  =  X*,  M  =  Y*, 
N  ^  Z^  lead  to  the  satisfying  of  the  identity.  Such  values  are  easily 
seen  to  be  n  =  0,  1,  2,  8,  4  and  no  other. 

Finally,  we  see  that  the  necessary  value  of  P»  i.e.,  Xi  \  ^  dX,  is 
(X^^r^X'^aX^r)^  f  AX*+BX!^+CX^+DX+E  ^^ 

while  Q  and  22  are  the  same  functions  of  Y  and  Z  respectively.  In 
consequence  of  (6)  it  is  evident  that  the  lower  limit  of  these  integrals  may 
be  taken  as  arbitrary. 


1908.]    BbLATIOM  BETWBBK  THB  OONVEfiaBKOE^OF  8BBIE8  AND  OF  INTBGRALB.     827 


THE   RELATION  BETWEEN   THE   CONVERGENCE   OP 
SERIES  AND  OP  INTEGRALS 

By  T.  J.  I'A.  Bromwich. 

[Bead  and  Beoeived  April  80th,  1908.] 

It  ha8  long  been  known  that,  when  f{x)  i8  a  positive  function  which 

00 

steadily  decreases  as  x  tends  to  infinity,  the  series  Z/(n)  and  the  integral 
I  f{x)dx  converge  or  diverge  together:  and  in  case  of  divergence,  the 
difference 


[  f{x)dx-if(n) 


tends  to  a  definite  limit  as  v  tends  to  infinity.* 

But,  when  the  series  contains  terms  of  both  signs  (although  steadily 
decreasing  in  numerical  value),  it  is  not  easy  to  make  a  corresponding 
statement  with  reference  to  the  relation  between  the  convergence  of  the 
series  and  of  the  integral.! 

It  is  known,  of  course,  that,  when  f{x)  decreases  eteadily  to  zero  as 
a  limit,  the  two  series  and  the  two  integrals 

00  r*  00  r« 

2  f{7i)  sin  na,     \  f{x)  sin  axdx,      2  /(n)  cos  na,     \  f(x)  cos  ax  dx 

are  all  convergent.!     And  these  results  can  be  easily  extended  to  cases 
in  which  the  periodic  factors  are  of  the  forms 

sin  ao;  P  (sin'  our),         oosaxP  (sin'  our), 

where  P  is  a  polynomial.    But,  if  the  polynomial   P   is   replaced   by 


*  The  main  part  of  the  theorem  goes  back  to  Maclaorin :  for  a  proof  of  the  latter  part, 
see  my  Infinite  Series,  Art.  11.  .When  the  monotonia  condition  is  removed  from  f{x),  the 
theorem  is  no  longer  true ;  for  examples,  see  p.  428  of  my  book. 

t  Of  course,  in  a  large  number  of  interesting  cases,  the  terms  decrease  fast  enough  to 
ensure  absolute  convergence.  This  case  is  covered,  from  the  practical  point  of  view,  by 
Maclaurin's  rule,  and  we  shaU  suppose  that  absolute  convergence  is  excluded  from  the  oases 
discussed  here. 

X  See,  for  example.  Infinite  Series^  Arts.  19,  30, 169. 
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a  general  continuous  function,  the  cosine-series  is  known  to  diverge  for 
certain  values  of  a,  although  the  integral  is  always  convergent ;  however, 
with  the  same  values  of  a  the  sine-series  is  convergent.* 
If  the  periodic  factor  in  the  series  is  of  the  form 

sin  <f>{x)    or    cos  <f>{x), 

where  <p{x)  tends  to  infinity  7nore  rapidly  than  x,  it  is  practically  certain 
that  the  convergence  of  the  integral  gives  no  information  with  regard 
to  the  nature  of  the  series. 

Thus,  for  instance,  the  integrals 

I  f  {x)  sin  {ax^dXf        \  f  {x)  cos  {ax^)dx, 

where  p  is  positive,  will  converge  if  fix)  steadily  decreases  to  any  finite 
limit  (not  necessarily  zero)  t  :   but,  on  the  other  hand,  the  two  series 

2  /  (n)  sin  (aw^,         2  /(n)  cos  (aw^) 

have  only  been  considered  for  rational  values  of  a/w  and  integral  values 
of  p  ;  they  are  then  known  to  diverge  [even  if  f(x)  tends  to  zero]  unless 
a  certain  condition  is  satisfied ;  and  this  condition  is  certainly  broken 
even  in  the  simplest  case  (when  p  is  2)  except  for  special  values  of  a.  I 

The  object  of  the  following  note  is  to  prove  that  [with  certain  re- 
strictions on  the  functions,  stated  in  {a)-{S)  on  p.  829] ,  when  <f>{x)  tends 
steadily  to  infinity ^  but  mobe  slowly  than  x,  tlie  behaviour  of  the  integrals 

I  f{x)  sin^(«)dx,         I  fix)  COB  <p{x)dx 

entirely  settles  the  character  of  the  series 

2  f{n)  sin  ^(7i),         2  f{n)  cos  ^(w). 

This  theorem  is  then  applied,  in  §  2,  to  extend  (and  simplify  the  proofs 
of)  certain  known  theorems,  the  simplest  of  which  is  that  if 


"      1 

Ay+iBy  =  2  ^^HnS    («  real), 


then  A^+iBy—ilav*"*  tends  to  a  definite  limit,  so  that  both -4 „  and  By  have 
a  range  of  oscillation  2/a  as  v  tends  to  infinity. 


•  See  Bromwioh  and  Hardy,  Quarterly  Journal^  VoL  xxxix.,  May,  1908,  pp.  232,  286, 
240,  and  also  below,  p.  888. 

t  See  my  Infinite  Series^  Art.  169  and  Ex.  8,  p.  468. 

I  See  below,  §  3,  p.  838  ;   and  Genocchi,  AUi  di  Torino,  t.  x.,  1875,  p.  991. 
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1.  Proof  of  the  Theorem. 
Let  US  write  F{x)  =  f{x)  sin  ^(aj),  where  we  suppose  that 
(a)     f{x)  tends  steadily  to  zero*     \ 
08)     <f>{x)  tends  steadily  to  infinity  >  as  x-^o^. 
(y)     ^'  {x)  tends  steadily  to  zero       ) 
From  these  conditions  it  follows  that 

(1)  /'(«)<  0,         f(a:)>0. 

F(x)Ax—F(ri), 
we  have  the  eqaations 

(2)  X»  =  J      \F{z)-F{n)\dx  =  ^\F{n-lrO-F{n)]dt, 

(3)  F{n-\-0-F{n)  =  f*  F'{n+v)dv. 

But  F'(x)  =  f  (x)  sin  <l>{x)+/{x)  <j>'(x)  cos  ^(x) ; 

and  so  I F (n+»)  |  <  |/'  (n+«)  1  +  |/(n+ v)  | .  1  ^'  {n+v)  |. 

Now,  from  conditions  (a),  08),  (y)  and  from  the  inequalities  (1),  we  see  that 

|/'(»+«)|  =-/{«+«). 

and  |/(n+«)  1. 1  ^' («+«)!<     /(n)^'(n). 

It  follows  that  1  jF"  (»+»)  I  <  /(w)  ^'  (n)  -/'  (n+t)). 

Thus,  making  use  of  the  last  inequality  in  the  equation  (8),  we  find  that 

(3')  I  F{n-\-{)-F{n)  \  <  tf(n)  <p'(n)+/{n)-f{n+{) 

<  /(»)^'(n)+/(n)-/(n+l), 

provided  that  t  belongs  to  the  interval  (0,  1).    Hence,  combining  (8')  and 
(2),  we  see  that 

(4)  I  X»|  <  /(n)  ^'(n)+/(n)-/(«+l). 
We  now  introduce  the  condition  that 


(«J) 


the  integral  I  f{x)  <f>'{x)dx  is  convergent. 


*  As  remarked  above  (foot-note,  p.  827),  we  suppose  absolute  convergence  excluded,  so 
that  r/(x)(2x  is  divergent.  When  this  integral  is  convergent,  the  discussion  given  here  is 
quite  superfluous. 
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Consequently,  by  Maclaorin's  theorem  quoted  in  the  introduction  to  this 
paper  (p.  827),  we  see  that  the  series 

(5)  ^  fin)  fin) 

is  also  convergent  because  fix)  <//  ix)  tends  steadily  to  zero,  in  virtue  of 
conditions  (a),  (y).     Further, 

I  \fin)-f(n  +  l)}  =  /Ou)-/(^+l), 
and  this  tends  to  the  limit  /Ou)  as  v  tends  to  infinity ;  thus  the  series 

(6)  2{/(n)-/(n+l)f 

is  also  convergent. 

It  follows  from  (4),  (5),  and  (6)  that  the  series  2)|X«|  converges :   and 
consequently  the  series  2Xn  is  absolutely  convergent.    But 

iXn  =  ^ Fix)dx-iFin)+  [    Fix)dx 


and 


^^    F(x)dx\<^^   fix)dx<fiv). 


rr+l 

SO  that  lim  |      Fix)dx  =  0. 

Thus 

(7) 


Urn  jfV(a:)dte-2JP(w)l  =  2Xn; 


and  accordingly,  since  the  series  on  the  right  has  been  proved  to  converge, 
the  limit  on  the  left  is  also  definite. 

It  follows  at  once  that,  if  fix)  and  <pix)  are  subject  to  the  conditions 
(a),  (/8),  (y),  and  iS),  the  series 

00 

2  /(w)  sin  0(n) 
a7id  tlie  integral  I  fix)  sin  0(aj)cfcr 

converge^  diverge^  or  oscillate  together. 

Further,  the  equation  (7)  shews  that,  in  case  both  oscillate,  the 
amplitude  of  oscillation  is  the  same  for  the  series  as  for  the  integral ; 
and,  in  case  of  divergence,  the  limit  on  the  left  of  (7)  is  still  finite. 

Under  the  same  conditions  (a)-(^,  the  same  results  apply  to  the  series 

2/(w)cos^(w) 
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mid  the  integral .  \   f('^)^oa^{x)dx ; 

and,  consequently,  the  same  conclusions  apply  also  to  the  series 

'   f/(n)expf±i0(rt)} 

and  the  integrals  \  f{x)  exp  {  ±i<p{x)]  dx. 

We  note  as  a  special  case  that  the  conditions   (a)-(^  are  certainly 

satisfied  by  the  function 

\M{x)\"'^     (^  =  )8+iy,  )8  >  0), 

provided  that  M{x)  tends  steadily  to  infinity  in  such  a  way  that  M'(x)IM{x) 
tends  steadily  to  zero.     For  we  have  then  to  take 

/(a:)e*^<'>  =  ^i^f(x)^-^  or  fix)  =  \M{x)}-^  and  <t>(x)  =  |  y  |  log  {M(x)}, 

from  which  it  is  evident  that  the  first  three  conditions  are  satisfied ;  as  to 
the  fourth  condition,  we  must  examine  the  integral 

which  is  clearly  convergent,  so  that  all  the  four  conditions  are  satisfied. 
Again,  if  the  two  functions 

Fix)  ==.f{x)  €***<*>,      G{x)  =  g  ix)  e±** <'> 

satisfy  the  prescribed  conditions,  their  product  F(x)  G{x)  will  also  satisfy 
the  conditions,  provided  that* 

(/8')     <p{x)^\lr{x)  tends  steadily  to  infinity, 

(yO     4>'{x)'-'^'(x)  tends  steadily  to  zero. 

For  then  the  product  f{x)g{x)  will  obviously  tend  steadily  to  zero,  and 
each  of  the  integrals 

^f{x)g(x)  <p'{x)  dx,        ^^f{x)g(x)  yfr'ix)  dx 

is  convergent,  because  lim/(a;)  =  0,  limgr(a;)  =  0. 


*  These  additional  oonditions  are  superfluous  when  the  signs  in  the  two  exponential 
functions  are  the  same. 
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2.  Examination  of  certain  Special  Series. 

1.  Consider  first  the  simple  case* 

2 -ITS    («real). 

Here  we  ean  take  M{x)  =  x,  i8  =  1,  in  the  result  at  the  end  of  §  1 ;  then 
M{x)  tends  steadily  to  infinity,  while  M'{x)lM(x)  tends  steadily  to  zero. 

Consequently,  the  behaviour  of  the  series  is  determined  by  that  of 
the  integral  r.^-JLS-J.1 

jix'^-'"  ai  \        p^'r 

Now,  as  v-^co ,  this  integral  oscillates,  the  amplitude  (both  for  real  and 
for  imaginary  parts)  being  2/a ;  and  so  the  same  is  true  of  the  series. 
The  theorem  of  §  1  can  also  be  applied  to  cases  such  as 

Mix)  =  log  X,     log  Oog  x),     . . . , 

but  the  range  of  oscillation  for  the  corresponding  integrals  and  series  is 
infinite. 

2.  Secondly,  let  us  consider  the  type  of  series  which  is  obtained  by 

introducing  a  complex  index  in  the  general  logarithmic  series:    that  is, 

we  consider  the  series  . 

2 ± 

n.J^n.l^n  ...  /jk-iw(ZjkW)^'^**' 

where  t  Z^a:  =  I  log  {^^-i  a;)  |,         l^x  =  log  x. 

Here  we  can  take       ^(a;)  =  ah^ix,      f{x)  =  <l>*{x)la 

or  J  f{x)  =  \l{x.l^x,l^x  ,..licx]. 

Then  we  can  find  a  constant  K,  so  that 

fix)  <l>^ix)  <  Klx\ 

and   so   condition  (^  of   §  1  is  satisfied   and   the   other   conditions   are 

*  This  series  can  be  discussed  by  Weierstrass's  rule  depending  on  the  quotient  of  two 
consecutive  terms  in  the  series  (see  my  Infinite  Series,  p.  204).  The  particular  case  of  the 
rule  which  is  needed  here  is,  however,  rather  troublesome  to  establish ;  and  it  would  be  almost 
impossible  to  use  a  similar  method  in  the  other  cases  given  below. 

j*  Of  course,  after  a  certain  stage,  the  logarithms  are  all  positive,  and  the  sign  of  the 
modulus  may  then  be  omitted ;  it  is  often  simpler  to  suppose  that  the  earlier  terms  are  left 
out  from  the  series  so  as  to  avoid  this  complication. 

X  Because,  using  accents  for  differential  coefficients,  we  have 

i'     _  ^*         7'  _-  ^*-i  7'  _  1 

Ik  lk~\  X 


> 
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evidently  datisfidd.     Thus  we  have  to  consider  the  integral 


j: 


which  again  oscillates  (as  i/^oo)  with  an  amplitude  2/a;    and  so  the 
series  has  the  same  range  of  oscillation. 

3.  It  follows  without  further  proof  that,  if  \lr{x)  is  any  function  tend- 
ing steadily  to  zero  (as  «->oo)  the  series 

v)^(n)         y \lr{n) 

nF^'  n.l^n.l^n  ...  Zfc-in.a*n)^+** 

are  both  convergent^  in  virtue  of  Dirichlet's  test  of  convergence*  and  the 
results  obtained  in  (1),  (2)  above. 

Thus,  as  a  simple  example,  we  may  note  that  the  series 

V  1 

n^^**Oogw)^ 
is  convergent  if  )8  is  positive. 

We  can  generalise  these  results  still  further  by  supposing  that  ^(x) 
is  complex,  but  tends  to  zero  as  x  tends  to  infinity  in  such  a  way  that 


^\yf,'{x)\dx 


is  convergent.    For  then  we  have  the  inequality  f 
where  F=r   \^'{x)\dx, 


and  H  is  the  upper  limit  to  the  integral 

ex 

F(x)dx 


w: 


(Xi<X<Xg). 


*  See  my  Infinite  Series,  Art.  20. 

t  See  Proc,  London  Math.  Soc,,  Vol.  6,  1907,  p.  65  ;  it  is  perhaps  worth  while  to  remark 
that  there  the  integral  is  proved  to  be  less  than  HV',  where 

F  =  f^|*'(x)i«fa+i*(iy|. 

But  ^{X^)^^r  i'{x)dx; 

JXf 

»nd80  i*(jyi  <  r|f(«)|<fa. 

Thus  F<  r  If (x)|dx, 

and  so  the  valoe  of  V  given  in  the  text  is  larger  than  V, 
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Thus,  since  H  <  2/a  [see  (1),  (2)  above],  we  can  choose- Xi  so  that 

|PjP(a:)V^(i)c?a:|<6     (if  X^  >  Z^, 

because,  by  proper  choice  of  Z^,  the  integral  V  can  be  made  as  small  as 
we  please.     Consequently  the  integral 


r 


F(x)ylr{x}dx 

is  convergent :  and  so  the  same  is  true  of  the  series- 

lF(n)ylr(n), 

provided  that  the  conditions  of  §  1  are  satisfied  by  the  f auction  F(x)  ^(x). 
As  an  illustration  of  the  last  result,  we  may  take 

F(x)  =  x-(»+"«,    V(«)  =  (log x)-'    (k  =  fi+iy,  fi  >  0). 
For  then  \^' ^.)\  = -JA-., 

and  so  |-|v.'(.)|c^=f  Jil|i^. 

which  converges  when  fi  is  positive,  because  the  indefinite  integral  is 

'-jJ(loga:)-^ 

Further,  as  was  pointed  out  in  (1)  above,  the  conditions  of  §  1  are 
satisfied  by  the  functions  F{x)f  \fr{x) ;  and  so  the  conditions  are  satisfied 
also  by  their  product,  since  the  function  in  the  exponential  is  here 

a  log  a;+y  log  (log  x). 

Thus  we  see  that  the  series 

is  convergent ;   and  the  same  method  c^n  be  easily  extended  to  more 
complicated  cases.     In  this  way  it  can  be  proved  that  the  series  * 


is  convergent,  whatever  the  indices  /cg,  k^,  ...,  Kk  may  be  (real  or  complex). 

*  These  examples  were  suggested  to  me  by  Mr.  Hardy. 
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.4.  As  a  last  example,  we  shall  find  an  asymptotic  fonnola  for  the  series 

f^"    U  =  i8+»V.j8>0).  ■ 

which  has  been  discussed  in  the  special  ease  it  =  1,  by  Mertens.* 
Here  we  have  to  put 

/(a:)=:M£)!,  ^      ^(a;)  =  aloga:-ylogaoga:), 
andsowefind  /'(^)  = -5^  (i_  j|-).  . 

Thus  the  first  three  conditions  of  §  1  will  be  satisfied,  as  soon  as  log  x  is 
greater  than  both  fi  and  y/a  ;  further,  the  integral  (^  of  §  1  will  converge, 
provided  that  r»  n       \a 

is  convergent ;  but  this  reduces  to  the  known  integral 

r  if'e'^di    (if  i  =  logx), 


and  so  all  the  conditions  of  §  1  are  satisfied  here. 
Thus  the  asymptotic  formulae  for  the  series 

is  given  by  the  asymptotic  formula  for  the  integral 
Thus,  on  integrating  by  parts,  we  get  the  formula 

+.(.-i).::(.-m+i)^^;^] 

provided  that  fi—m  is  positive. 

*  Oattirigen  Naehrichten,  1887,  p.  266  ;  the  method  adopted  by  Mex^ns  is  to  difiterentiate 
the  first  series  of  p.  882  with  respNeot  tp  a. 
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When  )8  is  an  integer,  the  formula  just  obtained  is  only  true  if 
m  =  )8— 1 ;  to  extend  it  to  w  =  )8,  we  divide  the  remainder  integral  into 
two,  from  0  to  1  and  from  1  to  log  p.  The  second  of  these  integrals  may 
be  again  integrated  by  parts»  and  so  we  obtain  the  term  given  by  fn^=fi 
together  with  a  constant ;  the  new  remainder  integral  is  then  proportional 

which  is  easily  seen  to  converge  to  a  definite  value  as  v  tends  to  infinity.* 
Consequently,  if  we  write  m  =  )8  in  the  expression  in  square  brackets  at 
the  foot  of  p.  885,  the  difference  between  this  formula  and  the  sum  of  the 
series  will  tend  to  a  definite  limit  as  v  tends  to  infinity. 

When  fi  is  not  an  integer,  we  take  m  as  the  integer  next  less  than  fi, 
and  the  remainder  integral  can  then  be  proved  to  converge  (as  v->  co)  by 
a  method  similar  to  that  used  in  the  last  case. 

Summing  up,  we  have  now  the  result  that 

^  Qog nV  ^^       1  rgog  vY  .     Oog  vY'^  ..      ..  Gog  vY"'  , 


+KiK^i) ...  (K^m+i)  ^^yr]> 


where  m  is  the  integral  part  of  B.    Thus  in  particular  we  have  Mertens's 

These  asymptotic  equations  imply  that  the  difference  between  the  ex- 
pressions on  the  two  sides  of  the  symbol  ^  has  a  finite  limit  as  v  tends 
to  infinity. 

It  would  be  easy  to  multiply  examples  of  this  type  by  introducing 
more  logarithms,  but  enough  has  been  said  to  indicate  the  scope  of  the 
method. 

8.  A  Different  Test  far  Series  which  contain  Periodic  Factors. 

Suppose  that  we  wish  to  discuss  the  series 

2/(w)  t;(M), 


*  In  fact,  the  real  part  of  the  integral  can  be  written  in  the  form 

const.  fp''^a--|-)c08(a|-7log{)  [  ^^    («c>7), 

to  which  we  can  apply  Diriohlet*8  test  for  convergence  (Infinite  Series j  Art.  169).    Similarly 
the  imaginary  part  of  the  integral  can  be  proved  to  converge. 
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where /(x)  has  the  same  properties  as  in  §  1»  but  v(n)  has  the  period  (», 

so  that  /    I    \         /  \ 

v{n+a>)  =  v(n). 

Then  the  necessary  and  sufficient  condition  for  convergence  is  that 

2  v(n)  =  0. 

For»  suppose  that  Q=:^v(n\ 

then  v(«)  =  fi— vd)— 1?(2)— ...— t;(a)— 1). 

Then,  since  v{roi)+s)  =:  vis)^  we  find  that 

2/(n)  v(n)  =  02  /(ra>)+  2  v  (s)  S, 

where  S  =/(«)-./(a,)+/(a+a,)-./(2a>)+...+/[«+(X-l)«]-/(X«>). 

Now,  in  virtue  of  the  decreasing  character  of  /(x)»  the  sum  8  has  a 
definite  limit  ^(5)  less  than/(5),  as  X  tends  to  infinity,  and  so 

]im"i\(s)S=:"i  v(s)</>{s). 

But  2  firw)  >  (V(«^  m  -  ("*/(«)  <««. 

and  so  this  sum  tends  to  infinity  with  X,  since  I    f{x)  dx  is  divergent. 

Am 

It  follows  that  the  sum         2/(n)  v(n) 

also  tends  to  infinity  with  X  unless  Q  is  zero ;   in  the  latter  ease,  the  sum 

has  the  finite  limit  «-i 

2  v(s)</>(s). 


Now,  if  0  <  At  <  a>,  we  have 


Am+m 

2  f(n)v{n) 

A*»+l 


<  Fm/(X«), 


where  V  denotes  the  largest  of  the  values  |  t?(l)  | »  1 1;(2)[»  ...»  \v(a)\ 
Consequently  ^^^ 

lim    2  /(n)t>(n)  =  0, 

A-^oo  Am-I-1  

and  so  the  behaviour  of  the  general  series 

lf{n)v{n) 
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Thus  the  senes  diverges  unless  Q  is.  zero,  and  converges  if  12  is  zero. 
As  a  simple  example,  we  can  infer  the  convergence  of  the  series 

2/(n)  sin  n^  0  (sin*  nA), 

where  h^pirlq  (p,  q  being  p^ositive  integers),  and  0  is  any  continuous 
function  ;  because  here  a>  =  2g  if  j?  is  odd,  or  w=^  q  if  j)  is  even,  and  in 
either  case  fl  =  0.  ;   ....       ..«_._  i 

But  the  series  2/(n)cosnA0(sin*nA) 

can  be  made  to  diverge  by  adjustment  of  0  if  j)  is  even  and  q  is  odd.* 

Similarly  the  series  2(-l)f**V(w)» 

where  [f\  denotes  the  integral  part  of  i,  will  diverge  it  ht=  pfq,  where 
p  is  even  and  q  ia  odd,t  because  again  w  =  q  and  so.  f2  =  1.   ! 
The  applications  to  series  of  the  type 

2/(n)  sin  (n'h),        ^f{n)  cos  (n'A) , 

where  5  is  a  positive  integer,  are  equally  obvious.  Thus,  for  example,  the 
series 

2/(n)  sin  (n«  ^) ,     2/(n>  cos  (n«  — ) 

can  converge  only  if  .   . 

2  sm  \rir  — j  =  0,         2  cos  (n^  — )  =  0, 

respectively. 

Thus,  when  q\^  ol  the  form  4A:+1  the  sine-series  converges,  but  the 
cosine-series  diverges;  but  if  q  is  of  the  form  4A;-f8,  the  cosine-series 
converges,  while  the  sine-series  is  divergent ;  if  g  is  of  the  form  4&,  both 
series  diverge,  but  if  q  is  of  the  form  4A;+2,  both  converge.  These  results 
follow  from  the  values  found  by  Gauss  for  2  exj^&irin^lq)  in  his  investi- 
gations on  quadratic  residues.  I 

*  For  instance,  if  we  take  i>  *  2,  g  »  3,  the  vsJue  of  n  is  easily  seen  to  be 

e(0)-e(|), 
whioh,  of  course,  may  have  any  value. 

t  Bromwioh  and  Hardy,  ^c,  p.  240. 
:  TTtfrfctf,  Bd.  n.,  p.  9  (§  19). 
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ON  A  FORMULA  FOR  THE  SUM  OF  A  FINITE  NUMBER  OF 
TERMS  OF  THE  HYPERGEOMETRIC  SERIES  WHEN  THE 
FOURTH  ELEMENT  IS  UNITY 

(Second  Communication.) 
By  M.  J.  M.  Hill. 

[Beoeived  Haroli  10th,  1908.— Read  March  12th,  1908.] 

Abstract 

In  a  paper  communicated  to  the  Society  and  printed  in  the  Proceedings^ 
Ser.  2,  Vol.  5,  pp.  885-841,  it  was  shown  that  when  the  real  part  of 
y— a— )d  is  negative,  then,  in  general,  the  sum  of  s  terms  of  the  series 

.   gjg    ,    a(a+l)i808+l)    . 
^■^ly"^      2!y(y+l)      '^••• 

was  asymptotic  with     - — p-g — If 7^,  — ^^^,a — r: , 
^     ^  (a+i8-y)n(a-l)n(/3-l)' 

I.e.,  p.  889. 

The  proof  given  did  not,  however,  apply  to  the  special  case  in  which 
y— a— )8  is  a  negative  integer,  and  it  did  not  apply  when  y— a— j8  is 
€qual  to  zero. 

The  object  of  the  present  communication  is  to  show  that  the  formula 
given  above  does  hold  when  y— a— )8  is  a  negative  integer,  but  that, 
when  y— -a— )d  is  equal  to  zero,  then  the  sum  of  s  terms  is  asymptotic  with 

n(a-i)no8-i)^^^*- 

This  last  result  was  obtained  in  the  first  instance  by  taking  the  expression 
given  in  Art.  4  of  the  former  paper,  putting  y  =  a+tS+e^  and  equating 
the  terms  independent  of  e.  The  difficulty  of  obtaining  a  thoroughly 
satisfactory  proof  by  this  method  led  me  to  build  up  an  independent 
proof. 

The  method  adopted  has  a  point  of  interest. 

Calling  the  terms  of  the  original  series  Ti+T2+...+Tt,  certain  factors 

z  2 
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Uif  U29  ...,  Ut  are  obtained,  snch  that  U»T»  can  be  put  into  the  form 
F«—  F»_i.     Prom  this  it  follows  that 

U^T,+  U^T^+...+  U.T.=:V.^V^ 

The  factors  I7i,  U^f  ...,  Ut  depend  upon  an  integer  r,  in  such  a  way  that 
when  r  is  increased  to  infinity,  these  factors  all  tend  to  unity. 

To  sum  the  series  Ti+...+Tt,  ail  that  remains  is  to  make  r  infinitely 
great  in  F,+i— Fq,  and  then  determine  the  simplest  expression  with  which 
F,+i— Fo  is  asymptotic.     The  result  is  as  given  above. 

Thus  the  only  discontinuity  in  the  formula  takes  place  at  the  value  of 
y  which  separates  those  series  which  are  convergent  from  those  which 
are  divergent. 


1.  With  the  notation  used  in  the  former  paper,  and  also  the  following. 


a+r-1  '  i8+r-l        r        a+jS+s+r' 

it  will  be  proved  that 

8\  (a+i8).  V       r\  (a+/8+«),      (r-1)!  (a+)8+s),^i      a+)8+5+r/ 

-s!(a+/3).,,«'-'-  (,_i)!(„+;3).«'"-^-  ^•> 
Dividing  out  by  /-_i\|/ ■  q\  »  i*  "  necessary  to  prove 

i_/l «I^r aj;^r SUr,,-\       \ 

8  \       r!  (a+)8+«),      (r-D!  (a+^+s),+,      a+)8+«+r/ 
_  (a+8)(g+5)  ^^        ,^ 

_  (a+a)08+i»)    f  ,  i  , 
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2.  r  ^F  m-^mimr*^  '  :ii^'  the  demonstration  of  equation  (10 


ui 


It  •■  f 


L 


piirate- proof  is  reqtiired.' 

nd  Wr,,-i  disappear,  and  it  might  be 

ved  reduces  to    — 


<lr-l$r- 


|-l)a  '•"•••''"  (a-|.^+l),.j(»--l)! 


paper.    Also 

l).-i(i9+l),-i 
:  («+)8+l),_, 

l)r-l 

-l),-,C8+l),-, 
l)!(a+i8+l),_, 

IV-i 


-2  08+l)r-« 

■.+)8+l),-. 


^+1), 


t^l 


-l-l)*-l.     .. 

ira  tfie  first  end  second 

^+1' 


s 
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Kow  /     °«^« L         a,-i^,-i 

••• «.(«-!)!  (a+|8+s), ^  (»-l)!  (a+fi+s), 

=  <^vfiv  r      a+i8+2t>-2       _  a+j8+«+2t>1 

S.(V-1)\  (a+/8+«),L(a+»-l)08+»-l)      tJ(a+/8+«+»)J 


(V-1)\  (a+15+8). 


]  =  s.(v-ma+fi+s),  [(«+^+*+«-l)+(--l)-*] 


8.(^^1)1  (a+fi+8),^i  "^  «.(t;-2)!  (a+l3+8), 

8.v\{a+l3+8),       8.(v-l)\(a+fi+8Ui' 

The  third  and  fourth  of  the  above  terms  are  obtainable  from  the  first  and 
second  by  increasing  v  by  unity. 

When  t?  =  1,  the  formula  is 

.  aB I         1        ■--  ^ 2§. gjQ 

^^^'  8{a+^+8y   a+P+8         8        8{a+^+8)       8{a+fi+8\' 

therefore 

rti  r'*s.(t;-l)!  (a+)8+5),"^  (i;-l)!  {a+fi+8)J 

""   8       s.r!(a+/8+5),      5.(r-l)!(a+i8+«)r+r 
Hence  the  equation  to  be  proved  is 

1    /.  arj8r OiA ^^r,»-l        \ 

s  V       r!(a+i8+s)r      (r-1)!  (a+)8+s)r+i      a+i8+s+r/ 

_1 Orftr ^^r ^r.<--l 

"■    s       s.r!(a+/8+s)r      s.(r-l)!  (a+i8+s)r+i      a+^-\'8+T' 
which  is  correct. 
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5.  There  is  no  difficulty  in  applying  the  demonstration  of  equation  (U 

to  the  case  8  =  1. 

Bat  for  the  first  term  5  =  0  a  separate- proof  is  reqtiired.' 

In  this  case  the  terms  tir,$-i  and  t^r,«-i  disappear,  and  it  might  be 

expected  ithat  the  identityto  be  proved  reduces  to    -~ 

1  ^_2L§r Orfir  __      «jQ     ^„.  ,     /JT  v 

To  prove  that  this  is  so  ';-;'; 

•            •  .           *           •                                                                                                   .  .   .             f.     .         . 
XT  u,  „  —   1   I  "^ I ^lis L        J "^-I^i^-l 

(a+l),-i08+l),-i 
(r-l)!(a+i8+l),_i' 

by  the  result  in  Art.  5,  (a),  of  the  former  paper.    Also 

,     ,,      _         a+i8+2(r-l)        (a+l),-iCe+l),-i  i 

a+j8+2r     (a+l),-iCQ+l),-i 
r{a+fi+r)  (r-1)!  (a+)8+l)r-i 


_  (a+l)r.i(l3+l)r-i      ,      (a+l)r-«08+l)r-> 

(a+l),-i(/8+l),-i      .(a+l),-i08+l),-i 
(r-l)!(a+/8+l),         r!  (a+/8.+l)i^i,   '     -       . 

The  third  and  fourth  of  the  above  terms  come  from  tlie  first  eiid  secciod 
by  increasing  r  by  unity.    Also 

^i,o«i,o  =■- — h  "S"  ~  ■^~~ 


a    '   fi     '  1       a+B+1 ' 
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therefore 

_    1     .     1  (a+l)r-lC8+l)r-l         (a  +  l)r-l08+l)r.l, 

a'^fi       (r-.l)!(a+/3+l),         r!(a+i8+l)..i     ' 

therefore       -^  w.,o  =  1-  7 — ,,?:^lxx rr^^ 

which  is  the  equation  (II.)  to  be  proved. 

6.  Hence,  by  means  of  equations  (I.)  and  (IL)  together,  it  follows  that 

-t Orfir Or  fir 

(r-l)!(a+i8)r+i       r!(a+)8)r 

I     Y  q<ft         (l <^rfir Or  fir 8Ur,9^l        \ 

■^.fi  8\  (a+fi).  V     r\  {a+fi+8)r      (r-D!  (a+fi+sUi      a+fi+8+rJ 

In  this  result  it  is  necessary  to  make  r  infinite. 

Now  ^riSr^    ^  n(r,a+i8-l) 

'^''  HlH^      r.n(na-l)n(r,i8-l)' 

and  therefore  tends  to  zero  as  r  tends  to  infinity.    Similarly 

<irfir  Orfir  <irfir 

(r-l)!(a+i8)r+iV    r!(a+/8+«)r*     <r-l)l  (a+iS+^Wa 

all  tend  to  zero  as  r  tends  to  infinity. 

Also  Ur,  a-^  IB  a  Convergent  series  and  therefore  finite,  and  therefore 

-lAjTV    twds  to  zero  as  r  tends  to  infinity.    Hence,  when  r  tends  to 

infinity,  the  left-hand  side  of  equation  (III.)  tends  to 


1+2 


q<^« 


.«i  «!(a+i8)/ 
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Nfixt  q«-nA-n     --  nte+l,a+^— 1) 

"^^  sl(a+lS).^i       n(«+l,a-l>n(«+l,)8-l)' 

and  hence  when  8  is  large  it  will  be  asymptotic  with 

II(a+3-l) 
n(a-l)n(i8-l)' 

It  remains  to  examine  t(;r,«« 
Now 

«,  1  —  q^  I qfl^a I        J ar-l^r~l . 

^^•        -  a+^+5+1 1-  2!  (a+^+5+1),.^-^  (r-l)!  (a+i8+«+l>-i ' 

therefore 


(«+i8+«+l) 


Now  when  <  is  large  the  right-hand  side  of  (lY.)  tends  to  the  limit  1. 

Suppose  that  the  right-hand  side  of  (TV.)  lies  between  1— e  and  1+ir, 
where  e,  9  are  two  functions  of  s  which  tend  to  zero  as  «  increases. 

It  follows  that 

^..(«i,.— !)+<«...(«»..'- l)+...+<r,.(«f..— 1) 
lies  between  ^^  a'^^_^^ «!,.+<»..+  . ..+<r.J(l—c) 

Now  <I,.+  ^,«  +  "-  +  'r,. 

~      Va  ^"iS"       1       a+/8-|-»-fl/ 

+  f_J_+_l 1 1 ^ 

^Va+l^jS-J-l        2       a-)-)8+s+2/ 

+  ... 

1/    1    I     1 1        1     ^ 

^\a+r-l^  fi+r-l       r       a+fi+s+rJ 
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_  n  I  1     1       1    Vi     1 i__ 

I  /    1       ,      1  1  _     1    \  I      1  ,1 

•  \a+l"^/8+l        2       a+fi/^a+fi      a+fi+8+2 

+  ... 

I  /       1        I         1  1  ^  ^  I  ^  1 

'^  \a+r-l^ fi+r-1      r      a+0+r-2)'^a+fi+r-2     a+p+s+r 

=      j;  /       1         I         1  1  1         ^ 

r-i\a+r-l^^+r-l       r       a+/3+»— 2/ 

^°^  ,5,  (a+r-1  "*"  fi+r-1  ~T~  a+fi+r-i) 

=  _  y        (a-l)08-l)ra+i8+2(r-l)1 

,ti  r(a+r-l)08+r-l)(a+/8+r-2)' 

and  is  therefore  a  convergent  series  with  a  finite  sum,  when  r  is  infinite. 

Next 

1  ill       I  1  ^       s+2 

a+^+r-1  ^  a+^+r^"'^  a+fi+s+r      a+fi+r-1 ' 

and  therefore  tends  to  zero  as  r  tends  to  infinity. 
Next  -T-3— ^+-ro+-+       ^ 


is  asymptotic  with  log.  s.    Hence 
is  asymptotic  with  log.  s,  whilst 

tends  to  the  value  .  q  r — r-r  loge  s ; 
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and  is  therefore  very  small  when  s  is  large ;  therefore 

<i.«(t^i.*— l)+...+<r.fK#— 1) 
is  very  small  when  r  is  infinite  and  s  is  large ;  therefore  Wr,,  is  asymptotic 

^1,  #+ ^2,  f  +  • .  •  +  ^r, » ; 
and  therefore  with  loge  s.    Hence 

IS  asymptotic  with  n(a-l)  n(/3-l)  ^^^' ^' 

Hence  1+  2    .f*^' 

i.  i.-       •i.u  n(a+i8— nl)       , 

IS  asymptotic  with  n(  —1)11(^6—1)  ^^*  ^* 


7.  Consider  now  the  case  where  y  =  a+j8— n. 
Putting  y  =  a+i8— ^»         ^  =  n— 1, 

in  equations  (Y.)  and  (VI.)  ^  p.  887,  of  the  former  paper,  it  follows  that 

G  («.  fi,  a+fi-n.  s)  =  (Xt+^-n),  ^(«'  ^'  ''+^' «) 

where  /(a, /8,  a+j8— n, «,  n— 1) 

_  ji (ci— n)(^— n) , (g— n),08— n)a , 

"^(-n+l)(a+/3-n+»+l)'^(-n+l),(a+/8-nH-«+l)a'^- 

■  (g— n)»-i  (j8— n),_i 


(-n+l),_i(a+)8-»+s+l)._i  • 


Now  a.^i)8.^t  ^        n(«+l,g+ff-n-l)         («+!)». 

n.«!(g+/8-«),+j      n(s+l,g-l)n(«+l,)8-l)       n      ' 

and  is  therefore,  for  a  large  s,  asymptotic  with 

n(g+j8-n-l)    («+!)» 

n(a-i)no8-i)     n    • 

Also  /{a,  /8,  a4-)8'— »,  «.  »— 1)  tends  to  unity  as  s  increases. 
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Further,  6  (a,  fi,  a+fi,  s)  has  been  shown  to  be  asymptotic  with  a  finite 
multiple  of  log.^,  which  is  very  small  compared  with  {8+l)\  when  n  is  a 
positive  integer  and  s  a  large  positive  integer. 

CSonsequently  G{a,  fi,  a+j8— n,  s)  is  asymptotic  with 

n(a-i)no8-i)     71    ' 

which  is  the  value  assumed  by  the  expression 

(a+/8-y)n(a-l)n(i8-l) 
given  in  Art.  4,  on  p.  889  of  the  former  paper,  when  y  =  a+i8— w. 
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ON  A  GENERAL  CONVERGENCE  THEOREM,  AND  THE  THEORY 
OF  THE  REPRESENTATION  OF  A  FUNCTION  BY  SERIES 
OF  NORMAL  FUNCTIONS 

By  E.  W.  HoBBON. 

[Received  April  15th,  1908 ^Read  April  30th,  1908.] 

The  theory  of  integral  equations,  as  recently  developed  by  Hilbert  and 
by  Schmidt,  has  resulted  in  a  certain  unification  of  the  theory  of  the  series 
of  normal  functions  which  represent  prescribed  functions  in  an  interval. 
By  this  means  the  validity  of  such  representation  has,  however,  in  the 
first  instance,  been  established  only  for  the  case  of  a  function  which, 
together  with  its  first  and  second  differential  coefficients,  is  continuous 
in  the  whole  interval  of  representation,  and  which  satisfies  at  the  ends 
of  the  interval  the  same  conditions  that  are  imposed  upon  the  normal 
functions  themselves.  An  extension  of  the  theory  to  the  case  of  functions 
of  a  less  restricted  type  has  recently  been  given  by  Eneser.*  A  method 
of  development  of  the  theory  of  series  of  normal  functions,  on  foundations 
laid  by  Schwarz  and  Poincar6  has  been  given  in  detailed  investigations  by 
Stekloff  and  others,  but  involves  a  restriction  upon  the  type  of  the  func- 
tions represented  by  the  series,  of  a  similar  character  to  that  in  the 
theory  of  integral  equations. 

It  seems  desirable  to  obtain  sufficient  conditions  for  the  convergence 
of  the  series  at  a  particular  point,  and  for  the  uniform  convergence  of 
the  series  in  any  interval  contained  in  the  whole  interval  of  representa- 
tion, comparable  in  generality  with  the  known  sufficient  conditions 
applicable  in  the  case  of  Fourier's  series.  In  the  present  communication 
a  fundamental  convergence  theorem  is  established,  which,  when  applied 
to  the  case  of  series  of  Sturm-Liouville  functions,!  suffices  to  shew  that 
the  question  whether  the  series  corresponding  to  a  given  function  converges, 
or  not,  at  a  particular  point,  depends  only  upon  the  nature  of  the  tunotion  in 

♦  Math,  Annalen,  Vol.  Lxni. 

t  The  convergence  of  the  series  of  Stunn-LiouviUe  functions  has  been  investigated  for  the 
case  of  a  function  of  limited  total  fluctuation  by  Kneser,  Math,  AnruUen,  Vols,  lviii.,  lx. 
The  case  of  the  series  representing  analytical  functions  has  been  treated  by  A.  C.  Dixon,  by 
the  method  of  residues.  Proceedings,  Qer,  2,  Vol.  8. 
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an  arbitrarily  small  neighbourhood  of  the  point,  whilst  the  nature  of  the 
function  throughout  the  whole  interval  of  representation  is  restricted 
only  by  the  postulation  that  it  shall  possess  a  Lebesgue  integral  in  that 
interval ;  the  function  being  therefore  not  necessarily  limited  in  the 
interval.  The  convergence  theorem  is  further  employed  to  shew  that, 
subject  to  the  same  condition  as  regards  the  nature  of  the  function,  the 
question  whether  the  series  converges  uniformly,  or  not,  in  an  interval  in 
which  the  function  is  continuous,  and  which  is  contained  in  the  given 
interval  of  representation,  depends  only  on  the  nature  of  the  function  in 
an  interval  which  encloses  the  interval  of  continuity  in  its  interior,  ex- 
ceeding it  in  length  only  by  an  arbitrarily  small  amount. 

It  is  further  shewn  that  a  sufficient  restriction  upon  the  nature  of 
the  function  in  an  arbitrarily  small  neighbourhood  of  a  particular  point, 
to  ensure  the  convergence  of  the  series,  is  that  the  function  shall  be  of 
limited  total  fluctuation  {a  variation  bornee)  in  that  neighbourhood.  It 
is  shewn  that  a  similar  restriction  is  sufficient  in  the  case  of  uniform 
convergence  in  an  interval. 

When  the  end-points  of  the  interval  of  representation  are  singular 
points  of  the  linear  differential  equation  satisfied  by  the  normal  func- 
tions, as,  for  example,  in  the  case  of  Legendre's  or  Bessel's  functions, 
the  fundamental  theorem  is  not  applicable  to  the  whole  interval  of  repre- 
sentation. In  this  case,  neighbourhoods  of  the  end-points  must  be  ex- 
cluded and  the  theorem  applied  to  the  remainder  of  the  interval ;  the 
parts  of  the  series  depending  on  the  excluded  neighbourhoods  of  the  end- 
points  requiring  separate  consideration.  As  an  instance  of  such  series, 
the  case  of  the  series  of  Legendre's  functions  is  treated  in  detail. 

A  few  other  applications  of  the  fundamental  convergence  theorem 
are  given,  to  the  proof  of  the  validity,  under  very  general  conditions,  of 
known  modes  of  representation  of  functions  by  means  of  definite  integrals 
and  by  series. 


A  General  Convergence  Theorem. 

1.  The  following  convergence  theorem  will  be  first  established  : — 

Letfipc!)  he  a  function  which  has  a  Lebesgue  integral  in  the  interval 
(a,  p)  of  the  variable  x\  whetJier  the  function  be  limited  or  unlimited  in 
that  interval.  Let  F{x\  x,  n)  be  a  functiofi  defined  for  all  values  of  x' 
in  (a,  j8),  and  for  values  of  x  belonging  to  a  certain  set  of  points  G  con- 
tained  in  (a,  )8),  and  for  positive  values  of  n.  Let  F(x\  x,  n)  satisfy  the 
following  conditions  : — (1)   that  \  F{x\  x,  n)  \  does  not  exceed  a  definite 
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positive  number  F^/or  all  values  of  x'  and  x  stcch  that  |  x'— a;  |  w  not  less 
than  a  fixed  positive  number  fx  «  6— a),  where  x'  belongs  to  (a,  ^,  and  x 

to  G,  and  for  all  values  of  n ;    (2)  that    \    F{x\  x,  n)  dx'   exists  a^  a 

Leb^sgue  integral  for  all  values  of  a^^  fii  su^h  that  a<ai<j8i<^, 
for  each  value  of  x  belonging  to  G  but  not  interior  to  the  interval 
{ai-'fx,  i8i+M)>  a^  that  it  is  less  in  absolute  vQ,lue^  for  each  valu^  of  n, 
than  a  positive  number  An^  independent  o/ai,  jSj  and  x;  (8)  that 

lim  An  =  0. 

n=oo 

Then  I      fix')  F(x',Xy7i)dx'  converges,  a^n  is  indefinitely  increased, 

unifoi'mly  to  zero^  for  all  values  of  x  belonging  to  G,  and  in  the  interval 

(a+)ii,  )8);  also  \      f{x')F(x'fX,n)dx'  converges  uniformly  to  zero  as  n 

is  indefinitely  increased,  for  all  values  of  x  belonging  to  G  and  in  the 
interval  (a,  /S—fi).  The  positive  number  n  may  be  eitlier  a  variable 
capable  of  haviyig  all  positive  values,  or  it  may  be  restricted  to  have  the 
values  in  a  sequ^ence  with  no  upper  limit,  as,  for  example,  the  sequence  of 
positive  integers. 

In  particular,  the  set  G  may  consist  of  the  whole  interval  (a,  p),  in 
which  case  the  integrals  converge  uniformly  to  zero  as  n  is  increased 
indefinitely  for  all  values  of  x  in  the  intervals  (a+M»  i^),  (a,  ^8— m)  ^^- 
spectively  ;  or  G  may  consist  of  the  points  of  an  interval  (a+X,  fi—X) 
contained  in  (a,  jS),  m  which  case  the  integrals  converge  uniformly  in  the 
intervals  (a+X,  jS— X),  if  \^ ix,  or  in  the  intervals  (a+M>  P)^  (a,  /S— /a) 
respectively,  ifX^/m. 

In  proving  this  theorem,  it  will  be  sufficient  to  consider  the  first  of  the 
two  integrals  only.  Let  it  be  first  assumed  that  f(x^)  is  limited  in  the 
given  interval  (a,  /3) ;  and  let  U,  L  denote  its  upper  and  lower  limits  re- 
spectively in  that  interval. 

We  may  divide  the  interval  (L,  U)  into  portions 

wo>  Ci)>   wi,  C^j,    ...,  (Cp-i,  Cp}, 

where  Cq  =  L,  Cp=  U,  and  such  that  Cq—Cq^i  is  less  than  an  arbitrarily 
chosen  positive  number  rj,  for  all  the  values  1,  2,  8,  ...,p,  of  q. 

Let  that  set  of  points  in  (a,  0)  for  which  Cq  ^f{x')  <  c^+i  be  denoted 
by  Eq;  and  for  any  fixed  value  of  a;  (>  /a)  and  belonging  to  G,  let  Cq  be 
that  part  of  Eq  which  is  in  the  interval  (a,  x-^fx). 

Let  a  function  fiix')  be  defined  by  the  following  rule: — For  those 
values  of  x'  for  which  Cq^f(x')  <  Cg+i,  let/i(a;')  =  Cq,  for  each  value  of  q; 
and  for  fix')  =  Cp,  let  fi(x')  =  Cp. 
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We  have  now 

rVc^O  F{x\  X,  n)  do:'- r"Vi(«0  J' («',  x,  n)dx'  |  <  nF{p-a) ; 

where  x  is  any  point  of  the  set  G  in  the  interval  (or+M»  P)^  cmd  for  all 
values  of  n.    Also  we  have 

r  ^  fdx')  F  {x',  X,  n)  dx'  =  ^F  c,^  \     Fix\  x,  n)  dx\ 

Let  the  set  of  points  Eq  be  enclosed  in  the  interiors  of  a  set  of  non- 
overlapping  intervals  flg,  such  that  m{Hq)—m{Eq)=^^;  where  mCH,). 
m{Eq)  denote  the  measures  of  Hq  and  of  Eq,  and  f  is  an  arbitrarily  chosen 
positive  number  sufficiently  small.  A  finite,  or  infinite,  set  Hq  of  intervals 
can  always  be  so  chosen  that  this  condition  is  satisfied.  If  hq  denote  that 
part  of  Hq  which  is  in  the  interval  (a,  x—fi)y  it  can  be  seen  that 

m(hq)-'mieq)^  f. 

For,  if  possible,  let  m(AJ— m(eq)  =  f +y, 

where  y  is  a  positive  number.  Let  the  set  eq  be  enclosed  in  the  interiors 
of  non-overlapping  intervals  of  a  set  Iq,  all  in  the  interval  (a,  «— m)>  such 
that  m{lq)<m{eq)+y;  and  let  Hq  denote  that  set  of  non-overlapping 
intervals  which  consists  of  the  set  Iq  together  with  that  part  of  Hq  which 
is  not  in  the  interval  (a,  a— m)-  Observing  that  m(l^<m{hq)-'^i  we 
have  then 

m(Hq)  ;=  m(Hq)-'m{hq)+vi{lq)  <m{Hq)-^<m{Eq) ; 

and  this  is  impossible,  since  Eq  cannot  be  enclosed  in  intervals  of  a  set  of 
smaller  measure  than  m{Eq),  Since  therefore  no  such  positive  number  y 
can  exist,  we  have  m{h^—m{e^  <  f.    We  have  now 


1      F{x\  X,  n)  dx'  —  I      F(x\  x,  n)  dx' 


<fJF. 


Let  the  intervals  of  the  setH^  have  lengths  yi,  ya,  ys, ...  in  descending 
order  of  magnitude.    We  may  choose  Tq  so  that 

m{Hq)'-{y,+y^+...+yr^)  <  f. 

Of  the  intervals  yi,  y^,  ...,  y,^,  ...,  let  y,^,  y,,,  ...,  yv  •••  *^^^  wholly  or 
partly  in  the  interval  (a,  x— /tx) ;  one  of  these  intervals  may  be  only 
partially  in  (a,  x^fi).  Let  8t  be  the  greatest  of  the  numbers  «i,  «2, ....  Stf ... 
which  does  not  exceed  Vq ;  we  have  then 

y»t^i+yt^t+'"  <f»     and     w(A3)-(y,,+y^+...+y,,)<f, 
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as  may  be  seen  by  applying  the  same  argument  that  has  been  employed 
above  to  shew  that  ,,  .        ,  s  ^  9. 

Here,  in  case  the  point  a— ^  is  interior  to  an  interval  y,^,  we  take  only 
that  part  of  y,^  which  is  in  the  interval  (a,  a?— /x)* 

We  have  now  m{hq)—m(Dq)  <  f,  where  Dq  is  the  finite  set  of  intervals 
y«i'  y«s9  -M  y<t ;  the  number  t  of  intervals  of  this  set  Dq  does  not  exceed 
the  number  r,,  which  is  independent  of  x. 

We  have  now 


<SF. 


I      F{x\x,n)dx'—\      F{x',x,n)dx' 

Also  I       P(x\  X,  n)dx'\<  tAn  <  TqAn. 

Combining  the  inequalities  which  have  been  shewn  to  hold,  we  find  that 
I  £"V(aj')  F(x\  X,  n)dx'\<  ifJFC8-a)+  'F  Cq  {i^F+TqA^. 

Now,  let  e  be  an  arbitrarily  fixed  positive  number ;  we  can  then  fix  n 
so  that  fiF(l3—a)  <  j€ ;  then  the  numbers  Cq  for  g  =  0,  1,  2,  ...,  p  can  be 
fixed.    We  can  then  choose  ^  so  that 

2fJF  2%,<j€. 

The  numbers  r,  depend  only  on  ^  and  g,  being  independent  of  x,  and  thus 

2  TqCq  is  fixed ;  we  can  choose  n^  so  that 

9=0 

An    2    TqCq  <  j€, 


provided  n  ^  ni. 

We  now  have         i      f{x')  F{x\  x,  n)  dx' 


<  e,     for  n  >  Tij, 


and  for  all  values  of  x  belonging  to  G,  and  in  the  interval  (a+/u,  /3)..  The 
uniform  convergence  of  the  integral  to  zero  has  accordingly  been  estab- 
lished. 

Next,  let  f{x')  be  no  longer  limited  in  (a,  p).    A  positive  number  N 
can  be  so  determined  that 

8BB.   2.      VOL.   6.      MO.   997.  2    A 
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when  the  integral  is  taken  over  that  set  of  points  K^  in  (a,  p)  for  each  of 
which  |/(x')  I  >  JY,  If  ks  be  that  part  of  Kjf  which  lies  in  (a,  aj— At),  for 
any  fixed  value  of  x  in  (a+M»  P)f  ^^  have 

\    \f(x')\dx'  <i€lK 

Let  the  function /g  (x')  be  defined  by  the  rule  that  f^ix')  =/(x')t  when 
\f(x')  I  <  JY,  and  /a(a;')  =  0,  when  \f(x')  \  >  N.  Thus  /a(a;0  vanisheB 
at  all  points  of  Ks,  and  it  is  a  limited  summable  function,    We  have  now 

r"V(a?0  F{x\  X,  n)  (te'  =  j     fix')  Fix',  ar,  n)  dx' +{"'' f^^ixf)  Fix',  x,  n)dx'. 


J(k„) 

A  value  riiotn  can  be  so  determined  that 


ii: 


<  Je,     for  n  >  Hi, 


f^ix')Fix',x,n)dx' 

and  for  all  values  of  x  belonging  to  G,  and  in  the  interval  (a+M*  i^)-    Also 

|(   fix')Fix',x,n)dx'    <Je, 
\Jkjf 

for  all  the  values  of  x  and  of  n.     Therefore  we  have 


r 


fix')Fix',x,n)dx' 


<  €,     for  n  >  ni, 


and  for  all  the  values  of  x.  The  theorem  has  now  been  completely  estab- 
lished. A  special  case  of  this  theorem,  in  a  somewhat  different  form,  was 
given  in  my  paper*  "  On  the  Uniform  Convergence  of  Fourier's  Series," 
and  was  there  applied  to  the  theory  of  Dirichlet's  integral. 

2.  It  may  be  remarked  that  the  above  proof  is  applicable  to  establish 
the  following  somewhat  inore  general  theorem : — 

If  the  functions  fix'),  Fix',x,n)  satisfy  the  conditicms  before  stated, 

Cfii 

\  fix')  Fix',  X,  n)  dx'  converges  to  zero,  as  n  is  indefinitely  increased, 
J«i 

uniformly  for  all  values  of  a^,  ySj  and  x,  which  are  such  that 
a  <  Qj  <  )8i  <  5,  and  such  that  x  belongs  to  the  set  O,  a7id  is  not  in- 
terior to  the  interval  iai^fi,  ISi+jul). 

♦  Proceedings,  Ser.  2,  Vol.  5,  p.  275. 
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Let  US  consider  the  special  case  in  which  F{x\  x,  n)  is  independent  of 
X,  say  F*  (x',  x,  n)  =  ^(a:',  n).     We  then  obtain  the  following  theorem : — 

If  fix')  have  a  Lebesgiie  integral  in  the  interval  (a,  13)  ;  and  <l>(x\  n) 
be  such  tliat  \  <f>{x\  n)  \  have  a  definite  upper  limit  for  all  values  of  x'  in 

(a,  13) f  and  for  all  the  values  of  n ;  and  if  further  \    ipix',  n)  dx  exist  and 

he  numerically  less  than  Am  for  all  values  of  oj,  ySi,  such  that 
a  <  ai  <  ySj  <  )8,  where  Anis  independent  ofai,  ySj,  and  wJiere  lim  An  =  0, 

tJien  \   f{x')ip{x\n)dx'  converges  to  zero^  as  n  is  indefinitely  increased, 

Jai 

uniformly  for  all  values  of  aj  and  jSj.  The  number  n  may  be  either 
capable  of  having  all  positive  values,  or  may  be  restricted  to  have  the 
values  in  a  sequence,  for  example,  in  the  sequence  of  positive  integers. 

A  special  case  of  this  theorem  is  that,  if  f{x')  have  a  Lebesgue  integral 

in  the  interval  (—•»-,•»■),  then  l  f{x')  cos  nx'dx',  \  f  {x')  sin  nx'dx'  converge 

to  zero  as  n  is  indefinitely  increased,  and  uniformly  for  all  values  of  a  and 
13,  such  that  — ir  <  a  <  )8  ^  tt. 

The  theorems  may  be  generalized  so  as  to  apply  to  the  case  of  a 
function  of  any  number  of  variables.  As  is  clear  from  the  theory  of 
Lebesgue  integration,  the  proof  of  the  fundamental  theorem  is  applicable, 
without  any  essential  modification,  to  this  more  general  case.  It  will  be 
sufficient  to  state  the  main  theorem  for  the  case  of  a  function  of  three 
variables,  as  follows : — 

Let  fix',  y',  z')  be  a  limited,  or  unlimited,  function  defined  for  all 
points  in  the  spa^ce  V  bounded  by  a  closed  surfa^ce  S,  and  having  a 
Lebesgue  integral  through  V.  Let  F{x',y\z*,x,y,z,n)  be  a  function 
defined  for  all  values  of  (x\  y\  z')  in  V,  and  for  all  values  of  {x,  y,  z) 
corresvonding  to  the  points  of  a  given  set  G  contained  in  V  ;  and  f(yr posi- 
tive values  of  n. 

Let  F{x\  y\z',  x,  y,  z,.n)  satisfy  the  following  conditions  : — (1)  that 
j  F{x',  y',  z\  X,  y,  z,  w)  |  does  not  exceed  a  definite  number  F,for  all  posi- 
tions of  the  points  (a?',  y\  z'){x,  y,  z),  such  that 

{x''-xf+  (y'-y)^+  {z'^zf  >  M^ 
lohere  fi  is  a  fixed  positive  number,   and  (a?',  y',  z')  belong  to  V,  and 

{x,  y,  z)  to  G ;  (2)  1      F(x'^  y',  z\  x,  y,  z,  n){dx'  dy'  dz')  exists  as  a  Lebesgue 

J(P'i) 
integral  for  every  volume  V\  iiot  exterior  to  V,  and  bounded  by  a  surface 
Si  not  exterior  to  S,  dndf^^  all  valxLCS  of  (x,  y,  z)  corresponding  to  points 

2  A  2 
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of  G  such  tliat  a  sphere  toith  centre  (x,  y^  z)  and  radim  /ul  has  no  volume 
in  common  with  Vi^  and  that  the  integral  is  in  absolute  valm  less  than 
Anj  a  number  independent  of  Fj  and  of  x  ;  (8)  tliat  lim  An  =  0.      Then 

Jf{x\y\z')F{x\y\z\Xiy^z^n){dx*dy'dz*)  converges  to  zero,  as  n  is 
(P'l) 

indefinitely  increased,  uniformly  for  all  points  {x,  y,  z)  belonging  to  G  asid 
of  which  the  minimum  distance  from  points  of  Vi  is  not  less  than  ii.  The 
convergence  is  also  uniform  for  all  such  volumes  Fi,  under  the  conditions 
stated. 

In  particular,  if  the  integral  be  taken  through  the  whole  volume  V 
with  tJie  exception  of  a  sphere  of  centre  {x,  y,  z)  and  radius  m  {or  of  the 
portion  of  such  sphere  which  is  in  V),  then  tJie  convergence  is  uniform  for 
all  points  {x,  y,  z)  belonging  to  G. 

It  is  olear  that  the  statement  might  be  made  more  general  by  replacing 
the  volumes  V,  Vi  by  any  bounded  and  measurable  sets  of  points.  If  H 
denote  the  measurable  set  of  points  for  which  the  function  f(x\  y',  z')  is 
defined,  and  in  which  it  has  a  Lebesgue  integral ;  the  set  G  for  which 
F(x',  y\  z\  X,  y,  z,  n)  is  defined  and  satisfies  the  conditions  of  the 
theorem,  being  contained  in  H,  then  the  integral  of 

f{x\  y\  z')F{x',  y\  z\  x,  y,  z,  n), 

taken  through  a  measurable  set  Hi  contained  in  H,  converges  to  zero  as  n 
is  indefinitely  increased,  subject  to  the  conditions  of  the  theorem,  uni- 
formly for  all  points  {x,  y,  z)  belonging  to  G,  and  of  which  the  minimum 
distance  from  the  points  of  H^  is  ^  /x.  The  convergence  is  uniform  for 
all  such  sets  Hi.  The  original  statement  of  the  theorems  will  be,  however, 
sufficient  for  the  purpose  of  the  applications  to  be  made  below. 

8.  The  theorems  of  §§  1,  2  may  be  extended  to  cases  in  which  the 
given  domain  of  the  function  is  unbounded,  provided  an  additional  con- 
vergency  condition  is  satisfied.  It  will  be  sufficient  to  give  the  extension 
of  that  case  of  the  theorem  in  which  the  set  G  consists  of  all  the  points  of 
the  interval  (a,  )3). 

Let  us  assume  that  /(x')  has  a  Lebesgue  integral  in  every  finite 
interval  contained  in  the  unlimited  interval  (— oo,  oo).  Let  it  be 
assumed  also  that  |  F{:x\  x,n)\<  F,  for  all  values  of  x\  x  such  that 
I  x'^x  I  ^  iJL,  and  for  all  values  of  n.  Further,  let  it  be  assumed  that, 
if  K  be  any  arbitrarily  chosen  positive  number,  then,  if  yS— a  ^  K, 

F{x\x,n)dx'    <  An, 


\i 
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where  An  depends  only  on  n  and  K ;  and  for  all  values  of  x  not  interior  to 
the  interval  (a^fi,  fi+in).  Let  it  also  be  assumed  that  for  each  value 
of  E,  lim  An  =  0, 

Let  X  be  confined  to  an  arbitrarily  chosen  interval  (ai,  13^.  If,  then, 
corresponding  to  each  arbitrarily  chosen  positive  number  e,  a  number 
i^ai—fi  can  be  determined,  such  that 

ft 
f{x')F(x\x,7i)dx 


\t 


<e. 


for  all  values  of  i'  <  i,  and  for  all  values  of  n ;  and,  if  further,  a  number 
'7  ^  i^i+M  can  be  so  determined  that 


ii; 


f{x')F{x\x,n)dx' 


<e. 


for  all  values  of  fj'  >  17,  the  numbers  i,  17  being  independent  of  n  and 
of  X,  then  the  integrals 

j     f{x')F{x\x,n)dx',      [  f{x')F{x\x,7i)dx' 
exist  as  lim  l   /(a;')  F{x',  x,  n)  Ax\ 

and  lim   I    f{x*)F{x\x,n)dx\ 

respectively,  and  neither  of  them  numerically  exceeds  e.      We  suppose 
these  conditions  to  be  satisfied  for  every  interval  (aj,  )8i)  of  x. 
We  have  then 

p^/Ca;')  F{x\  x,  n)dx'  =  [     f{x') F{x\ x, n)  dx' +['''' f  {x') F(x\  x,  n) dx\ 

The  variable  x  being  confined  to  the  interval  (aj,  )8i),  ^  can  be  so 
chosen  that,  for  all  such  values  of  x,  and  for  all  values  of  n,  the  first 
integral  on  the  right-hand  side  is  numerically  not  greater  than  e.  More- 
over, the  second  integral  is,  for  all  sufficiently  large  values  of  n,  and  for 
all  values  of  x  in  (a^,  jS^),  numerically  less  than  e,  in  accordance  with  the 
theorem  of  §  1.     It  has  therefore  been  shewn  that 

converges  uniformly  to  zero  for  all  values  of  x  in  the  interval  (ai,  ^^. 
The  integral  I      /(a;')  F{,x\  x,  71)  (2x'  can  be  similarly  shewn  to  converge 
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uniformly  to  zero,  for  all  values  of  z  in  (a^,  ^i).     In  particular,  if 

^  ^\f{x')\dx',      ^^\f{x^)\dx' 

both  exist  as         lim  \     \f(x')  \  dx\      lim  \   |/(x')  |  Ar', 
*=«  J-h  *=«  Jo 

the  additional  convergency  conditions  are  satisfied.     For 


11 


f{x')F{x\x,n)dx' 


F^^  \f{x^)\dx^, 


and  I  j'  fix')  F(x\  x,  n)  dx'    <  F  J'  |  /(a;')  |  dx' ; 

hence  i,  fj  can  be  so  chosen  that  for  all  values  of  ^'  <  i,  and  for  all  values 
of  ^'  >  fii  the  expressions  on  the  right-hand  sides  of  these  inequalities  are 
each  <  €.     The  following  theorem  has  thus  been  established  : — 

Let  f(x')  possess  a  Lebesgue  integral  in  every  finite  interval,  and  let 
I  F{x,  x\n)\  have  a  finite  upper  limit  for  all  values  of  x  ajid  x'  such  that 
I  x—x'  I  ^  /it,  and  for  all  the  values  of  n.  FurtJier,  let  it  be  assumed 
that  the  integral  of  F(x,  x\  n)  in  any  iiiterval  (a,  jS)  wJiatever,  such  that 
fi—a^K,  when  K  is  an  arbitrarily  chosen  positive  number ^  is  numerically 
Uss  than  a  member  An  dependent  only  on  n  and  K,  for  all  values  of  x  not 
interior  to  tJie  interval  (a— /i,  fi+^t),  and  that    lim  ^n  =  0,  for  each 

value  of  K,     TJien,  if  |/(ic')  I  dx'  have  a  definite  value  as  tlie  double 

limit  "^"^ 

^  lim       r    \f{x')\dx' 

of  the  Lebesgus  integral,  the  integrals 

^''^f{x')F{x\x,n)dx\      r    f{x')F{x\x,n)dx\ 

both  converge  to  zero  as  n  is  indefinitely  increased,  uniformly  for  all 
values  of  x  in  any  finite  interval. 

It  is  clear  that  a  similar  theorem  may  be  stated  for  the  case  of  a 
function  of  three  variables,  or  of  any  number  of  variables. 

It  should  be  observed  that  for  special  forms  of  the  function  F(x\  x,  7i), 

the  condition  that  |/(«^0  I  dx'  exists  may  be  replaced  by  a  less  stringent 
condition  depending  on  the  nature  of  the  function  F{x',  x,  n). 
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The  Gonyeroence  of  a  Definite  Integral. 

4.  Let  F(x',  X,  n)  be  defined  for  all  values  of  x'  in  (a,  jS)^  and  for  all 
values  of  a;  in  a  set  G,  which  may,  in  particular,  consist  of  all  points  in 
(a,  13),  or  of  all  points  in  an  interval  (a+X,  jS— X),  and  for  positive  values 
of  n.  It  is  also  assumed  that  fix'),  F{x',  x,  n)  satisfy  the  conditions  of 
the  theorem  of  §  1,  for  every  sufficiently  small  positive  value  of  /a. 

We  propose  to  consider  the  limiting  value  of  the  integral 

[  f{x')F{x',x,n)dx' 

as  n  is  indefinitely  increased,  the  integral  being  assumed  to  exist  tor  all 
points  X  in  G.     The  integral  is  equivalent  to  the  sum 

rV(^')  ^(^'.  «.  ^)  ^'+  r    /(^')  ^(^''  ^'  ^^)  da'+^'^fix')  F{x\  X,  n)  dx\ 

Ja  Jx+ft,  Joe— ft 

where  the  first  integral  is  omitted  if  x^a+u,  and  the  second  is  omitted 
if  x+jUL  ^  j3.  When  x  <  a+fi,  the  lower  limit  in  the  third  integral  is 
replaced  by  a ;  and  when  x  >  13— /jl,  the  upper  limit  in  the  third  integral 
is  replaced  by  j3.  For  any  fixed  value  of  fi,  the  first  and  second  integrals 
converge  uniformly  to  zero  for  all  values  of  x  in  G,  as  n  is  indefinitely 
increased. 

We  therefore  consider  the  integral 


i; 


/(x')F(x',x,n)dx', 

X-ll. 


which  is  equivalent  to 

{^fix+OF{x  +  t,  X,  n)dt+{^f{x—f)F{x—t,  x,  n)dt. 

Let  us  assume  that,  at  a  particular  point  x,  the  two  limits  /(x+O), 
/(x— 0)  have  definite  finite  values;  then 

[^  f{x+t)  F{x+t,  X,  n)dt 

=  f{x+0)[^F{x+t,x,n)dt+[^  {f(x+ f)-f ix+O)}  F(x+t,x,n)dt, 

and  [^f{x—{)F{X'-t,x,n)dt 

=f(x-0)\l^ F{x-t,x,n)dt+\!^  {f(x--t)-f{x-0)}F(x-t,x,n)dt. 
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If,  for  a  fixed  x,  belonging  to  G,  the  positive  number  /a  can  be  chosen  so 
small  that  .^ 

[  {/(x-fi-'fix+O)}  F{z+t,  X,  n)dt, 

and  r  {f{x--{i^f(x-0)}F{x-t,  x,  n)  dt, 

are,  for  all  values  of  n,  each  numerically  less  than  an  arbitrarily  chosen 
positive  number  e,  and  if  the  two  limits 

lim  I   F{x+t,  x,  n)  dt^      lim  \   F{x^t,  x,  n) dt 

have  definite  values  P,  Q  independent  of  Mi  we  see  that 

lim  (V(«0  F(^'^  X,  n)  dx'  =  Pf{x+0)+Qf(x-Oh 

X  being  a  fixed  point  in  the  interior  of  the  interval  (a,  yd). 

It  has  therefore  been  shewn  that  it  is  sufficient  for  the  convergence  of 

I  f(x')  F{x\  X,  n)  dx'  for  a  fixed  valtie  of  x,  in  the  interior  of  the  interval 

(a,  )8),  to  the  value  Pf{x+0)+Qf{x—0),  that 

lim  \  F{x+t,x,n)dt    and    lim  I  F{x—t,x,n)dt 
»««  Jo  «=•  Jo 

should  have  the  vahies  P,  Q  independent  of  fi,  and  that 

r  {f(X+t)-f(x  +  0)}  F{x+t,  X,  71)  dt, 

r  {f{x-t)-f{x-0)\  F{x-t,  X,  n)dt 

should  both  be  numerically  less  than  an  arbitrarily  chosen  positive 
number  e,  for  a  sufficiently  small  vahie  of  ^t,  and  for  all  valves  of  n.  It  is 
assumed  that  the  conditions  of  the  fundamental  convergence  theorem  are 
satisfied  for  a  set  G  to  which  x  belongs. 

Let  us  next  assume  that  the  function  fi^)  is  such  that,  for  a  particular 
point  a;  in  G,  a  neighbourhood  can  be  found  such  that  the  function  f{x')  is 
of  limited  total  fluctuation  (a  variation  bomee)  in  that  neighbourhood. 

We  may  then  replace  the  function  f{x')  by  /i(a;')— /a(^')f  where  fiix'), 
/a  {x')  are  monotone  in  the  neighbourhood  of  the  point  x. 

We  have  then,  by  applying  the  second  mean  value  theorem,  for  a 


I 
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sufficiently  small  value  of  fi, 

\fiix+{)-Mx+0)}  F{x+t,  X,  n)  dt 

=  {fiix+M)'-Mx+0)}  r  F{x+t,x,n)dt, 

where  0  <  mi  <  M*     A  similar  equation  holds  for  the  function /^ (a;). 

Let  us  now  assume  that  the  function  F  is  such  that   i   F{x+t,x,n)dt 

is  numerically  less  than  a  fixed  positive  number,  for  all  values  of  /i'  such 
that  0  <  /i'  <  M»  and  for  all  values  of  n.  The  number  fi  may  be  so  chosen 
that /x(aj+^t)— /i(a;+0), /2(a;+/it)— /a(x+0)  are  each  less  than  an  arbi- 
trarily chosen  positive  number.     It  follows  that  fi  can  be  so  chosen  that 

r  \f(x+t)-f(x+0)}  F{x+t,  X,  n)dt 

is,  for  all  values  of  n,  less  than  an  arbitrarily  chosen  positive  number.  It 
is  clear  that  m  may  be  so  chosen  that,  subject  to  a  similar  condition,  a 
similar  property  belongs  to 

r  {/(x-0-/(a;-O) }  F(x-t,  x,  n)  dt. 

It  has  therefore  been  shewn  that,  for  a  point  x  in  G,  tlie  conditions 
contained  in  the  last  theorem  that 

£  {f{x±t)-f{x+0)\F{x±U  X,  n)dt, 

sJwuld  both  be  numerically  less  than  an  arbitrarily  chosen  positive  number  e, 
for  a  sufficiently  small  value  of  m>  and  for  all  values  ofn^  are  satisfied  if  a 
neighbourhood  of  x  exists  so  small  that  in  that  neighbourhood  fix')  is  of 
limited  total  fluctuation,  provided  also  jul  can  be  so  chosen  that  tJie  integrals 

\    F{x  ±  t,  X,  n)  dt  are  both  numerically  less  than   some  fixed  positive 

number  for  all  values  of  fii  such  that  0  ^fii<fi,  and  for  all  values  of  n. 
When  the  other  conditions  of  the  theorem  are  also  satisfied,  the  integral 
converges  to  the  value  Pf  {X'\'0) -\'Qf  (x—0). 

If  X  coincides  with  the  end-point  a  of  the  interval  (a,  p),  that  point 

being  assumed  to  belong  to  G,  I  f{x')F{x\a,n)dx'  converges  to  the 
value  /(a+O)  lim  I  FifiL-^-t,  a,  v)dx\    provided  this  expression  have  a 
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definite  meaning,  and  provided  also  that  ix  can  be  so  chosen  that 

£  {/(a+0-/(a+0)}  F(x',  a,  n)(te' 

is  numerically  less  than  an  arbitrarily  chosen  positive  number  for  all 
values  of  n.  This  last  condition  is  satisfied,  in  particular,  if  a  neighbour- 
hood on  the  right  of  the  point  a  exists  in  which  f(x)   has  limited  total 

fluctuation,  and  if  also  m  can  be  so  chosen  that        Fia-^-t^  ayn)dt  is 

Jy-i 

numerically  less  than  some  fixed  positive  number,  for  all  values  of  mi  in 
the  interval  (0,  ^i),  and  for  all  values  of  n,  A  similar  statement  may  be 
made  for  the  case  x  =  fi. 

5.  Having    found    sufficient  conditions    for    the  convergence  of  the 

integral  I  /(x')  F{x\  x,  n)  dx'  at  any  point  x  of  G,  at  which  f(x)  has  definite 

functional  limits,  we  proceed  to  find  sufficient  conditions  that  the  con- 
vergence of  the  integral  to  its  limit  may  be  uniform  in  an  interval  (ai,  fii) 
contained  in  the  interior  of  (a,  jS),  and  in  which  the  function  f{x^)  is  con- 
tinuous.    It  will  be  assumed  that  all  points  of  (aj,  fii)  belong  to  O. 

It  is  sufficient  for  such  uniform  convergence  tJiat  the  two  integrals 

j[  \f(x±t)-f(x)}  F(x±t,  X,  n)dt 

should  converge  to  zero,  as  /jl  is  indefinitely  diminished,  uniformly  for  all 

values  of  X  in  (ai,  jSj),  it  being  assumed  also  that  lim  I      F{x-\'t,  z,n)dt 

exists  at  each  point  o/(ai,  ySj),  independently  of  the  value  of  fi,  and  that 
the  convergence  to  the  limit  is  uniform  in  {a^  /8i). 

This  clearly  follows  from  the  discussion  in  §  4. 

If  we  assume  that  {a^,  fi^  is  contained  in  the  interior  of  an  interval 
(as»  )3a)  in  which /(a;)  has  limited  total  fluctuation,  the  function  as  before 
being  supposed  continuous  in  (a^,  ^i) ,  we  see,  from  the  proof  of  the  second 
theorem  in  §  4,  that  the  convergence  will  he  uniform  in  (aj,  jSi),  provided 

fi  can  be  cJwsen  so  small  that  the  integrals   \    F{x±t,  x,  n)  dt  are  both 

numerically  less  than  some  fixed  positive  number,  for  all  values  of  fii  such 
that  O^iJLiK.fi,  and  for  all  values  of  x  in  (a^,  /3i),  and  for  all  values  ofn; 

it  being  assumed  that  lim  I  F{x±t,x,  n)  dt  exists  at  each  point  of  (ai,  )8,), 

n=oo  Jq 

and  so  that  the  convergence  to  the  limit  is  uniform  in  that  interval. 

Since  {ai,  fii)  is  contained  in  the  interior  of  an  interval  (oq,  jSj)  in  which 
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the  total  fluctuation  of  the  function  f{x)  is  limited,  jx  can  be  so  chosen 
that  the  interval  (x—/jl,  x+fi)  is,  for  each  value  of  a?  in  (oi,  )8i),  an  interval 
in  which  the  function  has  limited  total  fluctuation. 

It  has  thus  been  shewn  that  the  uniform  convergence  ^of  the  integral 
in  an  interval  (oj,  ^^  contained  in  the  interior  of  (a,  fS)  depends  only  on 
the  nature  of  the  function  f{x)  in  an  interval  (ai— e,  jSi+e)  containing 
(^19  l^i)f  where  e  is  arbitrarily  small,  and  not  on  its  nature  in  the  remainder 
of  the  interval  (a,  /S) ;  subject,  of  course,  to  the  condition  that  the  function 
has  a  Lebesgue  integral  in  the  whole  interval  (a,  jS).  In  particular,  the 
convergence  of  the  integral  at  a  particular  point  x,  depends  only  on  the 
nature  of  the  function  in  an  arbitrarily  small  neighbourhood  of  x.  These 
results  are  known  for  the  particular  case  of  the  convergence  of  Fourier's 
series.  The  result  in  the  case  of  convergence  at  a  point  is  due  to 
Biemann. 

6.  In  case  the  function  F{x',  x,  n)  is  never  negative,  the  criteria  for 

the  convergence  of  the  integral  I  /(a;0•F(•<^^^>^)^' admit  of  simplification. 

At  any  point  x  at  which /(x+0),/(x--0)  exist  and  are  finite,  jm  can  be 
chosen  so  small  that  \  f{x+t)—f  (x+0)\ ,  \/{x—t)^f{x^O)\  are  both  less 
than  an  arbitrarily  chosen  positive  number  17,  for  0  <  ^  ^  /a.  It  follows 
that,  for  a  properly  chosen  value  of  /x, 

I  r  {f{x±t)-f(x±0)\  F{x±t,  X,  n)dt    <  fi[F(x±t,  x,  n)dt, 

and  the  expression  on  the  right-hand  side  is  arbitrarily  small  if 
1  F{x  +  t,  X,  n)  dt  is  less  than  some  fixed  finite  number  for  all  values  of  n. 
We  thus  obtain  the  following  theorem  : — 

When  F(x\  x,  n)  is  never  negative,  it  is  sufficient  for  the  convergence 
of  \  f(x')  F{x\  X,  n)  dx\  for  a  fixed  valtce  of  x  in  the  interior  of  (a,  )8), 
to  the  value  P/(x+0)  +  (a/'(a:— 0),  that 

I  F(x'\'t,x,n)dt    and        F(x^t,  x,n)dt 

should  be  less  than  fixed  positive  numbers  for  all  values  of  n,  and  for  a 
sufficiently  small  value  of  fi,  and  tliat  they  should  have  definite  limits  P, 
Q  independent  of  fi,  when  n  is  indefinitely  increased. 

Iif(x)  is  continuous  in  the  interval  (ai,  )8i),  it  follows,  from  the  well 
known  property  of  uniform  continuity,  that  a  value  of  fi  can  be  deter- 
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mined  such  that  \f{x±t)'—f{x±0)\<fjy  for  0<^<)u,  and  for  all 
values  of  a;  in  (ai,  )8i).     If,  then, 

I   F{x+t,  x,n)dt    and        F{x—t,x,n)dt 

are  both  less  than  fixed  positive  numbers  for  all  values  of  n,  and  for  all 
values  of  x  in  (a^,  jS^),  provided  ti  be  sufficiently  small,  then  the  conver- 
gence of  the  integral  is  uniform  in  (ai,  jS^).  We  thus  obtain  the  following 
theorem : — 

When  F{x\  x,  n)  is  never  negative,  it  is  sufficient  for  the  uniform  con- 
vergence of  I  f{x')  F{x\  X,  n)  dx\  to  f{x)  for  all  values  of  x  in  the  interval 
(«!>  I^i)  interior  to  {a,  jS),  where  f(x)  is  continuous  in  (aj,  )8i),  that 


I 


F(x+t,x,n)dt 


should  be  less  than  a  fixed  positive  number  for  all  values  ofn,  and  for  all 
values  of  X  in  (aj,  jSj),  and  for  a  sufficiently  small  value  of  fx  ;  and  also  that 
it  have  a  definite  limits  independent  of  /x,  for  all  values  of  x  in  (aj,  ^j) 
when  n  is  indefinitely  increased,  the  convergence  to  the  limit  being  uni- 
form in  (ai,  j8i).     It  is  assumed  that  G  contains  (oj,  ySj). 


Applications  of  the  Thboby. 
7.  As  a  first  application  of  the  preceding  theory,  let 

F(x',  X,  n)  =  -^pi— ^ ^-^, 

Jo 
where  0  <  a;  <  1,     and     0  <  x'  <  1 ; 

n  denoting  a  positive  integer.     We  take  G  to  consist  of  the  interval  (0,  1). 
If  I  «'— a:  I  ^  M>  we  have 

3  [(l-e)''dt 

I  (i-e)-dt    mJ  (i-^~d^     ^ 


Also 


J"  {l-f)''dt 

Jo 
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and  provided  x  does  not  lie  in  the  interior  of  the  interval  (oi—fA,  fii+ft), 
this  is  less  than  (^i-«i)(l-A^')"  or  than    ,  ^\~''X.»,  since 

We  may  thus  take        An  =  (1— /n»)"n»  (l—  ^)  *, 


and  then  lim  An  =  e  lim 

where  l+\  = 


•"■^--^(H-xr' 

1 


Hence  lim  An=  0;  and  therefore  the  conditions  of  the  theorem  of  §  1 
are  satisfied  for  each  positive  value  of  fi. 
Applying  the  criteria  of  §  6,  we  have 

\  F{x±t,x,n)dt  =  f, : <1; 

and  the  integral  may  be  expressed  in  the  form 

fl  » 

Jo 

and  it  has  been  shewn  above  that  the  limit  of  this  is  1,  when  n  is  indefi- 
nitely increased,  as  may  be  seen  by  putting  oi  =  /x,  )8i  =  1,  x'-^x  =  fi. 
Therefore  -^ 

lim  I  F(x±t,  Xy  n)dt  =  1. 
Jo 


nBoo 


We  now  see  that  lim 

2  1  a-e)^dt 


[\l-(x'-xy^''f(x')dx' 

Po-o- 


converges  to  the  limit  i  {/(x+0)+/(a;— 0)}  at  any  point  x  in  the  interior 
of  (0,  1),  at  which /(a5+0),/(aj—0)  exist,  the  function /(a?)  being  restricted 
only  by  the  postulation  that  it  has  a  Lebesgue  integral  in  the  interval 
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(0,  1).  At  the  points  0,  1  the  integral  converges  to  the  values  if  (1+0), 
J^(l— 0),  provided  these  limits  exist. 

Moreover,  we  see  from  the  second  theorem  of  §  6  that  the  convergence 
to  the  limit /(«)  is  uniform  in  any  interval  (a,  b)  in  the  interior  of  (0,  1), 
provided  f{x)  be  continuous  in  (a,  6). 

This  last  result  has  been  established  by  Landau*  for  the  case  in 
which /(a;)  is  continuous  in  the  whole  interval  (0,  1).  He  has  applied  it 
to  prove  Weierstrass*  fundamental  theorem,  that  if  f{x)  be  continuous  in 
(a,  b),  a  rational  integral  function  G{x)  can  be  determined  such  that 
Ifixj-'Gix)]  is  less  than  a  prescribed  positive  number,  for  all  values  of 
X  in  the  interval  (a,  b).  The  proof  of  this  is  immediate ;  for  we  have 
only  to  choose  a  value  of  n  sufficiently  large,  to  mak«  the  rational  integral 
function  of  x, 

"[l-(a;'-aj)^V(«')dx' 


ij 


2[  a^erdt 

Jo 

differ  from  f{x)  by  less  than  a  prescribed  positive  number,  for  all  points  x 
such  that  a^x^b. 

This  method  of  proving  Weierstrass*  theorem  may  be  extended  to  the 
case  of  a  function  of  any  number  of  variables.  It  will  be  sufficient  to 
consider  the  case  of  three  variables. 

Let  Fi.',  y,  z', .,  y, .,  n)  =  U-(x'-x)'-^/-y)'-(.'-zn>  ^ 

stt    {i-eydt 

Jo 
and  let  the  function  f{x\  y\  z')  have  a  Lebesgue  integral  in  the  sphere 

x'^+y'^+z'^  =  1. 
As  before  F{x\  y\  z\  x,  y,  z,  n)  <  - — , 

OTTjUL 

provided  (x'-xf+{y'^y)^+(z'^z)^  >  fi\ 

Also  \F{x'yy',z\x,y,z,n){dx'dy'dz')  taken  through  any  volume  in  the 
given  sphere  which  has  no  part  in  common  with  the  sphere  of  radius  yu. 


*  See  his  paper  <*Ueber  die  Approximation  einor  stetigen  Funktion  durch  eine  ganze 
rationale  Funktion,**  Rmdieonti  del  circ,  mat,  di  Palermo ,  Vol.  xxv.,  p.  887. 
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(1  — uV 

and  centre  at  (a?,  y,  z),  is  less  than  — p ,  or  than 

6     (l-^*d^ 
Jo 


^„_,y(l_i)-. 


which  converges  to  zero  as  n  is  indefinitely  increased.     Therefore  the 
conditions  of  the  theorem  in  §  2  are  satisfied. 
To  shew  that 

\fix\  y\  z')  [l^ix' -x)'-{y'-y?-{z'-z)^y{dx'dy'dz') 

i Tj— , 

Jo 

where  the  integral  in  the  numerator  is  taken  through  the  volume 

x''+y'^+z'^=h 

converges  to  /(a;,  y,  z)  uniformly  in  any  volume  contained  in  the  interior 
of  the  sphere,  provided  the  function  is  continuous  through  that  volume, 
we  have  only  to  consider  the  above  integral  taken  through  the  sphere 

{x'-xf+(y'-y?+{z'-z?  =  m'. 

If      «' =  x+^sin0cos  0,     y' =  y+^sindsin  0,    ;?'=;?+<  cos  d, 

the  integral  reduces  to 

[  i>{x,y,z,t){l-e)-dt 


ij^l-^" 


dt 


where  0  (x,  y,  z^  t)  is  continuous  with  respect  to  {x,  y,  z)  and  to  t.  As 
before,  this  integral  converges  to  <f>(Xy  y,  z,  0)  or  /(x,  y,  z)  uniformly  in 
the  given  volume  through  which  the  function  is  continuous.  Weierstrass' 
theorem  is  deduced  immediately,  as  in  the  case  of  a  function  of  one 
variable. 

8.  Let  us  consider  the  limit 


employed  by  Weierstrass  himself,  to  prove  his  fundamental  theorem. 
We  assume  that  /{x)  is  a  function  which  has  a  Lebesgue  integral  in 
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every  finite  interval,  and  is  such  that  I      |/(a;')  |  daf  existB  as  the  doable 
limit  for  a  =  —  oo ,  ^=00,  of  the  Lebesgue  integral  I  l/CasO  I  daf. 

Writing  i  =  1/n,     F{x',  x,n)  =  ^  «—(*'-')', 
we  see  that,  if  |x'— a;  |  ^  ^i,  then 

W..,„,<-i.-v<^.-.. 

Also  pJ^e-«^(^-)^dx' 

in  any  interval    (oi,  h^   such  that  x   is    not  interior    to  the  interval 

(oi— M,  6i+m)»  is  less  than  -7- (61— aj)  c""*''*  or  than  -^e'^^'-ff,   where 

\—(i\^K\  and  this  converges  to  zero  as  n  is  indefinitely  increased.  It 
has  thus  been  shewn  that  the  conditions  of  the  theorem  in  §  8  are  satisfied. 

Again, 

\  F(x+^,  X,  n)  dt  =  r    -^-  e-'^dt  <  4-  r    ^'^dt  <  1 ; 

and  lim        -^  e-^'^^d^  =  lim  -4"        ^'""^^  =  4- 

n=oo   Jo      y  TT  «=«   y  TT  Jo 

Therefore  the  conditions  of  the  theorems  of  §  6  are  satisfied. 

It  has  therefore  been  shewn  that,  if  fix)  Imve  a  Lebesgue  integral  in 
every  finite  interval,  and  if  \       \f{x')  \  dx*  exists ,  then 

A^V-Tr  J-00 

converges,  for  i  =  0,  to  tlie  value  i  {/(a;+0)+/(x— 0)  [  at  any  point  x 
at  which  f{x+0)f  f{x—0)  exist.  Moreover,  the  convergence  to  the  valtie 
fix)  is  uniform  in  any  finite  interval  in  which  f(x)  is  continuous. 

It  is  easy  to  extend  the  theorem  to  the  case  of  the  limit 

lim  (rr^y  r    r  .  ...f(x\  x,,  ...,  x;)  e-K'--^)^+(^'-^)^+- .+(-;-^p]/*- 
fc=o  \ACy7r/    J -00  J -00 

dxidx2  ...dxp\ 

and  from  this  Weierstrass'  theorem  for  continuous  functions  of  p  variables 
can  be  immediately  deduced. 
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[Added  May  26th,  1908.] 

The  condition  contained  in  the  statement  of  the  above  resnlty  that 
I  1/(^0  I  ^'  should  exist,  may  be  replaced  by  a  much  less  stringent  con- 
dition.* Referring  to  §  8»  we  see  that  it  is  only  necessary  that  when  x  is 
confined  to  an  interval  (a^,  fii),  i  and  17  can  be  so  determined  that 

[^  f{x')J^e''^^^"^dx'    and     ['f{x')^e-'^^''-'^dx' 

should  both  be  numerically  <  e,  for  all  values  ol  ^  <i,  and  rf  >  17,  and 
for  all  values  of  n.    We  have  now 

I  ('7(0.')  J"   e'^^i^--y^  dx'  I  <  r  |/(x')  I  ^e-^^^'^^dx' 

<;fei:k{4)h— • 

Now,  let  it  be  assumed  that,  for  all  values  of  x  greater  than  some  fixed 
value,  the  condition  \f{x)\<x^e'^  is  satisfied,  where  p  and  q  are  fixed 
positive  numbers.  Let  n  be  so  chosen  that  /{z'jrii  satisfies  this  condition 
for  z'jn  >  j; ;  we  have  then 

I  (' /(xO  4-  e-~'(^-)^  dx'   <^  r  l^''  e«(^/n)e-(^-'^i)-  dz' 


\/7 

Since  the  integral  I        (fii-^uCf  d^''^  du  exists,  as  is  well  known,  17 


can  be  so  chosen  that 


Similarly,  it  can  be  shewn  that  if,  for  sufficiently  large  negative  values 
of  X,  the  condition  |/(a:)|  <  |aj|**e*'''  is  satisfied,  then 

^  f{x*)JLe-'-'^^--fdx' 


*  That  this  is  the  oaae  was  suggested  to  me  by  Mr.  Bromwioh. 
2.    TOL.  6.    NO.  998.  2   B 
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is  numerically  <  6,  for  all  values  of  i'  <  i,  and  of  n,  if  f  be  properly 
chosen.    We  have  thus  established  the  following  more  general  theorem  : — 

If  f(x)  have  a  Lebesgtie  integral  in  every  finite  interval,  and   be 
such  that  for  |  x  |  >  a,   the  condition  \f{x)  \<\x\^  e^'*'  is  satisfied, 

when  a,py  q  are  fixed  positive  numbers,  then  r-y-  I      f(x')e'^'^~'^^^dz' 

converges  for  k=  0  to  the  value  i  {f{x+0)+f(x-'0)}  at  any  point  x 
at  which  f(x+0),  fix— 0)  exist.  Moreover,  the  convergence  to  the  value 
f(x)  is  uniform  in  any  finite  interval  in  which  f(x)  is  continuous. 

9.  Let  Sn{x)  denote  the  sum 

^  j'  /(xO  dx'+  ^  'T'  r  /(xO  COS  r (x'-x)  dx' ; 

of  the  first  2w+l  terms  of  Fourier's  series.  Denoting  by  S«(a:)  the 
arithmetic  mean  (Si+5a+...+s»)/n,  formed  in  accordance  with  C^saro's 
method,  it  is  easily  found  that 

To  evaluate  Km  Sn{x),  let 

nsQo 

2n7r  I   sini(x'— x)   ) 

As  I  x'— x|  approaches  the  extreme  value  27r,  F{x\  x,  n)  approaches  the 
value  n/2'7r.  Consequently,  the  conditions  of  the  theorem  of  §  1  would  not 
be  satisfied  if  G  were  taken  to  include  the  whole  interval  (— -tt,  tt).  The 
conditions  are,  however,  satisfied  if  we  take  the  set  G  of  values  of  x  to 
consist  of  the  points  of  the  interval  (— tt+X,  tt— X),  where  X  is  a  fixed 
positive  number  as  small  as  we  please.     In  that  case  F{x\  x,  n)  is  less 

than  the  greater  of  the  numbers  ^ —  cosec^  Jm,  and  ^ —  cosec"  JX,  which 

is  - —  cosec"  iM>  if  we  choose  m  to  be  <  X.     The  number  F  is  then 
znTT 

;r-  cosec*  Jm* 

Also 

JF(x',  X,  n)  dx*  <  - —  cosec*  J/x      sin^  in  (x' — x)  dx  <  —  cosec*  Jm  ; 
a,  2n7r  J.^  n 

and  the  limit  of  this  value  is  zero,  when  n  is  indefinitely  increased. 
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Therefore  the  conditions  of  the  theorem  of  §  1  are  satisfied  for  every  value 
of  fjL,  such  that  0  <  yLi  <  X,  when  G  consists  of  the  interval  (— -tt+X,  tt— X). 
We  have  also 

Jo  Sw-TT  Jo  \  Sin  J^  /  2n7r  Jo  \  sm  J^  /  ^ 

Also  Urn  [F{x±t,  X,  n)  rf^  =  Km  ^^  T  (^B^\t  =  i  ; 

w^^Jo  »=«  2n7r  Jo  \  sm  Jw  ^ 

and  therefore  the  conditions  of  the  theorems  in  §  6  are  satisfied. 

It  has  therefore  been  shewn  that,  if  fix')  have  a  Lebesgue  integral  in 
tJie  interval  (— -tt,  tt),  the  function  Snix),  fowied  in  accordance  with 
Gesaro's  method  of  arithmetic  meanSf  converges  to  the  value 

l{f{x+0)+f{x^O)\ 

at  any  interior  point  x  at  which  tJie  functional  limits  exist.  Moreover,* 
the  convergence  of  Sn{x)  to  the  value  f{x)  is  uniform  in  any  interval  (a,  6) 
interior  to  (— -tt,  tt)  in  which  tJie  function  is  continuous. 

To  find  lim  S»(— x),  we  have 

nsoo 

+  _i.p    ...  [sini;.(x-+^)p 
^2n^J.,+/^''M  sini(a:'+^)  J    '^^' 

The  limit  of  the  third  of  these  integrals  has  been  shewn  to  be  zero.     If 


*  I  take  the  opportunity  of  correcting  an  error  which  occurs  in  this  connection  in  my 
treatise  **  On  the  Theory  of  Functions  of  a  Real  Variable,  and  on  Fourier's  Series."  It  is 
erroneously  stated,  on  p.  712,  that  the  convergence  of  8m  {x)  to  the  value  lim  {/  {x  -f  h)  -f  /  {x—h)] 

is  uniform  in  any  interval  in  which /(x)  is  limited,  and  in  which  the  limit  everywhere  exists. 
The  source  of  the  error  is  at  the  top  of  p.  711,  where  the  incorrect  statement  is  made,  that  in 
any  interval  (a,  b)  in  which /(sc)  is  limited,  and  in  which  lim  {/{x-¥h)+f{x—h)}  has  every- 

where  definite  values,  n  may  be  so  chosen  that  the  upper  limit  of    |  F(«)  |  in  the  interval 

fO,  q-^^)   is  less  thane.    A  sequence  of  continuous  functions  {SfN(a;)}  which  converges 

uniformly  in  any  interval  must,  as  is  weU  known,  have  a  continuous  limit. 

2  B  2 
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the  two  limits  /(— -tt+O),  /(tt— 0)  both  exist  and  are  finite,  we  see  that 

lim  Sni-'^)  =  i  {/(-7r+0)+/(7r-0)}. 
Clearly  Sn  M  has  the  same  limit. 


10.  The  preceding  theory  may  also  be  employed  to  establish  the 
validity  of  Fourier's  representation  of  a  function  in  an  unlimited  interval 
by  means  of  a  single  integral,  under  very  general  conditions. 

Let  us  consider  the  integral 


tL/w^N^^*-'' 


where  u  is  here  written  instead  of  n.    It  will  be  assumed  that  f{x')  has  a 
Lebesgue  integral  in  every  finite  interval.     It  is  unnecessary  to  assume 

that  I      \f(x')\dx'  exists  as  the  double  limit  of  the  Lebesgue  integral 

J— 00 

I       .  .    -.  . 

assumption  that  -^^    dx\  -^-^ 

Ja     I       X  J  — 00    I       X 

number,  both  exist  as  the  limits  of  Lebesgue  integrals.     Assuming  that  x 
is  confined  to  a  finite  interval  (oi,  )8i),  we  have 


\f{x')  I  dx'.    It  will,  in  fact,  be  sufficient  to  make  the  more  general 

Ar 


dx',  where   a  is   a  positive 


1  v^'  f{xr 


^         sin  u  {x'—x)dx' 

X 


1  C''\Ax') 


IT   L     x'  —  x 


T  J, 


m. 


dx', 


X 

where  rj  is  chosen  so  great  that  — — -^<  1+f  for  a:'  >  rj,  and  f  denotes 

X  —pi 

an  arbitrarily  chosen  positive  number. 

It  now  follows  that  rj  may  be  so  chosen  that,  for  all  values  of  u,  and 

provided  X  is  confined  to  the  interval  (a^,  A),  —  [  f{x)  ^^^^y-^)  Ox'  is 

numerically  less  than  e,  for  all  values  of  rj'  >  i;.     It  may  similarly  be 

shewn    that    i    may  be    so    chosen    that     [^  f(x')^^^^\^^'^^^  dx'    is 

Jf'  X  — X 

numerically  less  than  e,  for  all  values  of  i'  <  i. 

We  have  now  to  shew  that  the  conditions  of  the  theorem  in  §  4  are 

satisfied.    Writing  ,     .      ,  ,      . 

TP/  f        \        1  sinu{x'—x) 


X'^X 


1908.]  A  GENERAL  GOMVERGBNCB  THBOBEM.  878 

we  have  |  F{x\  j;,  m)  |  <  — ,     for     |  z'—x  \  >  ix. 

Also  we  have 

Cfi  ^  1         fy  1  f^ 

I  F{x\XfU)dx'  =  —, -\   Bmu{x'^x)dx'-i — -5 :  I  Bmu{x'—x)dx\ 

J«  Tr{a—x)Ja  T-ip—x)  Jy 

provided  x  is  exterior  to  the  interval  (a,  ^),  where  a  ^  y  ^  ^.     It  follows 
that  I  .^ 

F(x\x,u)dx'    <-^, 

if  X  is  not  interior  to  the  interval  (a— ^i,  P+/x) ;  and  ^jixiru  converges  to 
zero  as  u  is  indefinitely  increased.     It  now  follows  that 

J_  p^       sjnu^::-^^,     and     j,  f   ^(^,)  ein  t.(a:-^x) 

converge  to  zero  as  u  is  indefinitely  increased,  uniformly  for  all  values  of 
X  in  any  finite  interval. 

We  have  now  to  consider  the  convergence  of 


TT    Jx-^  X'—X 


Let  X  be  confined  to  an  interval  (ai,  j8i),  and  let  the  criteria  provided  in 
§§  4,  5  be  applied.     We  have  then 

TT    Jo         C  *»"    Jo  ^ 

and  this  has  the  limit  ^,  when  u  is  indefinitely  increased. 
Also 

TT   J^,         t  IT  J^jH        t  '^    h  t  '^    Jo  t 

and  both  the  last  integrals  are  well  known  to  be  numerically  less  than 
fixed  numbers  independent  of  /j.,  mi  and  u. 

The  following  theorem  has  now  been  established  : — 

If  f{x')  have  a  Lebesgue  integral  in    every  finite  interval^  and  if 

rf(x')  f"*  I  f(x')  I 

•^-^    dx\    \      r-V^    dx\  where  a  is  positive,  exist  as  the  limits  of 
X'  j-ool     «'      I  -^ 

Lebesgue    integrals    [this    condition    being  satisfied   in  particular    if 
r    \f{:x')\dx*  exists),    then  —  ^    f{x')^^^,^^''^^^  dx'   converges    for 

J_  /  TT   J— 00  X  — X 


874  Dr.  E.  W.  Hobson  [AprU  80, 

tt  =  Qo,  to  the  valtie  i  |/(x+0)+/(a;— 0)}  at  a  paint  x  for  which  a 
neighbourhood  exists  in  which  f{x')  is  of  limited  total  fluctimtion.  More- 
over^ the  convergence  to  the  value  f{x)  is  uniform  in  any  finite  interval  in 
which  fix)  is  continuous,  and  which  is  in  the  interior  of  an  interval  in 
which  f(x)  has  limited  total  fluctuation. 

From  §  4,  we  see  that  a  suffioient  condition  of  convergence  of  the 
integral  at  a  point  x  is  that 

Mj^±tz[k±^,ir,utdt,    and     [V(»-0-/(»-0)ein«^d^ 

Jo  ^  Jo  ^ 

should  converge  to  zero  as  u  is  indefinitely  increased.  This  condition  is 
certainly  satisfied  if  \f(x+{)—f{x+0)  |  <  At^""",  for  all  suflSciently 
small  values  of  t,  when  A,  1— a  are  fixed  positive  numbers,  and  if 
\f(x—t)—f{x—0)\  satisfies  a  similar  condition.  The  conditions  are 
satisfied  at  a  point  of  continuity  of  fix)  at  which  the  four  derivatives 
are  limited,  and  generally  provided  any  of  the  known  sufficient  criteria 
for  the  convergence  of  Fourier's  series  at  a  point  are  satisfied. 

The  preceding  theory  may  also  be  applied  to  the  case  of  Poisson's 
integral  which  occurs  in  the  theory  of  Fourier's  series. 

Sbribs  of  Stubm-Liouvillb  Normal  Functions. 
11.  The  differential  equation 

^(ig)+(^_8r  =  o  (1) 

occurs  in  the  theory  of  the  conduction  of  heat  in  a  heterogeneous  bar,  and 
in  connection  with  other  problems  of  mathematical  physics. 

Those  solutions  of  this  equation  for  an  interval  (a,  b)  of  the  variable  x 
which  satisfy  the  boundary  conditions 

4^-AF=  0,  for  x  =  a,     and    ^+HV=0,  for  x  =  6,        (2) 
ax  ax 

where  h,  H  are  positive  constants,  were  studied  by  Liouville  and  by 
Sturm  in  a  series  of  memoirs  published  in  the  first  two  volumes  of 
LiouvilWs  Journal. 

Special  cases  of  the  boundary  equations  are  obtained  by  letting  one  or 
both  of  the  constants  h,  H  have  the  value  zero.  Other  special  cases  are 
obtained  by  supposing  h  or  H,  or  both  of  them  to  be  infinite,  in  which 
case  the  corresponding  boundary  condition  is  F  =  0. 

It  is  assumed  that  g,  k,  I  are  functions  of  x  which  are  positive,  and  do 
not  vanish  in  the  interval  (a,  b) ;  r  is  a  parameter.     It   will  be  further 
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assumed  that  g^  k  have  everywhere  finite  differential  coefficients,  and  that 
I  and  (gk)"^  have  limited  total  fluctuation  in  (a,  b).  If  we  transform  the 
equation  (1)  by  means  of  the  substitutions 

the  differential  equation  (1)  becomes 

tfiTJ 

|p^+(p"-yJ7  =  0,  (8) 

The  boundary  equations  (2)  become 

^-h'U  =  0,  for  z  =  0,     and    ^+S'U  =  0,  for  ^  =  -r,       (4) 

where  it  is  assumed  that         I   l-^j  dx  =  ir, 

an  equation  which  is  always  satisfied  if  a  slight  formal  change  in  the 
variable  x  be  made.      The   constants  A^  ET   are  real,  but  no  longer 
necessarily  positive.    We  shall  suppose  that  neither  h'  nor  ET  is  infinite. 
Writing  the  equation  (8)  in  the  form 

we  have,  as  an  equation  satisfied  by  a  solution  of  this  equation, 
17  =  -4  cos  pz+B  sin  p2+         ^ li  U 

(1)+'' 


=  A  cos  pz+B  sin  pz+ 


j-i. 


.liU 


2<p  ]  d  d   . 

1  f* 
=  ^  cos  pj8r+ jB  sin  pz-\ I  ZI  IT  sin  p  (^r— ^  rff, 

P  Jo 

where  Zl,  XT  are  what  ^  and  U  become  when  ^  is  substituted  in  them  for  z. 
If  this  value  of  U  be  substituted  in  the  first  of  the  boundary  conditions 
(4),  we  find  that  JBp— il^'  =  0,  in  order  that  the  condition  may  be  satisfied. 
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equation  for  the  determination  of  p  is  of  the  form 

A'+H'+A"+  -2- 


tan  nrp  ■ 


^. 


a 

'-J 


therefore,  for  sufficiently  large  values  of  p, 

,    h'+H'+h"  ^_  a       _  ,h'+H'+h"       a 

^p  =  n7rH i- i h-i.     or     p  =  nH !- -^ h-^. 

p  p       ,  nir  tr 

It  then  follows  that,  for  all  values  of  n,  which  represents  one  of  the  posi- 
tive integers, 

+     C     I      CI 
IT  +  l?' 

where  c  is  the  constant   ,  and  a  denotes  some  number  of 

TT 

which  the  absolute  value  is  less  than  a  fixed  number  independent  of  n. 
All  the  positive  roots  of  the  equation  for  the  determination  of  p  are  given 
in  this  form ;  it  is  clear  that  the  notation  employed  enables  us  to  use 
what  is  primarily  an  asymptotic  expression,  available  for  large  values  of  n» 
to  represent  all  the  roots. 

We  shall  now  employ  the  expression  for  p»  to  express  the  function  Un> 
which  corresponds  to  the  value  pn  of  p,  in  terms  of  n  and  z.    We  have 

f  -  ,  a{z,  n) )         .          i  cz   .   a(z,  7i) ) 
cos  pnZ  =  Qosnz  \l-\ — ^-5j-^  -  ^smnz  \ — Mp-^  \  , 

sin  PnZ  =  Sm  71Z  \1+         ^        -  +C08  71Z  ] h         4       f  . 

(  rr     )  (  n  vr     ) 

Substituting  these  values  in  the  expression 

(  Pl       I  ^    />»  Pn      ' 

or  in  the  equivalent  expression 

cosp,.(l+^^>}+sin,..(HM  +  £^)}. 

we  find  that 

TT  f  \  fi   I  a('8^»^01     I    •  ia{z).a(z,n)] 

Un(z)  =  cos  71Z  \1+      ^  i        \   +Sm  71Z  \  — ^  +  n        \ 

[  n       }  y    n  n      ) 

which  is  the  required  expression  for  Un{z). 
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It  is  easily  seen  that   ('  { Un{z)]^dz  is  of  the  form  -|1  +  5L(J^  ;  f or 
Jo  Z        n 

1a(z) sin ^zdz  =  —    ^a{z) cos 2nz     H I   a'(z) cos ^zdz, 
0                               w-  L                       Jo       w-  Jo 

and  a' {z)  is  a   limited   function,    and  thus    I   a(z)  sin  2nzdz   is  of  the 

,  a{n)  -*' 

form  — ^-^. 
n 

We  take  now,  as  the  normal  function  ^n(^), 

and  thus  I    {<f>ni^)}^dz  =  1,     \   0» {z) if>n'{^)  dz  =  0,     for    n ^  n*. 

It  follows,  from  the  above  forms  for  TJni^z),  ^n{z)f  that 

^U)  —  yj  —  cosnz  |l+-^^j  +sinn2r  |— H — ^r-|  • 

It  is  necessary  for  our  purposes  to  find  a  corresponding  expression  for 
i>^(z).    We  have 

-^  =  —  Pn  sin  pnSS  +  h'  cos  Pn^+\    ft  U'  COS  pn  (^  — f)  rff 

=  _  |„+  ^)  I  Bin  nz+  I  A'-«+  ^  I  cos  nz. 

On  multiplying  ^  l?y  [£  I  fi.C?)  P<i^]"*.  or  ^|-  {  1+  ^}  .  we  find 
that 

the  required  form  for  <f>n  (z). 

12.  If  we  write  Xn  =  pJ^  the  positive  numbers  Xi,  Xg,  ...  are  the 
characteristic  values  of  p^  (Eigenwertlie)  for  the  equation  (8),  with  the 
given    boundary   conditions,    in   accordance    with    the   nomenclature  of 
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the  theory  of  integral  equations.  We  may  assume  that  the  smallest 
characteristic  number  Xi  is  >  0  ;  for  if  X^  were  equal  to  zero,  by  changing 
the  value  of  Zi  so  that  p^—li  remained  unaltered,  we  should  make  X^ 
greater  than  zero. 

Let  fi(2^),  i^{z)  be  solutions  of  the  equation 

which,  together  with  their  first  two  differential  coefficients,  are  continuous 
in  the  interval  (0,  -tt);  and  such  that  Vi{z)—h*ti{z)  =  0,  for  -?  =  0,  and 
ii(z)-\'Wi^{z)  =  0,  for  z  =  TT.     The  two  functions  satisfy  the  relation 

fl{z)t2(z)-t2(z)t[(z)=^h 

if  the  arbitrary  constant  factors  in  fi{z)^  f^(z)  are  properly  chosen.  A 
function*  K  (z,  z')  is  defined  for  the  whole  interval,  by  the  conditions 

K{z,z')  =  i^{z')f,(z),    for    ^  < /, 

and  K{z,z')  =  ti{z')t^(z),    for    z^z\ 

This  function  is  continuous  in  the  interval  (0,  ir)  of  z,  and  symmetrical 
with  respect  to  z  and  z' ;  it  is  the  **  nucleus  "  (Rem)  for  the  system  of 
normal  functions.     Writing 

£k(z,z')  =  K'(z,z'), 

we  have    K'(z-0,  z)  =  U(z')r,{z'),   and  K'{z'+0,z)  =  fi(«')fiU') ; 

and  therefore  K'iz+O,  z)-K'{z-0, z)  =  -l. 

The  function  K*  {z,  z)  is  continuous  for  all  values  of  z  not  equal  to  z. 
The  function  K(z,  z)  clearly  satisfies  the  differential  equation 

for  every  value  of  z  except  z  =  z. 

It  is  known  from  the  theory  of  integral  equations  that  if  the  series 

2   r~^  ^r^^      is  uniformly  convergent  in  the  interval  (0,  ir),  then  it 

n=l  A» 

represents  the  function  K(z,  z^). 


*  See  Kneser's  **  Integralgleichungen  und  Darstellung  willkurlicher  Funotionen/'  Math. 
Annalen^  Vol.  lxiii.,  p.  488. 


1908.] 


A  OBKBRAL  OOKYEROBNCB  THEOREM. 


881 


18.  Let  the  sum  0i(^)0i(«O+^W  ^a(^0+...+^nW^(^')  be  denoted 
by  F{z',  Zy  n).  In  order  to  apply  the  theorem  of  §  1  to  the  case  of  this 
function,  we  suppose  the  set  G  to  consist  of  all  the  points  of  the  interval 
(0,  tt)  of  the  variable  z. 

We  have  first  to  verify  that  |  F(z\  z,  n)  \  is  less  than  a  fixed  number, 
for  all  values  of  n,  and  for  all  the  values  of  z^  z'  such  that  \z—sf\^iJL. 

We  have,  employing  the  expression  for  ^(2r)  found  in  §  11, 

F{z\z,n)=   2   [y—^^^^^\^+'-^^\+^^'^^(-f^ 

We  have  to  consider  the  sums  of  the  various  terms  in  this  product.     The 
series 


—   2  cos  rz  cos  rz' 

TT     r  =  l 


TT 

2Tr 


2  {QOsr{z—z')'{'GOBr{z+z')] 


sin(2n+l) 


z—z' 


sm(2n+l) 


z+z' 


sm- 


z—z' 


sm 


z+z' 


<^  (2coseciM— 2), 


provided 

The  expression 

Jl  a(z')  2  ^0^^'^^^^^'     or    4=a(/)  2   Bi'^^(^^+^)+8i°^(^ -^) 

can  be  shewn  to  be  numerically  less  than  a  fixed  number,  for  all  values  of 
z,  z'  such  that  |  z—z'  \  >  /n,  and  for  all  values  of  n.    For  it  is  known* 

that  the  sum  2 is  given  by 

,  ,         ,  ,  ,  f<*+*>'sin2r  ,    ,01 
Jo  ^  ^+4 


sm  ra; 


when  six)  is  the  sum  of  the  convergent  series  2 

1       T 


fAisB.  positive 


*  See  Theory  of  Functions  of  a  Real  Variable,  p.  649 
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number  independent  of  x  and  n,  and  Q  is  such  that  ^1<  d  <  1 ;  pro- 
vided X  is  in  an  interval  (0,  6),  where  h  <  2'7r.  It  thus  appears  that 
I  5n(x)  I  is  less  than  some  fixed  positive  number,  provided  a;  is  in  an  interval 
(—6,  6),  where  h  <  2'7r.     The  point  a;  =  0  is  a  point  of  non-uniform  con- 

•^  sin  TX 
vergenee  of  the  series       ,  but  the  measure  of  non-uniform  con- 
vergence is  finite,  the  peaks  of  the  approximation  curves  representing 
^n  (^)  being  all  of  limited  height.     It  follows  that 


-8inr(^'+.)^     -8inr(.'-.)^    for     U-.'|>m. 

are  both  less  than  fixed  numbers  independent  of  z^  z\  and  n.  Remember- 
ing that  I  a{z^)  I  is  limited,  the  required  result  at  once  follows. 

Similarly  y^|-  a(z)  2  ^^^^^|^^^^^^  is  numericaUy  less  than  a  fixed 

number  independent  of  a,  z  and  z\  for  |  z^z^  \  >  /x. 
The  other  terms  such  as 

"^V"    t  \    I  f\  81^^  ^^  sin  ^^'         I  2  ''^'*  cos  Tz  sin rz'a{z,  r) 
Z   a{z)a{z') -^ ,      U—  2  -j 

are  absolutely  and  uniformly  convergent,  as  n  is  indefinitely  increased. 
It  therefore  follows  that  |  F{z\  z,  n)  \  is  less  than  a  fixed  number,  for  all 
values  of  n,  and  for  all  values  of  z,  z'  such  that  |  z—z^  \  ^  n,  and  in  the 
interval  (0,  ir). 

We  have  next  to  consider 

2  I   ^Az)i>r(z')dz\     or     I   F(z\z,n)dz\ 

r=»l  Ja  Jtt 

This  may  be  written  in  the  form 

by  substituting  for  <l>r{z')  its  value  as  expressed  by  the  differential  equation 
given  in  §  12,  which  it  satisfies.     This  is  equivalent  to 

J«       r«l  Ar  r=l  Ar  r=l  Ar 

1    _    1    _    1    fi  .   a(r) 


Since 


xT  -  p:  -  ■?•  \ 


i+iJ2}, 
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we  see  that  V  ■^^(^)^^^^')  takes  the  form 


i.  ^  1'+"-^}  [VI— i'+^t +-^"  !=?+^}] 

O    »'=w  cos  TZ  COS  7*<?' 

The  various  terms  —   2  -3 ,  ...  converge  uniformly,  as  n  is 

indefinitely  increased ;  therefore  the  series   2   ^     ^"^ — -  converges  uni- 

formly  for  all  values  of  z  and  z*  in  <0,  ir),  and  the  limit  of  the  sum  is  con- 
sequently jBTC^r,  /). 

The  series   2   ^ — ^         is,  on  substituting  the  forms  obtained  in 

rssl  Ar  • 

§  11,  for  0rW,  0r(^')  and  Xr,  of  the  form 

The  portion  —  f — j  2  ; converges  uniformly  for  all  values 

of  z,  z\  such  that  |  z—z'  \  ^  fi^  and  the  remainder  of  the  series  converges 
uniformly  for  all  values  of  z,  z\  Consequently,  the  series  2  r^^^^r^^f 
and  the  series    2  ^   \j        converge  uniformly  for  all  values  of  z  not 

r=l  Ar 

interior  to  the  interval  (a— yLi,  )8+/x).    By  a  known  theorem,  the  limiting 

sums  of  these  senes  are  therefore  — ,V  ^  ,  — ^-^ —  respectively. 

It  has  now  been  shewn  that,  when  x  is  not  interior  to  the  interval 
(a— M>  i8+M)f  the  sum 

2  I   ^(2:)  0r(^')  dz'       or       [  F(-8r',  e,  n)  de' 

converges  uniformly  to  the  value 


which  is  equal  to  j[  ^^d^'-  ^^ 


(?£■(«,  a) 


<2a 
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I  F{z\  Zj  fC^dsf     is  less 


and  is  therefore  zero.     It  thus   appears  that 

than  some  fixed  number  independent  of  a  and  ^,  for  all  values  of  ir  in 
(0,  it)  which  are  not  interior  to  the  interval  (a— a*,  )8+m)-  For,  corre- 
sponding to  an  assigned  e,  a  value  tii  of  n  can  be  determined  such  that 

r^  - 

<  i^—a)  €+2e  <  (7r+2)  e,     for     n  >  %. 


ij: 


F{z\  z,  n)  dz' 


Therefore  the  conditions  of  .the  theorem  in  §  1  are  satisfied  for  every 
value  of  fi  such  that  0  <  ^i  <  tt,  the  set  G  consisting  of  the  whole 
interval  (0,  tt). 

It  follows  that,  for  each  value  of  Mi 

^*'f{x')F{x\x,n)dx'    and     ('    f{x')F{x\x,n)dx' 

Jo  J«+M 

converge  to  zero,  as  n  is  indefinitely  increased,  uniformly  for  all  values  of 
z  in  the  interval  (0,  tt). 

14.  It  will  now  be  shewn  that  the  function 

Fiz\  z,  n)  =   2  ^r(^)  ^r(^') 

rsal 

satisfies  the  conditions  for  the  validity  of  the  theorems  in  §§  4,  5. 
We  have,  as  in  §  18, 


I 


*  1 


Jz  r=l  ^r  r=l  \r  r=l  \ 

The  series  2  ^   y^" —  consists  of  parts  which  converge  uniformly 

for  all  values  of  z  and  z',  together  with  the  part   2  ( J » 

which  is  equivalent  to 2  ,  and  this  converges  uniformly  for 

all  values  of  z  in  the  interval  (e,  tt— e)  of  z,  where  e  is  an  arbitrarily  small 
positive  number.      The    function  to  which  this  sum  converges  in  the 

interval  (e,  tt— e)  is  consequently  J  —  V^*     .    Also 

»=«  Jz  r=l  K  Jz       dz'^ 

is  equal  to  K'  {z,  z+juLi—K'  {z,  z+0). 
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the  convergence  to  this  valae  being  uniform,  since     2  ^   y^       con- 
verges uniformly  to  -ff(^  2?').  • 
We  have  therefore 

provided  z  is  in  the  interval  (e,  t— e),  and  the  convergence  is  uniform  in 
this  interval.     Referring  to  the  notation  of  §  12,  we  have 

^K{z,z)  =  ti{zyh{z)+r,{z)i,{z)  =  K'{z,z+0)+K'(z,  z-0); 

also  it  has  been  shewn  that 

K'{z,  z+0)—K'{z,  z-0)  =  -1. 

F{z\  z,  n)ei?'  converges  to  the  limit  ^,  as  n  is  indefinitely 

increased,  uniformly  in  the  interval  (e,  tt— e). 

In  a  precisely  similar  manner  it  may  be  shewn  that  j      F{z\  z,  n)  dz' 
converges  to  J,  uniformly  in  the  interval  (e,  tt— e).  '"'* 

At  the  point  ^r  =  0,  we  have 

Ihn  J   F{z\  0,  n)  dz' 

The  series  2  ^    ^9^^^'  converges  uniformly  in  the  interval  Cui,  mq) 

r=l  Af 

**'  sin  yjsr' 
of  z\  where  0  <  mi  <  M  <  Mn  since  the  series    2  is  uniformly  con- 


r«l 


vergent  in  that  interval;  therefore  the  series    2    ^      r^^    converges 

,  r=l  Ar 

to  the  value  ^Z(0,  ^t).     Again, 

r=I  A,  ,=1  Ar 

Therefore        Urn  J"  F(«',  0,  n)dz'  =  -  fj (0)  fi {fi)-\-h'K(fi,  0) 

=  -fi(0)fi(0)+A'ri(0)f,(0) 
=  -ii(0)fi(0)+fJ(0)^(0) 

=  1. 
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It  may  be  shewn,  in  a  similar  manner,  that 

lim  ['     J5'(z',  X,  n)(ier'=l. 

We  have  next  to  shew  that  I    F{z±t,  z,  n)dt  are  nnmerically  less 

Jill 

than  a  fixed  positive  number,  for  all  values  of  mi»  such  that  0  <  /d^  <  /i, 
and  for  all  values  of  n ;  z  being  any  point  in  the  interval  (0,  7). 
The  value  of  the  integral  is 

for,  as  before,  j  a{z)  sin  rzdz  may  be  integrated  by  parts,  and  the  result 
has  the  factor  1/r.     Of  this,  the  part 

2  ^  cos  rz  sin  r{z+fjL^)  1  ^  sin  r/xi+sin  i2z+fi^ 

IT  r  IT  r 

is  numerically  less  than  a  fixed  positive  number,  for  all  values  of  z  and  all 
values  of  Mi-  ^he  remainder  consists  of  series  which  are  uniformly  con- 
vergent, and  therefore  the  required  result  holds. 

It  has  now  been  verified  that  the  conditions  of  validity  of  the  theorems 
of  §§  4,  5  are  satisfied. 


15.  We  are  now  in  a  position  to  state  the  following  general  theorem, 
which  has  been  established  by  the  foregoing  investigation. 

Let  f{z)  be  a  function,  limited  or  unlimited,  which  has  a  Lebesgite 
integral  in  the  interval  (0,  tt).  If  the  normal  functions  which  satisfy  the 
differential  equation  ^jj 

where  li  has  limited  total  fluctuation  in  the  interval  (0,  ir),  and  where  p 
has  values  su^h  that  the  boundary  co7iditions 

^^h'U  =  0,forz  =  0,     and    ^+H'U  =  0,  for  z  =  ir, 
dz  az  '^ 

a/re  satisfied^  be  denoted  by  <pn{^)t  then  the  series 

2    <t>riz)\'<t>r{z')f{z')dz' 
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converges  to  the  value  i  {/U+0)+/(^— 0) }  at  any  interior  point  z  of  the 
interval  (0,  tt),  at  which  f(z+0)j  fiz—O)  exist  and  are  finite,  if  a  neigh- 
bourhood of  the  point  z  exists  in  which  the  function  f{z)  is  of  limited  total 
fluctuation.  In  any  interval  in  which  f{z)  is  continux)us,  and  which  is 
contained  in  the  interior  of  an  interval  in  which  the  function  has  limited 
total  fluctuation,  the  convergence  of  the  series  to  the  value  f{z)  is  uniform. 
At  the  points  z  =  0,  z  =  ir,  the  series  converges  to  the  values  /(O+O), 
/(tt— 0),  if  the  function  is  of  limited  total  fluctuation  in  neighbourhoods 
of  these  points. 

In  order  to  pass  back  to  the  fanctions  which  satisfy  the  equation 

with  the  boundary  conditions 

^-hV  =  0,  for  x  =  a,       ^+^^  =  0,  for  x  =  b,  (2) 

we  write  ^»(-8r)  =  (gk)^  Vnix) ; 

then,  since  dz  =  l^j  dx, 

we  have  I  gVn(x)  Vnix) dx  =  0,  for  nz^ n\ 

and  ^j\VMYdx=\. 

Writing  x  (^c)  for  /(^r),  the  series  becomes 

2^Q7*)*F.(x)£i,'F,(x')^d«'. 

If  we  now  write  F(a?)  for  xW  (?*)"*»  *^d  remember  the  assumption  that 
g  and  h  are  such  that  (gli)"^  has  limited  total  fluctuation,  and  is  con- 
tinuous in  (a,  6),  we  obtain  the  following  theorem  : — 

Let  F{x)  be  a  limited  or  unlimited  function  which  has  a  Lebesgu^ 
integral  in  (a,  b).  Let  Vi^(x)  be  the  function  which  satisfies  the  equa- 
Hon  (1),  and  is  such  that 


i 


g{Vn{x)\'dx  =  l, 

2  0  2 
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and  cdrresponds  to  the  value  r„  of  r,  found  so  that  the  boundary  condi- 
tions {%  are  satisfied.  Theny  it  being  assumed  that  {gh)"^  has  limited 
total  fluotuation  in  (a,  6),  the  series 

^Vn{x)?g'Vn{x')F{x')dx' 


converges  to  the  value  i  {F(X'\'0)+Fix—0)\  at  any  interior  point  of  (a,  b) 
at  which  the  functional  limits  have  definite  finite  values,  and  which  is 
such  that  the  function  has  limited  total  fluctuation  in  some  neighbourhood 
of  the  point.  In  any  interval  in  which  F{x)  is  continuous,  and  which  is 
contained  in  the  interior  of  another  interval  in  which  it  has  limited  total 
fluctuation,  the  convergence  of  the  series  to  the  valus  F{x)  is  uniform. 
The  series  converges  to  the  values  F(a+0),  F(6— 0)  at  the  points  x^a, 
z  =  b,  if  there  exist  neighbourhoods  of  these  points  in  which  the  function 
has  limited  total  fluctuation. 

We  have  not  considered  the  cases  in  which  h  or  H  is  infinite,  or  in 
which  both  are  infinite.  The  investigation  in  that  case  is  of  a  precisely 
similar  character,  the  details  being  slightly  different  on  account  of  the 
somewhat  different  form  of  the  functions  0»(-?). 


The  Series  of  Legbndre's  Coefficients. 

16.  In  the  preceding  investigation,  the  differential  equation  (1)  has  no 
singular  points  in  the  interval  (a,  b).  As  an  example  of  a  case  in  which 
there  are  singular  points  at  the  ends  of  the  interval,  the  case  of  the  series 


2  ^^  Pnix)  J'_ /(xO  PAx')  dx' 


will  be  here  considered.      The  normal  functions  \] — ^ — -PnW  satisfy 
Legendre's  equation 

Let  F{x',x,n)=  'i"  ^^  P,  («)  K  («') ; 

then,  by  a  well  known  formula  of  summation,  we  have  the  expressioD 

F{,x  ,x,n)--^ ^-^^ . 
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We  shall  now  verify  that  the  conditions  of  the  theorem  of  §  1  are  satisfied 
for  the  interval  (— 1+e,  1— e)  of  «,  where  e  is  an  arbitrarily  chosen 
positive  number.  We  cannot,  in  this  case,  apply  the  theorem  to  the 
interval  (—1,  +!)• 

It  is  known  that  in  the  interval  (— 1+e,  1— e),  the  value  of  Pn{x)  is 
given  by 

bfe.)'[-i<"+i''-i)+^]- 

for  every  value  of  n  (>  0) ;  where  x  =  cos  6,  and  a  (n,  6)  repre- 
sents a  function  which  is  in  absolute  value  less  than  some  fixed  num- 
ber, for  all  values  of  /i  (>  0),  and  for  all  values  of  x  in  the  interval 
(-1+6,  l-e). 

This  value  of  Pnix)  is  clearly  of  the  form        \     - 

If  I  x—x'  I  >  M»  we  have 

\F(x\x,n)\<^'—^Aciin,x,x')\<^  \a{n,x,x^)\, 

provided  x,  x'  are  in  the  interval  (— 1+e,  1— e).  Hence,  in  this 
interval,  |  F^x^  x,  n)  \  is  less  than  a  fixed  number,  for  all  values  of  n,  x^, 
and  X. 

Again, 

where  ^i  and  ^2  ^^^  numbers  such  that  a^  <  A;i  <  $i^  a^  <  ^2  <  i^s ;  suid 
X  is  not  interior  to  the  interval  (ax— a**  )8i+^). 
If  we  employ  the  known  formula 
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we  then  find  that 

+  ^q§;[^»+i08i)-P«+i(&i)-P»-i08i)+P.-i(A:i)]  ( 


P.(x) 
271+3 


\X  —  Qj 

+  ^qg^.[P«+«(/8i)-P»+2(A;s)-P.C8i)+Pn(ftj)]  }]. 


Hence  we  have,  by  using  the  form  — ^j —  for  P»(«), 


I  pF(x',  X,  n)d«' 


<;^Ja(n)|. 


where  (oi,  )8i)  is  any  interval  in  the  interval  (—1+e,  1— e),  and  is  not 


is  less 


interior  to  the  interval  (aj— /x,  ^i+fi).     Thus     I    F(x\  «,  n)dx' 

than  a  fixed  number  independent  of  a^,  fii ;  and  this  number  converges  to 
zero  as  n  is  indefinitely  increased.  It  has  therefore  been  shewn  that  the 
conditions  of  validity  of  the  general  convergence  theorem  of  §  1  are 
satisfied  for  every  value  of  m  >  0. 


r-i+. 
17.  The  limit  of  f{z')F{x\  x,n)dx'  will  now  be  investigated. 

It  will  be  assumed  that  x  is  such  that  x+l^e  ^  /a.    We  have  then 
^^^^f{x')F{x\x,n)dx' 

=       ^   ^  j'|^'V(^')  [Pn^li^x)  Pn{x')-P,{x)  Pn+l(x')]  dx' 

+^   IXT \''^^f{x')[Pn^i{x)Pn{x')^Pn{x)Pn^i(x')]dx', 

where  c^  is  a  number  such  that  0  ^  ei  ^  e. 

Let  us  now  assume  that  f{x^  is  monotone  and  limited  in  the  interval 
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(— 1,  —  1+e);  we  have  then 

j'l^'Vc*')  [^»+i(a;)  Pnix*)  -Pn  {X)  P,+,(a!')]  dx' 

f-i+., 
=  /(-H-0)J  ^     [P»+ite)P,(x')-P.(x)PH+i(a;')]da;' 

+/(-l+e,-0)  P*"  [P»+i(x)P»(a;')-P,(a!)P»+, («')]&;', 

J— 1  +  fft 

where  e^  is  such  that  0  <  eg  <  ej.    Now 
(n+l)J_^      P»+i(a:)Pn(a:')dx 

and  the  expression  on  the  right-hand  side  is  numerically  less  than 
2  I  Pn+i  (x)  I ,  which  converges  to  zero  as  n  is  indefinitely  increased, 
uniformly  for  all  values  of  x  in  the  interval  (— 1+€+m>  1— e— a*)-  It 
may  similarly  be  shewn  that 

has  the  same  property.    A  precisely  similar  proof  establishes  also  that 

r-i+€i 
in+1)  [Pn^iix)  Pn{x')-Pnix)  Pn+i(a:')]  dx' 

has  the  same  property ;  therefore 

l+I  rr*'"^^"''^  '^^"^'  ^""^  Pn(a:')-Pn(x)  Pn^l{x')W 

converges  to  zero,  uniformly  for  all  values  of  a;  in  the  interval  (— l+e+^i, 
Similarly  also,  it  may  be  shewn  that  the  other  part  of  the  expression  for 

r-l+f 

I       fix')F{x',  x,n)dx'  converges  uniformly  to  zero.     Since  a  function 

with  limited  total  fluctuation  is  the  difference  of  two  monotone  functions, 

it  can  now  be  seen  that,  if  f{x')  is  of  limited  total  fluctuation  in  the 

J-1+. 
fix')  Fix',  X,  n)  dx'   converges  to  zero, 

as  n  is  indefinitely  increased,  uniformly  for  all  values  of  x  in  the  interval 
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(— l+e+M>  1— e— ^t).    Also,  if  f{x*)  is  of  limited  total  fluctaation  in  the 
interval  (1— e,  1),  a  precisely  similar  proof  establishes  that 


L 


f{x')F{x',x,n)dx' 

9 

converges  oniformly  to  zero,  for  all  values  of  j;  in  the  same  interval  as 
before. 


18.  To  prove   that    the   conditions  of  the  theorems  in  §§  4,  5  are 
satisfied,  we  have 


f. 


2  ^^Pr{x)PAx')dx'  =  i  2  P,(x)[Pr-i(x)-P,+i(x)]+i(l-a;) 


Therefore  . 

I      F{x\x,n)dx' 

=  i[l-Pn(x)  Pn+i(a:)]-  T"  F{x\  X,  n)dx'-[    F{x\  X,  n)  dx\ 

Jx+f*  Jl-€ 

It  has  been  shewn  in  §  17  that  I      F{x\  Xy  li)  dx*  converges  uniformly  to 

Ji— 
zero,  as  n  is  indefinitely  increased,  for  all  values  of  x  in  the  interval 

(— l+€+Mf  1— e— A*)-    It  has  been  shewn  in  §  16,  that  I      F(x\  Xy  n)dx' 

Jx  +  ft. 

converges  uniformly  to  zero,  for  all  values  of  x  in  the  interval 
(— 1+€,  1— e),  the  conditions  of  the  fundamental  convergence  theorem 
being  satisfied.  Also  Pn{x)Pn+i{x)  converges  uniformly  to  zero,  for  all 
values  of  x  in  the  interval  (— 1+c,  1— e).     It  therefore  follows  that 

I      Fix'f  Xy  n)  dx'  converges  to  the  value  ^,  uniformly  for  all  values  of  x 

in  the  interval  (— 1+e+A*,  1— e— /i)  of  x.     Similarly  it  can  be  shewn 

that  I      F{x\  Xy  n)  dx'  converges  to  the  value  i,  uniformly  for  all  values 

of  a;  in  the  same  interval.    We  have  next  to  shew  that 


ij: 


F{x',  X,  n)dx' 


is  less  than  some  fixed  finite  number  for  all  values  of  mi  such  that 
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0  <  Ml  <  M»  for  all  valaes  of  n,  and  for  all  values  of  x  in  the  interval 
(— 1+e,  1— e),  the  number  fi  being  taken  to  be  <  e. 
The  integral 

F{x\  X,  n)  dx'     or      2  ^^^  PAx)         PAx')  dx' 
is  equivalent  to 


i  2  Pr(x)[P.+i(x+/x)-P,_a(a;+u)-P,+i(a:+Mi)+Pr-i(x+Mi)]+iOi-Mi). 


r=l 


Writing  x  =  cosfl,  x+fi  =  cosd\  x+fii  =  cosff',  and  substituting  for 
Pr  (x)  the  value 

with  the  corresponding  values  of  Pr+i(cosd'),    Pr-i(cos0'),   Pr+i(cosd") 
and  Pr-i(cos  ff^,  we  obtain  an  aggregate  of  terms  of  which  the  first  is 

VrTTsmw    \(r+l)7r  sin07   L        I  4  J  r     J 

x[cos((r+|)«--i)+^]. 

This  consists  partly  of  series  with    ..    ,  ,.,  or    , .    ,  ^■,  as  factors  of  the 
general  term,  and  which  converge  uniformly,  and  partly  of  the  series 

^(rir+l)Jsn.esineY'''  I^^+^^'-t}  -  { (r+f)0'-f  }  . 

and  this  is  expressible  as  the  sum  of  four  series  which,  apart  from  factors 
independent  of  r  which  are  less  than  fixed  numbers,  are  of  the  forms 

£cosr(6>+gO      ^8inr(e+eO      £  cos  r  (0-60      £  sin  r  (0-60 
1    Vr(r+1)    '     1    Vr(r+1)    '     i     Vr(r+1)    '     i    Vr(r+T)   ' 

It  is  known*  that  these  series  all  converge  uniformly,  for  all  values  of 
0  and  0'  such  that  6+6'  and  |  6—6'  \  are  in  an  interval  interior  to  the 
interval  (0,  27r),  and  this  condition  is  satisfied  if  x  is  in  the  interval 
(— 1+€,  1— e),  and  if  M  <  e. 


•  See  Theory  of  Functions  of  a  Real  Variable,  p.  729. 
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The  part  of  the  expression  which  depends  on  ni  is  of  the  form 


or  i:Pr(x)  J ^  [sin  ff'  Bin  { (r+i)  d"-  ^  I  +  ^t^n^]. 

When  the  value  of  Pr(x)  is  substituted,  we  obtain  an  aggregate  of  terms, 
of  which  the  only  one  which  requires  special  examination  is 

2   1_      .    ^,eos{(.+i)e-flsin.;(r+^)e"-^} 

—  sm  tr  z, 

^  Vsindsind"  i  ^ 

or  J-  x/?iE^'  2  sin  (r+^)(e^~e)--co8  (r+i){ff'+e)  ^ 

TT    ▼  sin0    ]  r 

Now  2  — iJiRZ ^  although  it  does  not  converge  uniformly  in  the 

neighbourhood  of  ^'—0  =  0,  can  easily  be  shewn  to  have  a  value  which 
is  numerically  less  than  a  fixed  number,  for  all  values  of  n,  0,  ff'.     The 

»    1 
series  2  —  cos(r+J)(0"+^  converges  uniformly  in  an  interval  of  d"+6y 

which  is  interior  to  the  interval  (0,  iir),  and  is  therefore  numerically  less 
than  a  fixed  number. 

F{x',  Xy  n)  d£  is  numerically  less 

than    a    fixed    number    independent    of    n,    x,    /a,    and    mh    provided 
0  <  Ml  <M  <  «>  if  a;  is  in  the  interior  of  the  interval  (— 1+c,  1— c). 

F{,x\  Xy  n)  d£  has  the  same  property,  can  be  proved  in  the 

same  manner.     It  has  now  been  shewn  that  the  theorems  of  §§  4,  5  are 
applicable  to  an  interval  enclosed  in  the  interior  of  the  interval  (—1,  1). 


19.  The  investigations  in  §§  16-18,    are    sufficient  to  estabUsh  the 
following  theorem : — 

Jjei  f(x)  be  a  function  which,  whether  limited  or  unlimited^  has  a 
Lebesgue  integral  in  the  interval  (—1,  1),  and  is  such  that  in  sufficiently 
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small  neighbourhoods  of  the  points  —1,  1,  the  function  is  of  limited  total 
fluctuaticm  {a  variation  homee). 


The  series  S^^^P^^T  f{x')Pn{x')dx' 


converges  at  any  point  x  interior  to  the  interval  (—1,  1)  to  the  value 
\  {/(aj+0)+/(«— 0)},  if  a  neighbourhood  of  the  point  x  exists  in  which 
the  function  is  of  limited  total  fluctuation. 

In  any  interval  in  which  f{x)  is  continuous,  and  which  is  contained 
in  the  interior  of  another  interval  in  which  the  function  has  limited  total 
flticttuition,  the  convergence  of  the  series  to  the  value  f{x)  is  uniform. 

The  condition  that  the  function  should  be  of  limited  total  fluctuation 
in  neighbourhoods  of  the  points  —  1, 1,  although  sufficient,  is  not  necessary. 
I  propose,  in  a  later  communication,  to  replace  this  condition  by  a  much 
less  stringent  one. 


\ 
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THE  INFLUENCE  OF  VISCOSITY  ON  THE  OSCILLATIONS  OP 
SUPERPOSED  FLUIDS 

By  W.  J.  Habbison. 

[Beoeived  April  24tli,  1908.—Read  April  30th,  1908.] 

In  this  paper  two  problems  of  hydrodynamics  are  attacked  with  a  view 
to  discovering  the  influence  of  viscosity,  the  solutions  being  known  for  the 
case  of  non-viscous  fluids. 

The  first  is  the  case  of  two  fluids  of  infinite  depth,  where  it  is  found 
to  a  first  approximation  that  the  modulus  of  decay  is  of  the  order  Ij^/v. 

The  second  is  the  case  of  a  fluid  of  finite  depth  superposed  on  a  fluid 
of  infinite  depth.  There  are  two  modes;  in  the  first  the  modulus  of 
decay  is  of  the  order  l/v,  and  in  the  second  it  is  of  the  order  l/Vi^. 

In  the  problems  dealt  with  in  this  paper  the  fluids  are  at  rest,  except 
for  the  wave-motion.  In  a  subsequent  paper  I  shall  publish  some  results 
dealing  with  wave-motion  at  the  surface  of  a  stream  of  viscous  fluid. 

Waves  at  the  Interfa/ie  between  Two  Viscous  Fluids  of  Infinite  Depth. 

1.  Take  the  origin  in  the  undisturbed  surface  of  separation,  and  the 
axis  of  y  vertically  upwards. 
For  the  lower  fluid  we  have 

where  ^  =  ^e***?**", 

yfr  =  ffe*»  «?'*'+•*, 

and  X»  =  i2+  ^  .* 

V 

*  See  Ijamb's  Hydrodunamia,  p.  S61. 
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For  the  upper  fluid  u'  =  Jt  4.  JtL, 


dv        dx 


where  <t^'  =  A'e-^e^^^^y 

and  X'«  =  ifc*+  4  . 

The  kinematical  conditions  at  the  interface  are 

u=^  u\        t?  =  t?' ; 
these  give  ihA'\' XS  =    ikA'-'X'H', 

kA  -ikH  =  -  kA'-ikH' ; 
since  u  =  ikA^^+XHe^^, 

V  =  kA^—ikH^, 

u'=    ikA'e-'^'-X'H^e-^'^ 

I?'  =  -  kA'e-'^'-ikE'e'-^'^. 

We  have  tacitly  dropped  the  factor  6'*^'"^"*. 

The  dynamical  conditions  are  the  continuity  of  px^^  pyy  across  the 
interface. 

Now  E.  =  -^-g,, 

where  >;  is  the  elevation  of  the  interface ;  and  therefore 

a, 

•gj  =  %=o); 

therefore  t,  =  —(kA-ikH)  =  —(-kA'-ikH'). 

a  a 
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Hence       (^)      =-JL+2u^ 

=  aA  +  S-i+kA  -ikH)+2i>  {l^A  -ik\H), 
cc 

f^)       =  aA'+  -2.  {-kA'-ikH')+2p'  (I^A'+tkX'm, 

\p  /yeO  a 

\pv/y=0  Key        ^/y»0 

=      2tJ^A +(\' +]^  H, 
Hence  we  obtain  the  remaining  conditions 

=  p'  I  aA'+  -2.  (^kA'-ikH')+2v'  {k^A'+ikym  \  , 

and         pv{2ik!'A+(\^+k^H}  =  pV  {-2i*»^'+(X'»+*^H'}. 

After  eliminating  A,  A\  H,  H'  from  these  four  equations,  we  obtain 
the  period  equation 

+p^{a^+gk){k-y)+p'Ha''-gkHk-\) 

-pp'[2ak^+aW+\')+gk{\-\')']  =  0. 

In  this  equation  a  is  still  implicitly  contained  in  X  and  X' ;  after  rationali- 
sation the  equation  is  found  to  be  of  the  tenth  degree  in  a. 

If  we  take  v  and  v  to  be  small,  and  include  only  the  most  important 
terms,  we  obtain 

(pX'+p'X)  lip+p)  a^+gk  (p-p')]  =  0, 

or  a»  =  -2*tee5. 

P+P 

This   is   the  known  result  for  non-viscous  fluids,  as    we  should  have 
expected.* 

•  See  $2. 


1908.]  Influence  of  viscosity  on  the  oscillations  of  superposed  fluids.  899 
To  proceed  to  a  higher  approximation  we  write 

where  a,  =  ±iyJSh^^. 

in  the  eqaation 

+/)'*(a«-<7i)(i-X)-/)/)'[2ai*+a«(X+X')+yft(X-X')]  =  0. 

we  tad  ^--i'^i',.+;fe::>f;v>'tW- 

We  see  that  both  the  change  in  the  velocity  due  to  viscosity  and  the 
reciprocal  of  the  modulus  of  decay  depend  on  terms  of  the  order  \/i/  to  a 
first  approximation.  When  there  is  only  one  fluid  the  modulus  of  decay 
of  the  amplitude  is  of  the  order  1/v,  and  the  change  in  the  velocity  is  of 
the  order  i^.  The  difference  is  due  to  this  fact.  When  there  is  wave 
motion  at  the  interface  between  two  non-viscous  fluids,  the  tangential 
velocities  at  the  interface  are  different ;  in  the  viscous  motion  they  must 
be  the  same.  Hence,  for  dynamical  reasons,  we  should  expect  a  change  of 
the  nature  obtained  above.  We  have  the  result  that,  in  general,  wave 
motion  at  the  interface  between  two  fluids  dies  away  much  more  rapidly 
than  in  the  case  of  a  single  fluid.  The  difference  is  especially  marked  for 
great  wave-lengths.  Nevertheless  the  change  in  the  velocity  is  small  com- 
pared with  the  velocity. 

To  proceed  to  a  still  higher  approximation,  we  write 

a  =  oo+^+y 
in  terms  chosen  suitably  from  the  period  equation. 

Weeasilyfind        y  =  -.^-^^^±^0^. 

Hence  to  this  order  we  have,  as  our  final  value  for  a, 

a  -  4.i[\aM£lZ£l\'-  i9k(p-p)y        yUppW^'      1 

^  U    p+p'    }      I    p+p'    J  0»+/»')W»'+/»V«'')J 

_    r(gk(p-f>)]i        V2kppWln/         .^js  t^p'+vV         1 

Li    p+p    i  {p+p')(pVy+p'V'''}         (p+p')W''+p'V^)'S 
When  p'  =  0,  v  =  0,  we  have 

a  =  ±iVgk—2i>^, 
which  18  known  to  be  the  resolt  for  a  single  floid  of  infinite  depth. 
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2.  We  have  said  above  that  the  result,  that  to  a  first  approximation  the 
period  is  the  same  as  that  for  the  motion  of  non-viscous  fluids  of  the  same 
type,  is  according  tu  expectation.  This  was  reasoned  not  from  the  nature 
of  the  present  problem,  but  from  the  known  results  of  similar  problems. 
An  objection  might  be  raised  to  this  conclusion  on  the  ground  that  the 
boundary  conditions  are  totally  different  from  those  employed  in  the  non- 
viscous  motion,  and  are  apparently  contradictory  if  v  =  i/'  =  0.  The 
answer  to  the  latter  objection  is  that,  even  if  H  and  H!  become  zero,  X 
and  X'  become  infinite  and  the  equations  indeterminate.  A  similar  objec- 
tion to  the  first  would  apply  to  the  work  on  page  571  of  Lamb's  Hydro- 
dynamics, where  he  discusses  the  effect  of  oil  on  water  waves,  and  also  to 
the  work  of  Basset  in  treating  the  case  of  a  fluid  of  finite  depth.  In  both 
these  cases  the  boundary  conditions  are  different,  and  yet  to  a  first 
approximation  the  period  is  the  same  as  for  non-viscous  motion  of  the 
same  type.  We  are  not  questioning  the  physical  truth  of  the  assumption 
that  there  is  no  slipping  at  the  interface,  but  the  correctness  of  the  result 
on  this  assumption.  The  final  court  of  appeal  is  the  analysis  itself.  But 
a  physical  answer  may  perhaps  be  given  along  the  following  lines.  In 
the  non-viscous  motion  there  is  a  vortex  sheet  at  the  interface  of  strength 
— 2A:c/8cos  kx  (Lamb's  Hydrodynamics,  p.  354),  where  fi  is  the  amplitude 
of  the  surface  waves.  This  vortex  sheet  does  not  exist  in  the  viscous 
motion.  Now  this  difference  between  the  two  motions  may  be  made  as 
small  as  we  please  by  sufficiently  diminishing  /3,  without  at  the  same 
time  affecting  the  average  tangential  velocity.  Hence,  unless  the  period 
of  the  motion  of  the  viscous  fluids  is  to  depend  on  the  amplitude,  even 
when  squares  of  the  amplitude  are  neglected,  it  must  be  the  same  as  the 
period  for  the  non-viscous  fluids,  when  the  viscosity  is  neglected, 
dynamically  but  not  kinematically.  A  more  rigid  formulation  could  be 
given,  but  in  a  general  way  probably  this  will  suffice. 

It  is  interesting  to  notice  that  in  the  work  mentioned  above,  on  the 
effect  of  oil  on  water  waves,  the  modulus  of  decay  depends  on  l/Vv  as  in 
the  present  case. 

3.  We  can  include  the  effect  of  capillarity  at  the  interface  by  writing 
g{p^p)+1<^T  instead  of  gip—p)  in  our  results.  When  the  wave-length 
is  small  capillarity  has  a  very  great  effect  in  causing  the  decay  of  the 
motion.  However,  when  the  wave-length  is  small  our  approximations  are 
not  sufficiently  good,  as  they  would,  if  continued,  be  in  the  form  of  a  series 
of  ascending  powers  of  k.  When  the  wave-length  is  small  the  effect  of 
capillarity  in  causing  decay  of  the  motion  would  be  more  evident  from  the 
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term  arising  from  the  next  approximation  to  that  which  we  have  already 
written  down. 

In  the  table  given  below  the  results  are  shown  for  the  case  of  air  over 
water.  The  c.g.s.  system  of  units  is  used,  and  the  following  data: 
^  =  1,  p'  =  -00129 ;  V  =  -0109,  v  =  '189,  for  water  and  air  at  17°  C. 
respectively ;  T  =  74. 


Wave-length. 

1  om. 

10 

100 

1000 

Vft    

12-48     1     S9*46 

124-79 

124-81 

124-81 
Shrs.  12' 39-4" 
1  hr.  21'  40-6" 
Ihr.  21'40-3" 

894-62 

Vc     

24-90 
24-89 
1-162" 
1-125" 
1-106" 

40-05 

40-04 

1'  66-2" 

1'  34-1" 

r34-0" 

894-62 

V      

394-62 

-^9  

T        

321  hrs.    5' 40" 
36  hrs.  50'  36" 
36  hrs.  50' 34" 

Tc      

Vq  is  the  wave-velocity  in  centimetres  per  second  without  viscosity  and 
capillarity,  Vc  the  velocity  with  capillarity  only,  v  the  velocity  with  both. 

Tq  is  the  modulus  of  decay  of  the  water  alone ;  r,  of  water  and  air 
without  capillarity ;  Tc,  of  water  and  air  with  capillarity. 

In  the  above  table  we  notice  the  great  influence  of  the  air  in  damping 
waves  of  great  wave-length. 


Fluid  of  Finite  Depth  Superposed  on  a  Fluid  of  Infinite  Depth. 

4.  We  suppose  the  upper  fluid  to  have  a  free  upper  surface. 
For  the  lower  fluid  we  assume 

where  \^:=zl^+-2.. 

V 

For  the  upper  fluid  we  assume 

0'  =  {B  cosh  ky+C  sinh  ky)  e***+*', 
V-'  =  i  {K  cosh  Xy+L  sinh  X'y)  e'^""^, 


where 


X'^  =  4«+ 
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From  these  we  derive  the  velocities  by  the  formuls 

ex       cy 

dj/        rx 

The  kinematical  conditions  are  the  continuity  of  the  component  velocities 
across  the  interface.  The  dynamical  conditions  are  the  continuity  of 
pressures  and  tractions  across  the  interface  and  the  free  surface.  Writing 
these  down,  and  eliminating  the  constants,  we  obtain  the  period  equation 


where 


P,    P,     "(M'+y^pp. 


,sh^ 


0, 


a 

Q, 

?. 

0, 

-2v'p'k\', 

-X'. 

0 

B, 

r, 

0, 

-pa-%!l^p'. 

-k. 

0 

s. 

8, 

-2&«pV, 

-f- 

0, 

-1 

0. 

0. 

2*Vv, 

/.(a+2.ft»+^). 

k. 

1 

0, 

0. 

(X'^+k^P^, 

^p-\-%>pk\ 

X. 

1 

=  0, 


g  =  (X'2+;ta)sinhVA, 
B  =  2A:^  sinh  kh, 
S  =  2*^  cosh  kh, 

»  =  *2  cosh  \'h+2pk\'  sinh  \% 
a 

a  =  T^  sinh  \'h+2pk\'  cosh  X7i, 
a 

r  =  a  cosh  kh+  2_  ginh  kh+2vk^  cosh  kh, 


s  =  a  sinh  kh+  ^—  cosh  hh+^vlc^  sinh  kh, 


and  /i  is  the  depth  of  the  upper  fluid. 
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When  the  viscosity  is  small  the  terms  of  greatest  importance  are  those 
of  the  type  X'®  cosh  \'h.  Including  only  terms  of  this  order,  in  which  we 
put  tanh  Xh  =  1,  we  have  the  period  equation 

a*  [p  cosh  kh+p'  sinh  khj+a^gJcp  [cosh  A:7i+Binh  kh"] 

+g^Jc'(p-p')Qinhkh  =  0, 
as  in  the  absence  of  viscosity. 

Thus  there  are  two  modes,  for  one 

a^+gk  =  0, 
and  for  the  other 

a^  ip  cosh  kh+p'  sinh  kh)  +gk(p--p')  sinh  kh  =  0. 

In  the  first  mode  the  tangential  velocity  is  continuous  across  the  interface. 
Hence  in  this  mode  we  should  expect  that  the  first  approximation  to  the 
dissipation  terms  in  a  would  be  of  the  order  i/,  and  that  the  change  in  the 
velocity  of  propagation  would  be  of  the  order  i^ ;  in  the  second  mode  we 
should  expect  both  of  these  approximations  to  be  of  the  order  ^v.  This 
will  be  seen  to  be  the  case. 

The  terms  of  next  importance  are  those  of  the  type  X'^  cosh  X'h.  If 
we  put  a^+gk  =  0  in  these,  we  find  them  vanish  identically*  Hence  to 
obtain  the  next  approximation  to  the  first  mode  we  have  to  take  the  terms 
of  order  X'  cosh  X'A.     We  obtain 

a=  ±  i  Vgk     27c^  ^^  ^^^^  kh+2(p'v'—pv)  sinh  kh  ^ 
p  cosh  kh+(2p'^p)  sinh  kh 

We  notice  that  when  p  =  p\  v=  v\  then 

a  =  ±  i  '^gk—^l^v^ 
as  is  known. 

Proceeding  to  the  next  approximation  in  the  case  of  the  second  mode, 
we  obtain 

I  a^(/o— /)OsinhA:A+grA;aV(sinh  A:fe+cosh  A:A)+^A:^(pcosh/gfe+P^  sinh  A:fe)  [ 
\  4aJ(/o  cosh  kh-\'p'  sinh  kh)  +  ^gkpa^  (cosh  A:7j.+ sinh  kh)  \  ' 

where  a^  =  -  -jJ^—Pl^^J^^^ . 

^  p  cosh  kh-{-p'  sinh  kh 

2  D  2 
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Hence      a  =  ±i  J    y^^-/)^^  ** 
▼  o  cosh  kh-ho 


Ti 


p  cosh  kh+p  sinh  A:/* 

A:Vw  Ig^Arpo—pV^  fp  cosh  kh+p  sinh  Affel^     p 
V^ipVv+pV^')    L  sinh  iA  J 

__    A;\/yv  {.^A:(/)--p')[^  fp  cosh  A:A+p  sinh  khTfi    p 
V^ip'V^+p'Vv)  L  sinh  kh  J        ' 


where 


p  -,  [p^  (cosh  kh — sinh  A:/i)  +  4pp'  sinh  kh\p+pf  (sinh^  A:7< + cosh^  fefe)  H 
[— 4  (p—p*)  sinh  A:A+2p(cosh  A:A+Binh  kh)]  (p  cosh  A:A+p  sinh  kh)^ 

When  A  is  infinite,  we  obtain  our  former  results. 


5.  In  the  first  mode  when  kh  is  small,  i.e.,  when  the  wave-length  is 
large  compared  with  the  depth  of  the  upper  fluid,  we  have 

a  =  ±iVgJc~'2k^v. 

The  modulus  of  decay  is  thus  the  same  as  that  of  the  lower  fluid  alone. 

When  kh  is  large,  a  =  ±  Wgk-^^T^v. 

The  modulus  of  decay  is  thus  the  same  as  that  of  the  upper  fluid  alone. 

In  the  second  mode,  when  kh  is  small,  the  modulus  of  decay  depends 
on  siny  khjk^,  or  on  h^lk^ ;  and  therefore  it  increases  much  less  rapidly 
with  the  wave-length  than  in  general. 

When  kh  is  large  we  obtain  our  former  results  for  two  fluids  of  infinite 
depth. 

6.  In  the  second  mode  the  upper  surface  will  in  general  be  disturbed 
less  than  the  common  interface,  and  the  waves  set  up  by  any  disturbance 
will  be  of  this  type  to  a  predominating  extent,  particularly  if  the  difference 
between  p  and  p  be  small.  Such  waves  as  these  are  those  referred  to  by 
Ekman  in  the  Scientific  Results  of  the  Norwegian  North  Polar  Expeditiori. 
He  remarks  that  a  ship  moving  in  the  Norwegian  Fiords  experiences  great 
resistance  owing  to  considerable  waves  being  set  up  at  the  common  inter- 
face of  the  layer  of  fresh  water  and  the  sea- water.  Such  waves  would  be 
very  quickly  damped,  and  would  therefore  drain  a  great  amount  of  energy 
from  the  ship. 

We  append  some  numerical  results  illustrating  the  case  of  fresh  water 
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over  sea-water  of  infinite  depth.     We  take  pjp  =  §f ,  and  v  =  v.     The 
fact  that  we  take  v  ^  v  makes  no  important  difference. 


Wave-length. 

A 

1 

10 

2' 7" 
26" 
16" 
26" 
26" 

100 

1000  cms.       1 

T       

•013" 
•083" 
•083" 
•083" 
•083" 

1-27" 

1-5" 

1^4" 

1-5" 

1-5" 

3  hrs.  31'   2" 
7' 46" 
1'18" 
4' 48" 

V  45" 

! 

361  hrs.  43'  36"  ' 

T— .        ...      .... 

2  hrs.  18' 15" 

6' 28" 

23'  15" 

Ti         

TlA        

•''loo    

1  hr.  25'  12" 

T  is  the  modulus  of  decay  for  the  first  mode, 

T^  that  for  the  second  mode  when  kh  is  large, 

Ti  „  „  „  A  =  1  cm., 

Tio  „  I,  „  A  =  10  cms., 

Tioo  „  „  „  A  =  100  cms. 

The  very  rapid  decay  when  kh  is  small  is  very  striking,  even  for  the  large 
wave-lengths. 
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ON  THE  ORDERING  OF  THE  TERMS  OF  P0LAR8  AND 
TRANSVECTANTS  OF  BINARY  FORMS 

By  L.  Isserlis. 

Commtmicated  by  Prof.  M.  J.  M.  Hill. 

[Received  April  28th,  1908.— Read  April  80th,  1908.] 

Abstract. 

1.  The  reduction  of  transvectants  depends  on  the  possibility  of  insert- 
ing between  any  two  terms  of  a  transvectant  a  series  of  others  such  that 
any  two  consecutive  terms  possess  the  property  which  is  described 
technically  as  **  adjacence."  It  is  asserted  without  proof  that  this  is 
possible  by  Gordan  (Vixrlesungen  ilber  Invariantentheorie,  Zweiter  Band, 
§  42,  S.  44),  by  Clebsch  (Bindre  Fomien,  §  53,  S.  185),  and  by  Grace  and 
Young  {Algebra  of  Invariants^  Art.  50,  p.  51).  In  endeavouring  to  prove 
this  possibility  I  have  succeeded  in  giving  a  method  of  arranging  the  terms 
of  any  polar  or  transvectant  in  a  single  series,  such  that  any  two  consecutive 
terms  are  in  the  technical  sense  **  adjacent."  The  results,  so  far  as  I  can 
express  them  in  the  space  at  my  disposal,  are  as  follows. 

In  the  following,  numerical  coelBicients  are  immaterial  and  are  omitted. 

2.  To  Order  the  Terms  of  the  Polar  P  =  {y  ^    {al\ aj« ...  a^p). 

Let  Dg  denote  an  operator  which  polarizes  powers  of  a«^  only,  with 
regard  to  j/,  so  that 

I    -^  lit   «  I J  _i_     _i_  I 


(«/£)' =  (A+A+...+i?p 


Then  the  ordered  development  of  (Di+D.2)'^  is 

and  that  of  (Da+A)*^  ^liG  sai^fi  written  in  reverse  order.  (Dj+Dj+Dg)'' 
is  ordered  as  follows :  in  the  ordered  development  of  (Di+Da)*",  in  the  first 
term  in  which  D^  occurs  replace  it  by  (Dg+Dg) ;  in  the  second  term  in 


1908.]  Ordering  of  terms  ofpolars  and  transvbctants  of  binary  forms.  407 

which  it  occurs,  by  (Dg+Da) ;  in  the  third  by  D2+D3,  and  so  on.  Similarly 
iDi+D2+...+DpY  is  obtained  from  {Di+D^+...+Dp^i)%  by  replacing 
Dp-i  in  the  first  term  in  which  it  occurs  by  Dp^i+Dp,  and  in  the  second 
term  in  which  it  occurs  by  Dp+Dp^i. 

3.  On  the  Ordering  of  a  Mixed  Polar. 
Let  the  mixed  polar  be 

(4):.,.  (4)x.,-(4):.., '■■'•■ -'S' 

and  let  Ai+A2+A^+...  be  the  result  of  ordering 

then,  patting 

(y  ^)"  =  '{D,+D,+...+D,Y'  =  D?+...+D^^  say, 

is  ordered  when  expanded  in  the  form 

(!)];>+...+ A^«) ^i+(i)p+... +D;^) ^3+...  =Bi+Ba+B3+...  say, 
and  the  mixed  polar 

is  obtained  from  £1+^2+^8+ •••  ^^  a  manner  similar  to  that  in  which 

-81+^2+ •••  18  obtained  from  A1+A2+ A  similar  method  applies  to 

the  general  case. 

4.  The  Ordering  of  the  Terms  of  a  Transvectant, 
Symbolically         T  =  (a?;  a?,.,  a^,  b?'  6?^ . .  V'^Y 
may  be  written 

T  =  Ea;;-. ...  a-.-. (,. !)*■ ...  (i,„|)"'  J-'  ...  K;. 

2/^2  =      a„  ) 
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where  the  factors  preceding  the  polarizing  operators  are  the  factors  inde- 
pendent of  y  of  a  term  of  the  polar  (aj^ ...  aj;)yr.  Let  B^  be  an  operator 
which  polarizes  6,,  only,  with  regard  to  y« ;  then  we  may  write 

T  =  2aJ^-^^..  ali'^p  (-Du+-Di2+...+A/'  operating  on 

(Dai+DaaH-    •+I>2g)^'  operating  on 

The  terms  of  the  transvectant  will  be  ordered  if  we  expand  the  product  of 
operators  in  the  above  so  that  (i.)  it  starts  with  DJjDJj ...  D^f,  (ii.)  it  ends 
with  D\\D^^...  D^,  and  (iii.)  any  two  consecutive  terms  are  either  of  the 
form  Ai)««,  ADttw,  or  of  the  form  ADuvDtwi  ADuwDtv^  where  A  is  the  same 
product  of  D's  in  both.  I  first  show  how  to  satisfy  these  conditions 
when  developing 

A  =  (Ai+ Aa)'*  (Dai+Daa)^ ...  {D^i+Dpd\ 

and  then  B  =  {D^+Dj^+D^''^{D^+D^+D^^* ...  (Dpi+2)|«+D^^ 

is  deduced  by  replacing  in  the  last  term  of  A  each  term  of  the  form 
-Dicj  by  D«2+-D«8,  but  in  the  term  before  by  D«8+D«2,  and  in  the  term 
before  that  by  D^i+D^s,  and  so  on.     Similarly 

(Du+...+A/^...(I>pi+...+Dp4)^ 

is  deduced  from  £,  and  so  on. 

The  development  of  A  to  satisfy  the  conditions  (i.),  (ii.),  (iii.)  is  simply 
effected  when  all  the  X's  or  all  the  X's  but  one  are  even,  but  is  a  little 
complicated  when  more  than  one  of  the  X's  are  even.  A  method  is  given 
in  the  paper  by  which  the  development  is  effected  in  all  cases.  It  depends 
ultimately  on  the  proper  arrangements  of  products  of  the  form 

The  first  of  these  is  arranged  by  means  of  the  scheme 


«-(t 


which  means  aj6i,  a,&2>  <hbv  o^^s- 


2 

1 
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The  second  is  arranged  by  means  of  the  scheme 

which  means  dibiCi,  dibiC^^  ^^2^9  ^^2^i»  ^^1^9  ^^1^9  ^^a^n  (x^b^Cq* 

The  rule  for  constructing  the  schemes  is  that  in  any  vertical  column, 
the  pair  of  letters  which  occur  have  their  order  reversed  after  each  entry, 
except  that  the  last  two  entries  are  alike. 
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THE  MULTIPLICATION  OF  CONDITIONALLY  CONVERGENT 

SERIES 

By  G.  H.  Hardy. 

[Read  April  30th,  1908.— Received  May  3rd,  1908.] 

1.  Although  much  has  been  written  concemiDg  the  multiplication  of 
series  according  to  Cauchy's  rule,  the  last  word  has  not  yet  been  said  upon 
the  subject,  and  a  number  of  interesting  questions  connected  with  it 
remain  unanswered.  In  this  paper  I  prove  a  few  simple  theorems  which 
I  believe  to  be  new.  In  §  4  I  prove  th&t  a  sufficient  condition  for  the 
multiplication  of  two  convergent  series  ^Un,  26n  is  that  na^  and  nft, 
should  each  tend  to  zero  as  n  tends  to  infinity.  In  §  8  I  generalise  this 
result  by  showing  (by  the  aid  of  slightly  more  elaborate  analysis)  that  it  is 
sufficient  that  the  absolute  values  of  nan  and  nhn  should  have  an  upper 
limit.  In  §  7  I  establish  a  generalisation  of  a  somewhat  different  kind, 
showing  that  the  conditions 

<t>{n) 

where  ^(n)  is  one  of  a  general  class  of  functions  of  which  logn  is  typical, 
are  sufficient. 

I  have  also  (§  18)  stated  and  indicated  the  proofs  of  some  corresponding 
theorems  for  integrals,  and  I  have  added  (§§  12,  10)  a  generalisation  of 
Mortens'  theorem  and  new  proofs  of  some  results  of  Pringsheim's  con- 
cerning series  of  a  special  form.  I  have  thought  it  worth  while  to  add 
this  last  section,  although  it  contains  no  new  results,  because  the  class  of 
series  to  which  it  refers  is  the  most  natural  and  important  of  all,  and 
because,  so  far  as  I  know,  the  results  have  never  yet  been  proved  with 
anything  like  the  simplicity  which  is  desirable  and  attainable. 

I  wish  to  state  explicitly  that  I  have  not  proved,  either  positively  or 
negatively,  but  particularly  negatively,  as  much  as  I  think  ought  to  be 
capable  of  proof.  In  §  11  I  indicate  some  questions  which  seem  to  me 
of  considerable  interest,  but  which  I  am  at  present  unable  to  answer. 
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2.  I  shall  adopt  the  notation  of  Mr.  Bromwich's  Infinite  Sines 
(pp.  82  et  seq.) ;  i,e,,  I  shall  denote  hy  A,  B,  G  the  series 

ai+«2+a3+--M     ii+62+68+..M     C1+C2+C3+..., 

where  Cn  =  aibn+aobn-i+.^.+dnbi. 

I  shall  also  use  the  letters  A,  B,  C  in  equations  or  inequalities  to  denote 
the  su7m  of  the  series,  when  they  are  convergent ;  and  I  shall  denote  the 
sums  of  the  first  n  terms  of  the  series  by  A^  Bn,  On,  so  that,  e.g.. 

An  =  ai+Oa+.-.+^n. 

8.  The  classical  results  in  connection  with  the  multiplication  of  series 
are  the  following : — 

(1)  Abel's  Theorem. — If  all  three  series  are  convergent^  then  C  =  AB. 

(2)  Cauchy's  Theorem. — If  A  and  B  are  absolutely  convergent,  then 
C  is  absolutely  convergent. 

(3)  Mertens'  Theorem. — If  A  is  absolutely  and  B  conditionally  con- 
vergent,  then  C  is  convergent. 

In  addition  to  these  results,  a  number  of  theorems  have  been  proved 
by  Pringsheim,  Voss,  and  Cajori.*  These  relate  to  the  case  in  which  A 
and  B  are  conditionally  convergent,  but  one  at  least  becomes  absolutely 
convergent  when  its  terms  are  associated  in  certain  groups,  the  number  in 
each  group  being  less  than  some  fixed  number.  I  shall  return  to  some  of 
the  simplest  and  most  important  of  these  theorems  later  on. 

4.  Theorem  A. — If  A  and  B  are  convergent j  and 
nan  -^  0,         nbn  ->  0 
as  w  ->  cx) ,  then  C  is  convergent. 
The  proof  is  very  simple.     For 

Applying  Abel's  partial  summation  lemma  to  the  first  line,  we  obtain 


♦  For  references,  see  Bromwich,  Infinite  Series,  p.  87. 
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If  N  is  such  a  function  of  n  that  N  and  n--N  tend  to  infinity  with  n,  then 

(i)  Af^Bn^i^s-^AB. 

This  is  certainly  the  case  it  Gn<N  <  Hn,  where  G  and  H  are  constants, 
and  0  <  G  <  H  <  1.     But  then 

I  A,bn  +  A^bn-,  +  ...+As-lK^2-N\  <  K{N-1)^, 

{Bian+B^an-i  +  .^.+Bn^NdN+i  I     <  Kin—l^a, 
where  £  is  a  constant,  and  a  and  /3  are  the  greatest  of  the  moduli  of 

respectively.    In  virtue  of  the  restriction  imposed  upon  N^  we  have 

N—l<\n,      U'-NKXn, 
where  X  is  a  constant.    And  we  can  choose  Hq  so  that 
\na\<  elXK,       |  n/S  |<  e/XK, 
for  n > n^.     It  follows  that  for  n^ri^,  we  have 


and  from  (1)  and  (2)  the  conclusion  follows. 


5.  This  theorem  is  not  of  very  wide  application,  the  range  of  series  which  are  only  con- 
ditionallj  convergent,  and  yet  satisfy  the  condition  naw->0,  being  of  course  comparatively 
narrow.    The  simplest  of  such  series  are  those  of  the  type 

_i L_  +  _i 

^(1)    2^(2)     3^(3)     '"' 

where  ^  (n)  is  any  function  which   tends   steadily  to  infinity  with  n,    but   (like  log  n  or 
log  n  log  log  n)  so  slowly  that  the  series  is  not  absolutely  convergent.    Or,  again,  the  series 

2n-i-**    (o>0) 
is  known*  to  oscillate  finitely,  so  that,  if  ^  (n)  is  any  function  which  tends  steadily  to  infinity 
with  n,  the  series  ^         1  ^cos  («_ log  n)      ^  sin(«logn) 

n»—*^(n)*  n<p{n)     *  fup(n)    ' 

are  convergent.    This  result  may  be  extended  (as  in  Mr.  Bromwich's  paper  printed  earlier  in 
this  volume)  to  such  series  as  cos     , 

Bin<*'^^g*-'^) 
'^  n logn  log^n  ...  log^ n  ^ (n)' 

where  log,  n  =  log  log  n,    logs  ^  =  ^^S  ^^Ss  ^  >    •  •  •  i 

and  generally  to  series  of  the  type 


*  See  Landau,  Crelle,  Bd.  cxxv.,  pp.  105-7,  for  references  in  connection  with  this  series. 
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where  /(n)  is  a  function  of  n  such  that  /(n),  /  (n)  are  monotonic,  /(n)  -►  oo ,  /  (n)  ->-0,  and 

2{/'(n)}> 
is  convergent.    Another  interesting  type  is 

^TjUnl  JL_ 
r(l  +  ii)  <p{ny 
The  theorem,  however,  seems  to  me  of  some  interest  in  spite  of  its  comparatively  narrow 
range  of  applicability,  on  account  of  the  simplicity  of  the  conditions  and  the  fact  that  no  use 
whatever  is  made  of  the  notion  of  absolute  convergence.  All  of  Pringsheim's  theorems  depend 
on  the  possibility  of  securing  absolute  convergence  in  one  at  least  of  the  series  A,  B  by  the 
insertion  of  brackets  in  some  prescribed  manner. 

6.  Series  for  which  9ki„— >0  have  another  interesting  property  first  discovered  by  Tauber.* 
The  converse  of  Abel's  theorem  on  the  continuity  of  power  series  holds  for  them — that  is  to 
say,  the  convergence  of  S  a^  may  be  dedticed  from  the  equations 

lim  non  =:  0,        lim  SOnSC"  =  A, 
»•— >-i 

The  fact  that  the  simplest  proof  of  Abel's  theorem  on  the  multiplication  of  series  is  derived 

from  his  theorem  on  the  continuity  of  power  series  suggests  that  Theorem  A  might  be  deduced 

from  Tauber's  theorem.    But  this  proves  not  to  be  the  case,  for  the  equations 

lim  nom  =  0,        lim  nhn  =  0, 

do  not  involve  lim  ncn  =  0. 

Suppose,  e.g.,  that  Oh  -  K  =  —-       )     ^ . 

(n  +  l)v/{log(n^.l)} 

so  that  c„  =  (-l)"  2  ^ 


I  (r  +  l)(n  +  2-r)v/{log(r  +  l)log(n  +  2-r)}* 
It  is  easy  to  see  that,  if  n  is  odd,  the  value  of  r  which  makes  log  (r  + 1)  log(n  +  2— r)  greatest 
is  r  =  i  (n  + 1),  80  that 

log{i(n  +  3)}   I  (»'  +  l)(»  +  2-r)      (n  +  3)log  {i{n  +  3)}    a     r        n' 

and  nc»  certainly  does  not  tend  to  zero.    In  fact  this  line  of  argument  suffices  to  prove  that 
G  is  convergent  only  when  the  more  stringent  conditions 

ny(logn)a»->0,        nv/(logn)  6„->0 
are  satisfied. 

7.  Theorem  A  may  be  generalised  as  follows.     It  is  easy  to  verify 
that  if  ^(n)  is  any  function  of  the  form 

(1)  (log  nY  (log  log  nf  (log  log  log  n)^  . . . 

which  tends  to  infinity  with  n,  then 

we  may  indeed  replace  the  ^(n)  which  occurs  inside  the  curly  bracket  by 
any  other  function  of  n  of  the  same  type  as  y\t  (w). 

*  For  references  see  Bromwich,  Infinite  Series,  p.  251. 
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Theorem  B. — If  A  and  B  are  convergent^  and 

nVr(n)an->0,       -^,->0, 
Y(n) 

where  ^(n)  is  any  function  of  n  of  the  form  (1),  then  C  is  convergent. 

We  have,  as  in  §  1  above, 

+  Bian+B2an-l+.>-+Bn-N(lN+lf 

and  I  Cn-A^B,^i.y\  <  K  \{n-N)a+(N-l)l3\, 

where  a  and  fi  are  the  greatest  of  the  moduli  of  a^+u  a^+z,  ...,  a^  and 
bn+i^Nf  bn+s~Nf  ...,  ^n  respectively. 

We  choose  N  to  be  of  the  same  order  of  greatness  as  nl\fr{n).     Then, 
given  6,  we  can  choose  n  so  that 

^(2V"+1)V'(^+1)'  n+2-N     ' 

and  so  I  C»-^.B,.,_.  I  <  ^e  {^  +  ^  } 


<i:e 


1+ 


,    I    n    1 


<^e. 


From  this  the  theorem  follows.     The  simplest  and  most  interesting 
case  is  that  in  which 

where  0  <  a  <  1  (if  a  >  1   the  first  series  is  absolutely  convergent  and 
the  result  is  a  mere  corollary  from  Mertens'  theorem). 


8.  Another    generalisation  of   Theorem  A,  in   a    somewhat  different 
direction,  is  the  following  : — 

Theorem  C. — If  A  and  B  are  convergent,  and 

\7ian\<  K,         I  nbn  I  <  A^ 

for  all  values  of  n,  then  C  is  convergent. 


•  Of  course  K  is  not  the  same  constant  in  all  these  inequalities. 
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It  is  known*  that 

It  is  also  known  +  that, if  a  series  2c«  is  such  that  (Ci+Ca+.-.+CJ/w  has 
a  limit  as  n  ->  oo ,  then  the  necessary  and  sufficient  condition  for  the  con- 
vergence of  the  series  is 

n 

this  indeed  follows  at  once  from  the  identity 

Ci+2ca+8c8+...+nCn  ^  n+1  ^       0^+0^+. ..+Cn 
n "ir^'^  n  • 

Let  us  denote  the  sums 

ai+2aa+...+nan,     bi+2b^+...+7ibn,     Ci+2c2+...+nCn 

by  An,  Bn,  Cn  respectively.     It  is  easy  to  verify  the  identity 

Gn+Cn  =     aiBn+a2Bn-i+...+anBi 

+biAn+b^An^i+--.+bnAi. 

Also  C,+  C^+...  +  Cn  =  nUB+yn), 

where  yn  -*  0  as  w  ->  oo ,  and  so 

Cn       AB   ,  n-1  _^ 

It  follows  that  the  necessary  and  sufficient  condition  for  the  convergence 
of  C  is  that 

(1)  (X+y)/7i->0, 

where 

( X  =  OiBn+a^Bn-l+'-'+anBi, 

Y=  biAn+b^An-i+...  +  bnAi. 


*  Bromwich,  Infinite  Series ^  p.  83. 

t  This  result  is  due  to  Tauber  and  Pringsheixn.     See  Bromwich,  Infinite  Series,  p.  251, 
for  references. 
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This  condition  can  be  written  in  a  variety  of  di£ferent  forms.     Thus, 
applying  Abel's  lemma  to  X  and  Y,  we  obtain 


(8)  \ 

,Bn+2a9Bn-i+...+nanBi. 


n 


Further,  if  we  put        A„=^  A  +en,    B*  =  -BH-»7n, 
so  that  e«  ->  0,  jyn  ->  0,  we  see  that 

X  =  ^BH+ftien+26a€n-i+...+w6nei, 

r=  -Bi4n+aijyn+2aaJ7»_i+...+^win»7i. 

Since  Anin,  Bnin  each  tend  to  zero,  we  see  that  the  necessary  and  sufficient 
condition  for  the  convergence  of  C  is  that 

(4)  (X'  +  F)/n->0, 
where 

(5)  X'  =  bi€n+2b2€n-i+ ...+nbn€i,     T  =  aiJ7H+2aaJ7n-i+...+waHi7i. 

But,  if  I  na^^  \  <  K  and  |  nhn  \<K,  it  is  clear  that 

<  K  l^ll  +  l^a|+-+I^H|  ^  Q 
n  * 

and  similarly  |  Tjn  \  ->  0. 

Hence  the  theorem  is  established. 

9.  The  simplest  example  of  the  use  of  this  theorem  is  obtained  by 
applying  it  to  the  series 

^   a  ^  a+b  ^  a+2i  ^'"^  a-\'nb  -"'  ' 

We  see  that  any  two  series  of  this  type,  whatever  be  the  law  of  arrange- 
ments of  the  signs,  may  be  multiplied  together,  provided  only  they  are 
convergent.    A  simple  example  is  obtained  by  squaring  the  series 

(1)  l-i-i+i+*+*-+-..., 

in  which  the  number  of  terms  in  each  group  of  signs  increases  by  one  at 
each  step.  That  the  series  is  convergent  is  easily  proved  by  observing 
that  if  we  subtract  from  it  the  series 

(1)  i-i-i+i+i+i-*-... 
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we  obtain  an  absolutely  convergent  series,  and  that  the  series  (2)  is  conver- 
gent and  equal  to  „     (_l)v(^^l) 

.?o  iv(i/+l)  +  r 

The  corresponding  series  in  which  the  numbers  of  terms  in  the  groups 
are  1^,  2*,  8^  ...,  where  k  is  any  positive  integer,  is  also  convergent.  On 
the  other  hand,  if  the  numbers  are  k,  h^,  J(^,  ...,  the  series  oscillates, 
behaving  very  much  like  the  oscillatory  series 

^  cos  (g  log  n)         ^  sin  (a  log  n) 
w  '  n  * 


10.  It  will  be  convenient  to  give  at  this  stage  the  simple  proof  of  some 
of  Pringsheim's  results  to  which  I  alluded  in  §  1.  The  most  important 
case,  and  the  only  one  which  I  shall  consider  here,  is  that  in  which 

an  =  (-ir-v,    6»  =  (-ir-'/3n, 

where  a„  and  fin  are  positive  and  decreasing.  The  generalisations  of 
Gajori  are  rather  artificial,  and  it  seems  to  me  worth  while  to  establish 
the  really  important  results  in  as  simple  a  way  as  possible ;  and 
Pringsheim's  own  proofs  are  far  from  being  the  simplest  possible.* 

Pringsheim's  results  may  be  stated  thus :  if  an,  fin  tend  steadily  to 
zero,  we  Jiave  the  following  alternative  sets  of  conditions  for  the  multipli- 

cation  of  2(-l)-ia,.      2(-l)»-i^,. 

by  Cauchy's  rule  : — 

(1)  it  is  necessary  and  sufficient  tJiat 

yu  =  \Cn\   =  aifin+Ci2fin-l  +  -''+Cinfii-^0  ; 

(2)  it  is  necessary  and  sufficient  that 

(ai+a^+...+aJfin->0,      (fii+fi2+...+fi^  an-^0 ; 

(8)  it  is  sufficient  but  not  necessary  that 

^Clnfin 

should  be  convergent ; 


•  A  simpler  proof  of  one  of  them  is  given  by  Mr.  Bromwich,  Infinite  Series j  pp.  86,  87. 
Even  this  proof  does  not  seem  to  me  as  simple  as  it  may  be  made. 
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(4)  it  is  necessary  but  not  snAoient  that 

slwuld  he  convergent  for  any  positive  value  of  s. 

These  results  may  be  proved  as  follows.    We  observe  first  that,  if 

An  =  ^+(~l)>n.  Bn  =  -B  +  (-l)*(rn, 

we  have  0<pn<  On+U  0  <  o-n  <  fin^l . 

Also  Cn  =  aiJBn+aaBn-1  +  ...+anBi, 

(-ir((7n-^nB)  =  aio-n-aao-n-i+...+(~l)~-'an(ri, 

and  so     |Cn— ^n-B|  <  aiiSn+i+oaiSn+.-.+aniSa  =  yn+i-an+iA- 

From  this  it  follows  that  the  condition  yn->0  is  sufficient  to  ensure 
Cn  -*  AB,  and  that  the  condition  is  necessary  is  obvious.  This  establishes 
Pringsheim's  theorem  (1). 

Again      yn  =  ai^n+Og^n-i+.-.+an^  >(ai+...+an)^n, 
and  similarly  yn  >  (fii+ . . .  +i8^)a„. 

Hence  the  conditions  (2)  are  necessary. 

Also,  if  1/  =  J  (w+ 1)  or  in,  according  as  n  is  odd  or  even,  we  have 

yn  =  ai^n  +  Og^n-l  +  .-.+anA  <  («! +  ««+... +«k)  ^»+ 1-.' 

and  from  this  it  follows  that  the  conditions  (2)  are  sufficient. 
Finally,  if  ^  an  fin  is  convergent,  we  can  choose  /ulq  so  that 

a^fi^+a^+ifi^^i+,,.  +  ayfiy<  e     (jiQ<fi<v), 

and,  a  fortiori,  (a^+a^+i+ . . .  +  aj  /8^  <  c     (/xq  <  m  <  ^)* 

But  when  /m  is  fixed  we  can  choose  i/q,  so  that 

(ai  +  a^+..,  +  a^-i)fi^<  e       (i/q  <  v), 

and  so  (01+03+ . . . +oJ  i8„  <  2e    (i/q  <  v). 

Similarly,  we  can  prove  that  the  second  of  the  conditions  (2)  is  satisfied. 
Hence  condition  (8)  is  sufficient ;  that  it  is  not  necessary  has  been  shown 
by  Pringsheim  by  an  example.* 


•  The  example  is  given  by  o„  =  3„  =  { (n  + 1)  log  (w  + 1)} 


-* 
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Finally,  as  regards   (4),  I  have  nothing  to  add  to  Pringsheim's  own 

proof.     Since  ,     ,       ,        i      %  >3  ^        a 

(ai+aa+...+an)On>  nonPn* 

the  condition  non  i8»  ->  0 

is  necessary.     Thus  n}'^'{anl3n)^^'  ->  0, 

and  so  SCan/Sj^"^*  is  convergent ;  i.e.,  (4)  is  a  necessary  condition. 

11.  Theorems  A,  B,  and  C,  taken  in  connection  with  Pringsheim's 
theorems,  suggest  questions  of  some  interest  to  which  I  am  unable  at 
present  to  give  a  definite  answer. 

Let  us,  for  simplicity,  consider  the  special  problem  of  the  multiplica- 
tion of  the  two  series 

±  1-  ±  2-  ±  8-  ±  ...,       ±  1-'  ±  2-'  ±  S-'  ±  ..., 

where  all  that  is  known  about  the  signs  of  the  terms  is  that  they  are  such 
as  to  ensure  the  convergence  of  each  series. 

If  0  <  s  <  J,  0  <  ^  <  J,  or  more  generally,  if  s,  t  and  s+t  are  all 
positive  and  not  greater  than  unity,  we  can  certainly  choose  the  signs  so 
that  A  and  B  are  convergent  and  C  oscillatory.  It  is  enough  to  take  the 
alternating  series  1"'— 2-'+-..,  1"'— 2"'+... .  The  modulus  yn  of  the 
7i-th  term  of  the  product  series  is 

i  r-(w+l-r)-S 

r=l 

which  tends  to  infinity  with  n,  if  s+t  <  1,  and  to  the  finite  limit* 

P  (to  _         TT 

J^afH-xy"       sinsTr' 
if  s+t=  1. 

On  the  other  hand,  if  s  =  1,  <  =  1,  Theorem  C  shows  that  the  product 
series  is  convergent  for  all  arrangements  of  the  signs.  But  the  argument 
by  which  it  was  proved  does  not  appear  to  be  capable  of  extension. 

Now  let  us  consider  such  a  case  as  that  in  which  s  =  ^  =  },  or  s  =  J, 
^  =  1.  Then  either  (a)  the  product  series  is  always  convergent,  or  (b)  it 
is  possible  to  choose  the  signs  so  that  the  product  series  is  oscillatory.  My 
own  opinion  is  that  (b)  is  true;  i.e.,  that  when  s+t  >  1,  but  at  least  one 


*  In  connection  with  the  representation  of  infinite  integrals  as  the  limits  of  finite  sums, 
see  a  paper  by  Mr.  Bromwich  and  myself,  Quarterly  Journal,  Vol.  xxxix.,  p.  222. 

2  B  2 
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of  s  and  t  is  less  than  1,  we  can  make -4  and  B  convergent  and  C  oscillatory 
by  a  proper  choice  of  signs.  But  I  am  unable  to  support  this  conclusion  by 
an  actual  example.  I  wish  merely  to  point  out  the  considerable  margin  of 
uncertainty  that  still  remains.  In  all  such  cases  as  these,  of  course, 
Pringsheim's  results  show  that  the  product  of  the  alternating  series  is 
convergent. 

It  is  easy  to  see  that  examples  of  the  kind  desired  are  not  likely  to  be 
very  readily  found.     For  the  conditions 

\/n  a»  ->  0,         ^n  K-^O 
are  sufl&cient  to  ensure  Cn  ->•  0,* 

since  |  c"  |  can  never  be  greater  than  in  the  alternating  case.  Moreover, 
the  series  Zcn  is  in  any  case  summable  by  Cesaro's  mean  value,  i.e., 

exists.  Now  series  whose  w-th  term  tends  to  zero,  and  which  are 
summable,  but  not  convergent,  certainly  exist — examples  are  given  by  the 

2sin  Vn       ^  cos  ^n      ^  (--1)^^ 
; ,      ^ ; ,      i- 7 .  • 

Vn  A^n  v^ 

But  such  examples  are  not  particularly  obvious,  much  less  is  it  obvious 
how  to  construct  examples  in  which  the  general  term  is  of  the  form  of 
the  general  term  of  the  product  of  two  convergent  series. 

12.  I  take  this  opportunity  of  also  stating  the  following  generalisation 
of  Mortens'  theorem,  which  I  have  not  seen  before,  although  it  is  not 
strictly  relevant  to  the  main  purpose  of  the  paper. 

If  A  is  absolutely  convergent,  and  B  is  a  fiiiitely  oscillating  series 
wlwse  n-th  term  tends  to  zero,  then  C  is  a  finitely  oscillating  series ;  and 
if  the  limits  of  oscillation  of  B  are  /Si  and  /Sq,  those  of  C  are  A/S^ 
and  A 132. 

To  prove  this,  we  go  back  to  the  equation 

Cn  —  AsBn  +  l-N  =        Aibn  +  A2b,t^i+.,,+As-lbn+i^N 

+Bian+B2an-i+.,.+Bn--NaN+\' 
Let  us  suppose  that  A  is  absolutely  convergent,  and  that  |  JB,,  |  <  A"  for 
all  values  of  v. 

*  It  wUl  be  remembered  (§  6)  that  the  conditions 

nv/(log  n)  an  ->  0,        n/(log  n)  6,  ->  0 
ensure  ncn  ->■  0. 
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First  choose  ^^o  so  tha* 

(1)  |a2^+i|  +  |aN+2|+...<e/i:, 
for  N  ^  Nq.     a  fortiori,  we  have  also 

(2)  |^-^^|<e/iiC. 

When  any  value  of  N  greater  than  Nq  has  been  determined,  we  can  choose 
/^o  so  that 

(8)  I  Aibn+A^bn-l+..,+AN-lbn+2-N\<  €, 

for  n  >  Hq,     From  (1),  (2),  and  (8)  it  follows  that 

I  Cn-AsBn^l-N  I  <  26, 
I  Cn-ABn^i.s  I  <  8e, 

for  n  >  71q,  which  establishes  the  result.  In  the  particular  case  in  which 
A  =  A»  we  obtain  Mertens'  theorem.  It  should  be  observed  that  the 
theorem  is  7iot  true  if  the  condition  6»  -^  0  is  removed.  Suppose,  for 
example,  that  a„  >  0,  and  form  the  product  of 

ai+aa+«8+--M       1  —  1  +  1  —  ... . 
We  easily  see  that  C'2n  =  Og + ^4  + . . . + «2» , 

C2n+l  =  %  +  a8+...+a2n+l> 

so  that  C  oscillates,  but  not  between  the  limits  prescribed  by  the  theorem. 
In  particular  the  product  of 

*+*+i+i+i+...,       1-1  +  1-..., 
converges  to  the  sum  1. 

18.  I  shall  conclude  by  stating  the  theorems  for  integrals  which  are 
analogous  to  some  of  those  for  series  discussed  in  the  preceding  pages. 
But,  as  these  theorems  are  of  much  less  importance,  I  shall  only  outline 
the  proofs. 

Suppose  that  a{x)  and  b{x)  are  continuous  functions,  such  that 

r/»00 
a{x)dxt         I    b(x)dx 

are  convergent  and  have  the  values  A,  B.     And  let 

c{x)=  [a{t)b(x—t)dt=  [a(x-t)b(t)dt. 
Jo  Jo 

A{x)  =  {\(t)dt,      B(x)  =  {'b(t)dt,      C(x)  =  [\{t)dt. 
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Then  it  is  easy  to  prove  the  fonuulsB 

G{x)  =  \^A{{)b{x—t)dt=  ['^A{x—t)b{t)dt 

=  [\{OB{x-t)dt=['aiX'-t)B(t)dt, 

['C(t)dt  =  [  A(t)B{x-t)dt  =  ['  Aix''t)B{Odt. 
Jo  Jo  Jo 

It  is  moreover  easy  to  prove  that,  if  A{x)  and  B(x)  tend,  as  j;->  oo ,  to 
limits  A  and  B,  then 

lim  —['A{t)B(X'-t)dt=zAB. 
*-^«  X  Jo 

It  follows  that : — 

(1)1/  ra(x)dx  =  A,        f    b(x)dx  =  B, 

Jo  Jo 

then  lim  —     dt  \  du\  a{w)b{u—w)dw  ^  AB. 

•^^*  ^  Jo      Jo      Jo 

This  is  the  analogue  of  Gesaro's  theorem  that 

whenever  A  and  B  are  convergent. 

From  this  the  analogue  of  AbePs  theorem  follows  at  once ;  viz., 


(2)  If  C^^f  "* 


is  convergent^  its  value  is  AB. 


(t)b(X'-'t)dt 


There  is  no  difficulty  whatever  in  establishing  the  analogues  of  Gauchy's 
and  Mortens'  theorems,  viz.,  that 

(3)  If  A  and  B  are  absolutely  convergent^  so  is  C  ; 

(4)  If  A  is  absolutely  and  B  conditionally  convergent,  C  is  (absolutely 
or  conditionally)  convergent. 

Gorresponding  to  Theorem  A  we  have 

(5)  If  A  and  B  are  convergent,  and  xa(x)-^0,  xb{x)->0,  as  x->  ao, 
theji  C  is  convergent. 
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Corresponding  to  Theorem  B,  we  have 

(6)  If  <l>(x)  =  (log  a;)* (loga x)^  ...  (logt xY  -►  oo  with  x,  and 

xi>{x)a{x)->0,        ^^^0, 

tJien  C  is  convergent 

Finally,  we  can  show  that  the  necessary  and  sufficient  conditions  for 
the  convergence  of  /•• 

f(x)dx, 

Jo       '      ' 


are 


(i.)    —  fd^  r/(tt)du-^0, 
^  Jo       Jo 

(ii.)    —^  tfitidt-^O; 
X  Jo 


and  from  this  we  can  deduce  the  analogue  of  Theorem  C,  viz. 
(7)  If  \xa{x)\<Ky  I  xb  (x)  \  <  K,  then  C  is  convergent. 
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n  NATURAL  NUMBERS 

(Second  Paper.) 

By  J.  W.  L.  Glaisher. 

[Received  and  Read  June  11th,  1908.] 

Introdttction.     §  1. 

1.  This  paper  is  a  continuation  of  one  having  the  same  title  which 
was  read  before  the  Society  on  May  14th,  1891,  and  was  published  in  the 
Proceedings,  Vol.  xxu.,  pp.  859-410.  It  was  written  in  the  summer  of 
1891,  but  was  laid  aside  while  the  second  part  (relating  to  the  divisors  S') 
was  still  incomplete.  During  the  present  year  I  have  revised  the  manu- 
script of  the  first  part,  which  relates  to  the  divisors  (— l)^"^d,  and  have 
put  into  shape  the  second  part.  I  have  left  the  first  part  nearly  as  it 
stood,  the  principal  change  being  that  I  have  reduced  the  number  of 
examples.*  In  the  second  pari  I  have  followed  the  sequence  of  the 
formulflB  as  originally  worked  out  and  have  added  no  new  results. 

The  theorems  that  relate  to  actual  divisors  seem  to  me,  like  those  in 
the  previous  paper,  to  be  very  curious,  as  they  connect  divisors  of  num- 
bers which  differ  by  fixed  intervals. 

At  the  end  of  the  paper  a  list  of  the  paragraph-headings  is  given, 
forming  a  table  of  contents  of  the  paper. 

Part  I. — Theorems   relating  to  Divisors,   Uneven  Divisors  having  the 
Positive  Sign  and  Even  Divisors  the  Negative  Sign.     §§  2-45. 

FormulcB  derived  from  the  Function  zc.     §§  2,  3. 

2.  Proceeding  as  in  §  25  of  the  previous  paper,  we  have 

__  _  2g^  smx  +  6q'  QinSx  +  lOq'^  sin  5x+,,, 

2q*co8x  +  ^q*  eosSx  +  'iq'*' GOB  5x+.., 


*  In  the  paper  as  originally  written  the  sections  were  numbered  in  continuation  of  those 
of  the  previous  paper ;  but,  appearing  after  so  long  an  interval,  I  have  thought  it  better  that 
the  sections  of  this  paper  should  have  a  separate  numbering. 
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and  also 

— pzcpx  = h  ,    *  a  sin2j;—  -— 2^sm4x+  — -^-sm  6x—,.. 

cos  a;      1— g^  1— g*  1— g" 

where  ^0(7^  denotes  the  sum 

dj,  ig*  •••>  ^/  being  all  the  divisors  of  n.     In  this  expression  any  term 
<f>  (d)  has  the  positive  or  negative  sign  according  as  d  is  uneven  or  even,  so 
that  ^0(n)  is  equal  to  the  sum  of  the  </>'&  of  the  uneven  divisors  of  n 
diminished  by  the  sum  of  the  0's  of  the  even  divisors  of  n. 
We  thus  obtain  the  identical  relation 

+42r  f  (Bin  2nx)q-  =  sin  x+Sq  sin  Bx+Sy"  sin  5x+...  ^ 


C08X  ^  cosx+gcosSx+J^cos  5x+. 

whence,  by  following  exactly  the  process  of  §  26  of  the  previous  paper,  we 
find,  corresponding  to  the  first  formula  of  §  27, 

|1  — (1— 2cosd;)g'  +  (l-2cosa;+2cos2x)g®— ...[  Sf  f  (sin  wx)  ?** 

=  sinn.g--(sina;— 2  sin  2x)g®+(Bina:--2  sin  2x+S  sin  8a;) g®—.... 

8.  Equating  the  coefficients  of  q^,  we  see  that  the  expression 
2J~1)^-^  sin  dx-2«-i(-l)^-M8in  da;— sinW-l)  j:-sin(d+l)  a;[ 
+2a-3(— l)''"M8in^— 8in(d— Da;— sin(d+l)a;+sin(d— 2)a;+sin(d+2)a;} 
+  ... 
is  equal  to  zero,  or  to 

(—1)^-1  {sina;— 2sin2a;+8  sin 8a;— ...+(— 1)^"^</ sin 5ra;[, 

according  as  n  is  not  a  triangular  number,  or  is  equal  to  the  triangular 
number  ig(g+l). 

Definition  of  the  Group  Symbol  6'.     §  4. 

4.  It  is  convenient  to  denote  by  Gr{<t>{d),  \lr{d),  ...}    the  group  of 
numbers 

(-l)^-^0(di),     (-l)*^-»0(ry,     ...,     {-iyO-»0(dy), 

(-iy«i-i^(d,),     (-l/-^V^(d^,     ...,     (-l)ViV^(d^), 
di9  d^y  ...,  df  being  all  the  divisors  of  r. 


426  Dr.  J.  W.  L.  Glaishbb  [June  11, 

Comparing  G'  with  G,  defined  in  §  2  of  the  previous  paper,  we   see 

that  G;|0(d),V^(d),  ...[  is  the  same  as  G  {(— l)^"V(d),  (— D^'-^^CcO,  ...}. 

It  is  supposed  that  —  Gr{0(d),  V^(d),  ...[  has  the  same  meaning  as 


Theorem  relating  to  the  Actual  Divisors  of  n,  n— -1,  n— 8,  .... 

§6. 

5.  The  formula  in  §  8,  regarded  as  a  theorem  relating  to  the  actual 
divisors,  shows  that  the  numbers 

&n{d)-G:.i\d,  -W±l)[+G;_8|d,  -(c7±l),  d±2[-..., 

all  cancel  each  other  unless  n  is  a  triangular  number  igig+l)^  in  which 
case  there  remain  uncancelled 

one  1,    two  (— 2)'s,    three  8's,     four  (— 4)'s,     ...,    g{±gYs, 

if  g  is  uneven,    and    these    numbers    with   the   sign   reversed  if  g   is 
even. 

This,  however,  is  not  a  new  result,  for  it  differs  from  the  theorem  in 
§  8  of  the  previous  paper  only  by  the  reversal  of  the  signs  of  the  even 
numbers.  It  is  evident  that  in  that  theorem,  which  relates  to  the  mutual 
cancellation  of  numbers,  we  are  at  liberty  to  change  the  sign  of  all  the 
even  numbers,  or  indeed  of  all  the  numbers  of  any  given  form. 


General  Theorems  connecting  ^^t  fm-2,  ....     §  6. 

6.  By  taking  Grid)  to  be  2r(— 1)^"^^**,  m  being  uneven,  or  by  equating 
the  coefficients  of  x^  in  the  formula  of  §  8,  we  find  that 

is  equal  to  zero,  if  n  is  not  a  triangular  number,  and  is  equal  to 

(-l)^-Ml'*''^-2'"'''+3~+^-...  +  (— l)^-^Sr«+i}, 
if  n  =  ig{g+l). 

Denoting  by  ^mM  the  excess  of  the  sum  of  the  m-th  powers  of  the 
uneven  divisors  of  n  over  the  sum  of  the  m-th  powers  of  the  even  divisors 
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of  Uj  we  thus  obtain  the  general  theorem 

+2(7/^)3  {f^_2(n-l)+{22-l^f«_2(n-3)+(8^-2^+l^f^-2(^-6)  + 
+2(w),{f^.4(n-l)+(2*-l*)f«._4(n~8)+(3*-2*+l*)f^.4(w-6)  +  ...[ 

+2m{f(M-l)+(2'^-^-l~-^)^(n-8)  +  (8**-^-2*-^+l~-^)^(w-6)+...} 

=  [>"^'-(flr-ir-^^+(gf+2r+^-..,+(-l)^-^  1"-^^], 

where  {m)r  denotes  the  number  of  combinations  of  m  things  r  together, 
and  the  square  brackets  indicate  that  the  quantity  included  by  them  only 
occurs  when  w  =  Jgr(gr+1);  otherwise  the  term  in  []  is  to  be  replaced 
by  zero. 

This  f -theorem  corresponds  to  the  <r-theorem  of  §  11  of  the  previous 
paper,  viz., 

o-m(n)-8<7«(n-l)+6<7«(n-8)-7<7«(n-6)+... 
-2(w)a{(7«-.2(n-l)+(2«+l^cr^_2(n-8)+(3^+2«+l^)(r^_2(n-6)  +  ...[ 

-2w|(7(n-l)+(2«-^+l'*-^)(7(7i-8)+(3*-^+2^-^+l*--^)rr(n-6)  +  ...} 
=  [(-l)^"M?*^'+(9^-ir^'+(9^-2r+'+.-.  +  l"^'f]- 

The  particular  Cases  m  =  1,  8,  5.     §§7,  8. 

7.  By  putting  m  =  1  in  the  general  ^-theorem,  we  have 

f(n)+^(n-l)+f(n-8)+f(n-6)+...  =[y»-(gr-l)«+...  +  (-ir^lT, 

which  is  the  same  as  the  theorem  quoted  in  §  68  of  the  previous  paper, 
for  the  right-hand  member  is  equal  to  [^9(^+1)])  so  that  we  may  write 
the  theorem 

f  (n)+f  (n-l)+f  (n-8)+f  (n-6)  +  ...  =  0, 

if  we  assign  to  f  (0)  the  value  — n. 

Putting  m  =  8,  we  find  in  the  same  manner 

f3(w)+f8(w-l)+fs(^-8)+f8(^-6)+... 
+6{f(n-l)+8f(n-8)+6f(n-6)+10f(n-10)  +  ...[ 

We  may  dispense  with  the  additional  term  (the  right-hand  side  of  the 
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eqoation  being  then  always  zero),  if  we  assign  to  ^,(0)  and  ^(0)  the  values 
n  and  —  Jn  respectively. 

Similarly,  potting  m  =  5,  we  find 

+20-;f3(n~l)+3f3(«~3)+6f3(«-6)  +  ...; 

+10{f(n-l)+15f(n-8)+66f(ii-6)  +  ...f 

=  IW+g)  l(?'+17)*-3(j»+y)+3|]. 

The  general  term  in  the  third  series  is  of  the  form  ^(2^—1)  ((n—t)^  where 
tisA  triangular  nomber. 

We  may  dispense  with  the  additional  term  by  putting 

f5(0)  =  -3w,     iz(0)  =  ^n,     f(0)=-in. 

8.  Using  t  to  denote  any  triangular  number,  we  may  write  the  three 
formulae : — 

2f(n-0  =  [n], 

2f8('i-0+62^f(n-0  =  [2n*-n], 

2f6(»-0+202^f3(n-0  +  102(2<*-0  f  (w-0  =  [4n»-6n*+8n], 

the  summations  extending  from  ^  =  0  to  t  =  the  triangular  number  next 
inferior  to  n. 

As  already  mentioned,  we  may  dispense  with  the  additional  term  (the 
right-hand  side  of  the  equation  being  then  zero),  if  we  extend  the  summa- 
tion so  as  to  include  n,  when  n  is  a  triangular  number,  and  put  ^(0)  =  ~  n 
in  the  first  formula,  ^3(0)  =  n  and  ^(0)  =  — ^n  in  the  second,  and 
^5(0)  =  -3w,  ^3(0)  =  In,  f(0)  =-ln  in  the  third. 


Second  Theorem  relating  to  the  Actual  Divisors  of  /i,  m— 1,  n— 3,  ... . 

§§9-12. 

9.  It  is  easily  seen  that  the  series  l^i  a- {sin  fix)  q""  is  converted  into 
2rf(sinna?)g*  by  replacing  j:  by  x— x.  It  is  unnecessary,  therefore,  to 
work  out  independently  the  f-formulae  which  give  rise  to  the  divisor 
theorems,  as  we  in^y  deduce  them  from  the  corresponding  (r-formulse 
obtained  in  the  previous  paper.  Thus,  for  example,  the  formula  at  the 
end  of  §  2  might  have  been  deduced  from  the  first  formula  in  §  27  of  the 
previous  paper  by  substituting  x— x  for  x. 
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If  the  original  formula  involves  or  (sin  2wa;)  instead  of  (r{sinhx),  it  is 
evident  that  we  are  to  replace  x  by  Jtt— x. 

10.  Putting  Jtt— a;  for  x  in  the  first  formula  of  §  28  of  the  previous 
paper,  we  obtain  the  equation 

2 (cos x+qcos  8a; 4-?^  cos  6x+...)l.T  ^ (sin  2nx) q"" 

=  (sin  Sx+sin  x)q+(2  sin  5a; + sin  8a;— sin  x)  q^ 

+(8  sin  7a;+sin  5a;— sin  8a;+sin  x)q^+,.., 

the  general  term  on  the  right-hand  side  being 

grsin(2gr+l)a;+8in(2gr— l)a;— sin(2gr— 8)a;+...+(— l)^"^sina;. 

By  equating  the  coefficients  of  g^,  we  thus  obtain  the  formula 
2n(-l)'*-'  |sin(2(Z-l)a;+8in(2(Z+l)«l 
+2n-i(-l)^'"^  {sin (2d-8) a;+sin  {2d+S)x\ 
+2n-3(-l)^"M8in(2d-5)  a;+8in(2d+5)  x\  +... 
=  0  if  n  is  not  a  triangular  number,  and 

=  g  sin  (2gr+l)^+sin(2gr— Dx— sin(2gr— 8)a;+...+(— 1)^-^  sin  x 
if  n  is  the  triangular  number  ^gig+l). 

11.  This  equation  shows  that  the  numbers 

G:&d±l)+G:^i{2d±S)+0'n-z(2d±6)  +  .,., 

all  cancel  each  other  unless  n  is  a  triangular  number  Igig+l)^  in  which 
case 

g{2g+iy8,     one  (2gr-l),     one  -(25^-8),     one  (2gr-5),     ...,     one  (±1) 

remain  uncancelled. 

In  forming  the  scheme  of  numbers  given  by  this  formula,  we  take  the 
divisors  d  of  n  and  form  the  numbers  2d!±l,  we  take  the  divisors  d  of 
w— 1  and  form  the  numbers  2d  ±3,  and  so  on  ;  we  then  change  the  sign 
of  all  the  numbers  derived  from  the  even  divisors. 

Thus,  taking  n  =  9,  and  writing  the  divisors  themselves  in  the  middle 
line,  enclosed  in  brackets,  we  form  the  schema 

8,  7,  19,  5,  7,  11,  19,  7,  9,  11,  17,  9,  18, 
(1,  8,  9),  (1,  2,  4,  8),  (1,  2,  8,  6),  (1,  8), 
1,  5,  17,     -1,  1,     5,  18,      -8,  -1,     1,     7,     -6,  -1; 
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we  then  change  the  signs  of  all  the  numbers  which  stand  above  or   below 
the  even  divisors,  thus  obtaining  the  numbers 

8,  7,  19,      5,  -7,  -11,  -19,      7,  -9,  11,  -17,      9,    18, 
1,  5,  17,  -1,  -1,    -5,  -18,  -8,      1,    1,    -7,  -5,  -1, 

which  cancel  one  another  completely,  as  they  should  do,  since  9  is  not  a 
triangular  number. 

As  a  second  example,  taking  n  =  10,  so  that  ^  =  4,  we  first  form  the 
scheme 

8,  5,  11,  21,         5,  9,  21,         7,  19,         9,    11,  16, 

(1,  2,     5,  10),       (1,  8,     9),       (1,     7),       (1,      2,     4), 

1,  8,     9,  19,     -1,  8,  15,     -8,     9,     -5,  -8,     1, 

giving,  after  changing  the  signs  of  the  numbers  above  and  below  the 
even  divisors, 

8,  -5,  11,  -21,      5,  9,  21,      7,  19,      9,  -11,  -16, 

1,  -8,    9,  -19,  -1,  8,  15,  -3,    9,  -5,        8,    -1, 

in  which  the  numbers  that  remain  after  the  cancellation  are 

9,  9,  9,  9,  7,  —5,  8,  —1. 

12.  It  will  be  observed  that  we  may  derive  the  final  system  of  num- 
bers directly  from  the  divisors  if,  in  writing  down  the  latter,  we  attach 
the  negative  sign  to  the  even  divisors.  Thus,  in  the  case  of  n  =  10,  we 
may  form  at  once  the  scheme 

8,-8,11,-19,  5,9,21,  7,19,  9,        8,    -1, 

(1,-2,    6,-10),        (1,8,    9),       (1,    7),        (1,    -2,    -4), 

1,  -5,    9,  -21,      -1,  8,  15,      -8,    9,      -5,  -11,  -16, 

in  which  the  number  above  any  number  e  in  the  middle  or  divisor  line, 
whether  e  be  positive  or  negative,  is  26+ 1>  and  the  number  below  it 
is  26—1. 

Comparison  between  the  corresponding  cr  and  f  Divisor  Theoreins. 

§§  18-15. 

18.  It  is  interesting  to  compare  the  theorem  in  §  11  with  the 
corresponding  result  in  §  29  of  the  previous  paper.     The  latter  theorem 
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which  was  obtained  from  a  (r-formula  involving  cosines  relates  to  the 
absolute  magnitude  (irrespective  of  sign)  of  the  numbers  derived  from 
the  divisors,  but  the  actual  numbers  which  occur  are  the  same. 

Take,  for  example,  n  =  7,  which  is  not  a  triangular  number.     In  the 
case  of  the  or-theorem  (§  29  of  the  previous  paper),*  we  first  form  the  scheme 

8,  15,       5,  7,  9,  15,       7,  9,  18,       9, 

(1,    7),     (1,2,8,    6),     (1,2,    4),     (1), 

1,  18,       1,  1,  8,    9,       8,  1,    8,       5, 

in  which  the  upper  line  consists  of  the  values  of  2i+l.  •••,  and  the  lower 
line  of  the  values  of  2(Z— 1,  ...,  all  taken  with  the  positive  sign,  i.e.,  when 
the  number  is  negative  the  sign  is  to  be  changed  and  so  made  positive. 
We  then  change  the  signs  of  the  numbers  in  the  upper  line  of  the  first 
group,  in  the  lower  line  of  the  second  group,  in  the  upper  line  of  the  third 
group,  and  so  on,  thus  obtaining  the  numbers 

-8,  -15,      5,      7,      9,    15,  -7,  -9,  -18,      9, 
1,      18,  -1,  -1,  -3,  -9,      3,      1,        8,  -5, 

all  of  which  cancel  one  another. 

In  the  case  of  the  ^-theorem,  following  the  procedure  of  §  11,  we  first 
form  the  scheme 


3,15, 

5.  7,  9,  15, 

7,      9.13, 

9, 

(1,    7), 

(1,2.3,    6), 

(1,      2,    4), 

(1), 

1.18, 

-1.1.8,    9, 

-8,  -1.    3. 

-5, 

in  which  the  upper  line  consists  of  the  values  of  2d+l,  ...,  and  the  lower 
line  of  the  values  of  2(Z— 1,  ...,  the  latter  having  their  proper  signs.  We 
then  change  the  signs  of  the  numbers  in  the  columns  in  which  the  even 
divisors  occur,  thus  obtaining  the  numbers 

8,  15,      5,  -7,  9,  -15,      7,  -9,  -18,      9, 
1,  18,  -1,  -1,  8,    -9,  -8,      1,    -3,  -5, 

all  of  which  cancel  one  another. 

14.  If  we  start  in  both  cases  with  the  scheme  containing  the  2d+l,  ... 
and  2(2—1,  ...  numbers  (the  latter  with  their  proper  signs),  we  see  that 


•  This  mode  of  statement  of  the  <r-theorcm  is  slightly  changed  from  §  29  of  the  previous 
paper  for  the  sake  of  the  comparison. 
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in  the  one  process  we  first  change  the  signs  of  the  negative  numbers  (so 
as  to  make  all  the  signs  positive),  and  then  change  the  signs  of  the 
numbers  on  the  upper  and  lower  lines  of  each  group  alternately,  while  in 
the  other  process  we  merely  change  the  signs  in  the  columns  depending 
upon  the  even  divisors. 

Taking  as  another  example  7i  =  6,  which  is  the  triangular  number 
corresponding  to  g  =  S,  we  form  the  scheme 

8,  5,  7,  18,  6,  18,  7,  11, 

(1,2,8,    6),        (1,    5),        (1,    8), 

1,8,6,11,      -1,    7,      -8,    1, 

in  which  the  upper  line  contains  the  numbers  2d+l,  2(Z+3,  ...,  and  the 
lower  line  the  numbers  2df— 1,  2d— 8,  ...  (with  their  proper  signs). 
The  or  process  gives 

-8,  -6,  -7,  -18,      5,    18,  -7,  -11, 

1,      8,      6,      11,  -1,  -7,      8,        1, 

leaving  uncancelled  —  7,  —7,  —7,  5,  8,  1 ;  and  the  f  process  gives 

8,  -5,  7,  -18,      5,  18,      7,  11, 

1,  -8,  5,  -11,  -1,    7,  -8,    1, 

leaving  uncancelled  7,  7,  7,  5,  —8,  1. 


15.  The  numbers  yielded  by  the  two  processes  differ  only  by  the 
reversal  of  sign  of  those  which  are  of  the  form  ^k+S.  The  reason  for 
this  may  be  seen  as  follows. 

Considering  first  the  upper  line  of  the  scheme,  which  contains  the 
values  of  2(Z+1»  2(Z+8,  ...,  we  see  that,  in  the  case  of  n,  even  values  of 
d  produce  numbers  of  the  form  44+1,  and  uneven  values  of  d  produce 
numbers  of  the  form  ^k+S  ;  in  the  case  of  n— 1,  even  d's  produces  num- 
bers of  the  form  4t+8,  and  uneven  d's  produce  numbers  of  the  form 
4A:+1,  and  so  on.*  Thus,  writing  the  forms  of  the  numbers  derived  from 
even  d's  first,  and  the  forms  of  those  derived  from  uneven  d'&  second,  we 


*  Of  oourse  when  n,  or  n*l,  ...  is  uneven  there  are  no  even  divisors,  but  this  does  not 
a^eot  tl^e  argument. 
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see  that  the  forms  of  the  numbers  in  the  upper  line  are 

U+1,  ^k+S\4k+S,  4k+l    4A:+1,  44+3 
{n)  I         (71-1)  (n-8) 

By  the  first  process  we  obtain  numbers  of  the  forms 

-(4^+1),  -(4i+8)  I  4i+8,  4^+1  I  -(4^+1),  -(4^+3)  |  v.., 

and  by  the  second  process  numbers  of  the  forms 

-(4i+l),  (4^+3)  I  -(4^+8),  4^+1  I  -(4^+1),  4i+8  |  ..., 

so  that  the  results  differ  only  by  a  change  of  sign  in  the  numbers  of  the 
form  4A;+3.  Passing  now  to  the  lower  line,  which  contains  the  values  of 
2d— 1,  2d— 8,  ...  (with  their  proper  signs),  an  exactly  similar  argument 
applies  to  the  positive  numbers ;  but  in  the  case  of  the  negative  numbers, 
the  same  reasoning  shows  that  the  numbers  given  by  the  two  processes 
have  the  same  sign  when  of  the  form  4i+8,  and  opposite  signs  when  of 
the  form  ^k+1.  If,  therefore,  we  change  the  signs  of  all  the  negative 
numbers  in  the  lower  line  (as  is  done  in  the  first  process),  we  always 
obtain  by  the  two  processes  numbers  which  have  the  same  sign  when  of 
the  form  4A:+1,  and  have  opposite  signs  when  of  the  form  4A:+8. 

Second  General  Theorem  connectvig  f.^,  fw-2»  •-.  •     §§  16,  17. 

16.  By  replacing  Gr(d)  by  2r(— l)''"^d~,  m  being  uneven,  in  the 
formula  of  §  11,  or  by  equating  the  coefficients  of  x^  in  the  formula  of 
§  10,  we  obtain  the  general  numerical  theorem 

+  ^^'  {fm-2(n)+8^f„.-2(n-l)+5^f^-2(n-8)+7t.-2(/i-6)+...} 
+  ^'  lf«-4(n)+8^f„.-4(n-l)+5tm-4(^-8)+7tm-2(n-6)+...} 


+  2^{f(^)+8*-^f(n-l)+5--^f(n-3)+7--^f(n-6)+...} 

_  rfl^(2(y+l)"+(2jy-l)"-(2flr-3)^+...+(-l)^-'  I'l 

the  square  brackets  indicating,  as  before,  that  the  quantity  included  only 
occurs  when  n  =  ig{g+l). 

8SR.  2.     VOL.  6.      NO.  1002.  2    F 
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17.  The  corresponding  (r-theorem,  which  was  given  in  §  82  of  the 
previous  paper,  is 

(r»(n)-8(r„(»-l)  +  5<r«(n-3) -7<r«(n-6)  4-... 
+  ^  {<r«_,(n)-3V«_,(n-l)+5V«_4(n-8)-7V«_,(n-6)+...} 


^1  {(r(n)-3"'<r(n-l)+5"<r(n-8)-7"<r(n-6)  +  ...} 


2 


_  [(  .x.-i.'y(2«y+ir^'-(2«7-ir^^-(2.(7-8r^'-...-i"^n 

L^       '  2"+Mm+l)  J' 


The  particular  Gases  m  =  1,  8,  5.     §§  18,  19. 

18.  Patting  m  =  1  in  the  general  formula  of  §  16,  we  find 

?(»)+f(»-l)+f(n-8)4-f(n-6)+...  =  [igig+i)'], 

which  is  the  formula  quoted  in  §  68  of  the  previous  paper,  and  already 
obtained  in  §  7  of  the  present  paper.     We  may  dispense  with  the  addi- 
tional term  by  putting  f  (0)  =  —  n. 
Putting  w  =  8,  we  find 

+|{f(n)+8''f(n-l)+5»f(n-8)+7»f3(«-6)  +  ...} 

We  may  dispense  with  the  additional  term  by  putting 
f8(0)  =  Jn,        f(0)  =  -Jn. 
Putting  m=  5,  we  find 

+f   {Un)+9%{n-l)+5'C^{n-S)+7%{n-6)+...\ 
+AK  («)+3*f  (.n-l)+5*t  (n-3)+7*f  (n-6)  +  ...} 

=  U^(&'+9)  {l&i9'+9)'-6(g'+g)+13}l 
We  may  dispense  with  the  additional  term  by  putting 

f J  (0)  =  -n,        f ,  (0)  =  ^gn,        f  (0)  =  -  ^n. 

19.  Using  the  notation  employed  in  §  18  of  the  previous  paper — ^vIe^ 
putting  t  =  ^(,i+l),  so  that  t  is  the  »-th  triangular  number,  and  patting 
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c  =  2i+l,  so  that  t  and  c  are  connected  by  the  relation  ^  =  ^  (c^— 1),  we 
may  write  the  three  preceding  formulae  in  the  form 

where,  as  in  §  8,  the  summations  extend  from  ^  =  0  to  ^  =  the  triangalar 
number  next  inferior  to  n.  We  may,  of  course,  dispense  with  the  addi- 
tional term  by  extending  the  summation  so  as  to  include  n,  and  assigning 
to  f  (0),  to  f  (0)  and  ^3(0),  ...  the  same  values  as  in  the  preceding  section. 


The  Notations  H,  H\  BT',  ...,  H^,  ^4,  ...  for  the  Series.     §§  20,  21. 

20.  It  is  convenient  to  have  a  compendious  notation  for  representing 
the  classes  of  series  which  occur  in  §§  8  and  19.     Let,  therefore, 

H<p(n)  =  0(n)  +  ^(n-l)+0(n-3)+^(n-6)  +  ..., 

H'<f>(n)  =  0(n— l)+3^(n— 8)+6^(7i— 6)  +  ..., 

H''</>(n)  =  ^(n-l)+8V(n-8)+6V(w-6)+..., 

so  that,  in  general,         H^^^if>(n)  =  'EtZo  f<p{n'-(), 

w  being  the  triangular  number  next  inferior  to  n. 
Also,  let 

Hc,<t>{n)  =  0(n)+8V(n-l)  +  5V(n-8)+7V(w-6)+..., 

so  that,  in  general,         H^<t*{n)  =  2{=jrc*''^(n— ^). 

It  is  supposed  that  H^tf^in)  and  H^^^<p(n)  are  the  same  as  H<p{n). 

21.  Since  ^  =  J(c^— 1),  we  may  easily  express  H',  H"^  ...  in  terms 
of  ffj,  if 4,  . . . ;  for 

flr'^(n)  =  2^^(n— 0  =  J2(c^-1)  ^(n-0  =  J  {ffa0(n)-fl'^(n)}. 

SimUarly  fl"^  (^)  =  ^\  (H^-iH^+H)  ff^^n), 

2  F  2 
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and,  in  general, 

Ht')^(„)  =  i,  \H,r-rH,r-2+-~-H,r-4-...  +  i-lYH]  <f>(n). 

Conversely,    Hi<f>{n)  =  2(1+80  ^(n-<)  =  H<l>{n)+8H'<p(n), 

Hi<j>{n)  =  (fl'+16fr'+64fl")^(n), 
and,  in  general, 

Belations  between  the  ^-formulce  of  %%  8  and  18.     §§  22,  23. 

22.  Expressed  in  the  H  notation,  the  formulsB  of  §  8  are 

fff  («)  =  M, 

HUn)+QH'^{n)  =  [2n>-n], 

H^i(n)+20H'^t(n)+20H"C{n)-10H'^(n)  =  lin'-Qn^+Sn], 
and  those  of  §  19  are 

23.  The  two  sets  of  formuleB  are  deducible  the  one  from  the  other,  for 
taking  the  second  formula  of  the  first  set  and  substituting  ^{H^—H^  for 
H',  we  obtain 

HSs(n)+'iHd(n)  =  iH^(n)+l2n'^n']  =  [t7i]+[2n^-^^]  =  [2n^-in], 

which  is  the  second  formula  of  the  second  set. 

♦  I  found  a  similar  notation  useful  in  the  treatment  of  the  series  which  occur  in  connec- 
tion with  the  rr-formuljp — viz.,  putting 

/^Xn)  =  {-If  2]::; {-If  ^''^  ct^<t>(n^tl 
and  er2r*i0(n)  =  2;:n-l)*-'"''c'''*'^(n-«) 

(so  that  J'!^'  and  Jq  are  the  same  as  J),  we  obtain  relations  between  J',  J",  ....  and  /,,  Jj,  ..., 
which  are  exactly  analogous  to  the  above  relations  between  IT.  IF',  ...  'and  H,  fl",,  ... 
(Messenger  of  Matlieinaticsy  Vol.  xxi.,  1891,  pp.  64-64). 
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if  p  be  uneven,  where  ^(^+1)  is  the  triangular  number  next  superior 
to  n. 

The  square  brackets  in  the  formula  indicate  that  the  absolute  value  of 
the  quantity  included  is  to  be  taken.* 

25.  This  result  is  not  a  new  one,  as  it  differs  from  the  corresponding 
theorem  in  §  46  of  the  previous  paper  only  by  a  reversal  of  the  signs  of 
the  numbers  derived  from  the  even  divisors.  It  is,  however,  interesting 
to  examine  the  new  form  of  the  theorem. 

Taking,  as  an  example,  n  =  6,  so  that  ^  =  4,  we  form  the  scheme 


2. 

3, 

4, 

7 

8, 

7, 

8, 

4. 

6 

4.      6,       4,      5,      4 

(1. 

% 

8. 

6) 

(1, 

5), 

(1, 

2, 

4) 

(1,      3),     (1,      2).    (1) 

-0, 

-1, 

-2, 

—5 

-1,  • 

-3, 

-1, 

-0, 

-2 

-2,  -0,   -2,  -1,  -2 

in  which  the  central  line  of  the  first  group  contains  the  divisors  of  6,  the 
central  line  of  the  second  group  the  divisors  of  5,  4,  and  the  central  line 
of  the  third  group  the  divisors  of  8,  2,  1.  We  add  1  to  the  divisors  in  the 
first  group,  2  to  those  in  the  second,  and  8  to  those  in  the  third,  writing 
the  numbers  above  the  divisors  ;  and  we  subtract  1  from  the  first  group, 
2  from  the  second,  and  8  from  the  third,  writing  the  numbers  below  the 
divisors  and  prefixing  the  negative  sign  to  all  which  have  not  that  sign 
already.  We  then  change  the  signs  in  the  columns  derived  from  the 
even  divisors,  thus  obtaining  the  numbers 

2,  -8,      4,  -7,      8,      7,      8,  -4,  -6,      4,      6,      4,  -5,      4 

-0,      1,  -2,      5,  -1,  -3,  -1,      0,      2,  -2,  -0,  -2,      1,  -2 

all  of  which  cancel  one  another  with  the  exception  of 

-0,  -2,  -2,  4,  4,  4. 

26.  We  may  exhibit  the  above  process  in  a  slightly  more  compendious 
form  as  follows. 

Starting,  as  before,  with  the  divisors  separated  into  groups  of  one,  two, 
three,  ...,  we  place  the  numbers  d+1,  ^+2,  ...  above  or  below  according 
as  d  is  uneven  or  even  ;  and  we  place  the  numbers  d— 1,  (Z— 2,  ...  (attend- 
ing only  to  their  absolute  magnitude)  below  or  above  according  as  d  is 
uneven  or  even.  The  theorem  then  asserts  that,  after  cancelling  the 
numbers  common  to  the  upper  and  lower  lines,  there  will  remain  in  the 

*  But,  of  course,  [<p  (cQ],  when  occurring  in  a  G'-group,  is  affected  like  aU  other  quantities 
in  the  group  (j  4)  by  the  sign  (— l)*'-^ 
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apper  line  (p— l)2?'s,  and  in  the  lower  line  one  0,  two  2's,  two  4*s,  ..., 
two  (p— 2)'s  or  two  I's,  two  8*8,  ...,  two  (2?— 2)'s,  according  as  p  is  even 
or  uneven. 

As  an  example,  take  n  =  8,  so  that  j?  =  4  as  before.     The  scheme  is 


2,  1,  3,  7  I  8,  9,  8,  0,  5,  4  4,  8,  4,  1,  1,  4,  6 
(1,  2,  4,  8)  (1,  7),  (1,  2,  8,  6)  |  (1,  5),  (1,  2,  4),  (1,  8) 
0,  8,  5,  9  :  1,  5,     1,  4,  1,  8  i  2,  2,     2,  5,  7,     2,  0 


5,2,     5 

(1,  2),  (1) 
8,6,     8 


in  which,  after  the  cancelling,  three  4's  remain  in  the  upper  line  and 
0,  2,  2  in  the  lower. 

27.  Comparing  this  form  of  the  theorem  with  that  given  in  §§  48 
and  49  of  the  previous  paper,  it  will  be  seen  that  the  only  difference  in 
the  formation  of  the  two  schemes  is  that,  taking,  for  example,  the 
numbers  (2+l>  ^+2,  ...,  these  are  placed  in  the  (r-scheme,  above  and 
below  in  the  alternate  sets,  and  that  in  the  ^-scheme  they  are  placed 
above  and  below  according  as  the  divisor  is  uneven  or  even.  The  final 
result  (after  the  cancelling)  is  slightly  more  regular  in  the  new  form,  as 
the  (p— l)2?'s  are  always  left  in  the  upper  line. 


Theorem  connecting  fm,  fm-2,  ...,  the  arguments  being  the  first  n  Natural 

Numbers.     §§28-80. 

28.  The  ^-theorem  deducible  from  §  24  is 

f«(n)+2K,.(n-l)Kn.(n-2)}+8{^(n-8)Kni(^-4)+fJn-5)}+... 
+i(m)a[f„.-2(n)+2»K,».2(n-l)+fm-2(n-2)}+8M. ..}+...] 
+i(m)4[fn-4W+2Mfm-4(n-l)+fm-4(n-2)}+8M... }+...] 

+i(^)2K3W+2~-Mf3(w-l)+f8(n-2)H.8«-M. ..}+...] 
+f(n)+2-K(n-l)+f(w-2)H-8«  {...}  +  ... 

=       1        |««.+2  .  „n.+i_2  /l'^+^+8~+^+...+i?'"^^  (P  uneven)\) 
2(m+l)  I        ^^  \2'*+^+4*+^+...+p**+Ml>even)    )r 

where,  as  before,  ^(j>+l)  is  the  triangular  number  next  superior  to  n. 
It  follows,  from  §  58  of  the  previous  paper,  that  the  right-hand  member 
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of  this  equation,  for  all  values  of  p^  is  equal  to 

2(w+2)     ^1^^^     8     2^  5      8^       -r...X^       i(m+l)' 

where  Br  denotes  the  r-th  BemouUian  number. 

29.  The  corresponding  (r-theorem  (§  54  of  the  previous  paper)  is 
<7«(w)-2  |(r^(n-l)+<rm(w-2)}  +8  |(r«(/i-8)+(r^(n-4)+(r^(n-6)}  -... 
+J(m)j  [(r«_2(n)-2«  {(r«.2(n-l)+<r«.2(n-2)}  +8»  {...}-...] 

+(r(n)-2Mo-(n-l)+(r(n-2)}+8'^  {...}-... 

^     ^l2(m+2)      ^^P  ^"^     3      2^  -  i(w+irJ 

Thus  the  two  formulae  only  differ  in  the  signs  of  the  alternate  sets  of 
terms,  and,  when  p  is  uneven,  in  the  sign  of  the  right-hand  member. 


80.  As  in  the  case  of  the  or-theorem,  we  may  represent  all  the  terms 
of  the  right-hand  member,  excepting  only  the  first     y  ,  by  including 

the  terms  f(0),  fgW*  •••!  fw(0)i  and  assigning  to  them  the  values 

m  =  B,,     ^8(0)  = -2^1^,     f5(0)  =  2*|2, 

i  (m+l) 
which  are  independent  of  both  m  and  n. 

These  values  are  equal  and    opposite  in  sign  to  those  assigned   to 
(r(0),  ...,  (rflt(O)  in  §  55  of  the  previous  paper. 

Th'C  Particular  Cases  m  =  1,  3,  5.     §  81. 
31.  Putting  m  =  1,  we  find 
^(n)+2  {f  (n-l)+f  (n-2)} +3  K(n-8)+f  (7«-4)+f(n-5)  j +... 
•=4p(i>'-l), 

which  was  given  in  Vol.  xv.  (1884),  p.  118,  of  the  Proceedings  of  this 
Society,  and  also  in  Proc.  Gaytib,  Phil.  Soc,  Vol.  v.  (1884),  p.  117. 
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Similarly,  putting  w  =  8, 
f8(n)+2|f3(n-l)+f8(n-2)}+8  {...}+..- 

and,  patting  m  =  5, 

f5(n)+2  K5(n-l)+f6(n-2)}+8  {,,,}+... 

+       fW+2Mf(^-l)+n^-2)}+8M. ..}  +  .-. 

=  tJiiP(p'-1)(V-12p'+16). 

Second  Theorem  connecting  the  Actual  Divisors  of  all  Numbers  from 
unity  to  n.     §§  82,  88. 

82.  From  §  57  of  the  previous  paper  by  substituting  tt— a;  for  x,  we 
find 

jl+2cosx(3+g^+(l+2co8  2a;)(3»+?'+?') 

+(2co8a;+2cos8a:)(g«+...+g^  +  ...[2rf(8inna;)g'* 

=  8ina;(g+3^+2  8in2a;(g«+3*+3^)+(8ina:+8sin8a:)(j«+...+g^  +  ...  • 
This  equation  shows  that  the  numbers  given  by  the  formula 

G:{d)MGn-i+Gn^2){d±l)  +  {G'n-z+Gn-4+GU)(d,d±2) 
+  (G;.«+...+G;-9)(d±l,  d±8)  +  ..., 
all  cancel  one  another  with  the  exception  of 

one  1,  three  3's,  five  5's,  ...,  (2?— l)(p— l)'s,  if  |>  be  even, 
and  two  2's,  four  4's,  six  6's,  ...,  (^— 1)(^— l)'s,  if  2?  be  even, 
where,  as  before,  ^ip+l)  is  the  triangular  number  next  superior  to  n. 

88.  This  result  differs  from  the  theorem  of  §  58  of  the  previous 
paper  only  by  the  reversal  of  the  signs  of  the  numbers  derived  from  the 
even  divisors,  and  the  new  form  of  the  theorem  stands  to  the  old  in  the 
same  relation  as  the  theorem  of  §  24  stands  to  that  of  §  46  of  the  previous 
paper. 
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Second  Theorem  connecting  fm,  fm-2,  ...  0/  all  Numbers  from  unity  to  n. 

§84. 

84.  The  f-theorem  deducible  from  §  82  is 
f«(n)+2{f«(n-l)+f^(n-2)}+8{f^(n-8)+f^(n-4)+^(n-6)H-... 

+2(m)a  K«_2(^i-l)+ftn-2(n-2)+2\next  three) + (1^+8^  (next  four)  +  ...  [ 
+2(m),|f«.4(n-l)+fm-4(n-2)+2n        „        )+(l*+8*)(       „       )+...} 

+2m  If  (71— l)+f  (n-2)  +  2*«-Unext  three) +  (l'''"'+8'^-^)(next  four)+...  [ 

=  4£^+i?"^^+(m+l),Bir-2^(m+l)8^P^-^+..., 

where  iHl+1)  is  the  triangular  number  next  inferior  to  n,  or  equal  to  n 
according  as  n  is  not  or  is  a  triangular  number. 

This  formula  differs  from  the  corresponding  (r-formula  (§  61  of  the 
previous  paper)  only  in  the  signs  of  the  alternate  sets  of  terms,  and,  when 
I  is  uneven,  in  the  sign  of  the  term  on  the  right-hand  side. 

The  Particular  Gases  m  =  1  and  8.     §  85. 

85.  Putting  w  =  1,  we  find 
f(n)+2K(n-l)K(n-2)}+3{f(n-3)+f(n-4)+f(^-5)}+... 

and  substituting  p—1  for  I,  the  right-hand  member  becomes  Hp'—p) 
agreeing  with  §  31. 
Putting  m=  B, 

?8(»)+2 K3(«-l)+f8(»-2)} +8  {-}+••• 

+6  {  f(n-l)4-f(n-2)+  ^^  (next  three)+  ^^  (next  four)+...  | 

that  is,  f8(»)+2{f8(»-l)+f3(»-2)[ +8  {...}+... 

+(28-2)  {f  („_l)+f  (n_2) }  +(3«-3)  {...}  +(4''-4)  ] ... }  +... 

which  is  easily  verified  by  means  of  the  formulas  in  §  31. 
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of  all  the  even  numbers),  though  in  its  new  form  it  is  different  in  appear- 
ance and  simpler  in  statement. 

The  theorem  of  §  65  of  the  previous  paper  is  that  the  numbers  given 
by  the  formula 

G«|d±0, -((Z±l)}-Gn-i{d±l, -(d±2)H-G.-8{d±2, -(d±8)^-... 
all  cancel  each  other,  unless  7i  is  a  triangular  number  j^gig+l),  in  which 
case  (gf+l)(—?ys  and  gr(^+l)'8,  or  {g+l)g'Q  and  g  \—(g+l)}*B  remain 
uncancelled,  according  as  g  is  even  or  uneven.  Zeros  are  not  to  be  taken 
account  of. 

Writing  the  formula  in  the  form 

Gn{d±0,-(d±l)}+(?n-l{-(d±l),d±2H-Gn-8{rf±2,-(d±8)}  +  ..., 

and  applying  it  to  the  case  n  =  10,  we  form  the  same  scheme  as  before 
and  change  the  signs  of  the  numbers  in  the  two  outside  lines  in  the  first 
group,  in  the  two  inside  lines  in  the  second  group,  in  the  two  outside 
lines  in  the  third  group,  and  so  on.     We  thus  obtain  the  numbers — 

-2,  -3,  -6,  -11,      3,  5,      11,  -4,  -10,  5,      6,      8 

1,  2,      5,      10,  -2,  -4,  -10,      8,  9,  -4,  -5,  -7 

1,  2,      5,      10,      0,  -2,  -  8,  -1,  5,  2,      1,  -1 

0,  -1,  -4,  -  9,  -1,  1,        7,      2,  -  4,  -8,  -2,      0 

These  numbers  differ  from  those  obtained  in  §  37  only  by  a  change  of 
sign  of  the  even  numbers,  and  by  comparing  the  formulsB 

GUdiO,  d±l)  +  Gn-i(d+h  rf+2)+..., 

and  Gn{d±0,  -{d±l)}+Gn-i{-{d±l),  d±2\  +  ..,* 

it  is  evident  that  this  is  true  generally. 

39.  It  may  be  noted  that  the  theorem  of  §  65  of  the  previous  paper 
combined  with  that  in  §  35  of  the  present  paper,  shows  that,  if  n  is  not  a 
triangular  number,  the  numbers  given  (after  the  cancelling)  by  each  of 
the  four  following  formulsB  (in  which  d  denotes  any  divisor,  S  any  uneven 
divisor,  and  D  any  even  divisor)  are  all  the  same  : — 

(i.)  GAd±0)  +  Gn^i(d±2)+Gn^s{d±2)+Gn-6{d±4)+..., 

(ii.)  G.(cZ±l)  +  G«.i(d±l)+G„-8(d±3)+Gn-6(d±3)+..., 

(iii.)  Gn(S±0,  S±l)+Gn-i{S±h  S±2)  +  Gn^s{S±2,  <S±3)+..., 

(iv.)  Gn(D±0,  D±l)  +  Gn-i{D±l,  D±2)+Gn-z{D±2,  D±3)+...  . 

♦  Gn{ip{d)f  i|'(<i),  ...}  denotes  the  group  of  numbers  ^(di),  ^(dj),  ...,  ^{di)t  ^{di)i  .., 
where  di^  d^,  ...  are  aU  the  divisors  of  n  (see  §  2  of  the  previous  paper). 
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In  (i.)  and  (ii.)  the  arguments,  except  in  the  first  term  of  (i.),  are  the  same 
in  pairs. 

In  the  formula  (iv.)  half,  or  about  half,  of  the  terms  give  no  numbers, 
for  of  the  numbers  n,  n— 1,  n— 3, ...,  half,  or  about  half,  must  be  uneven, 
and  so  can  have  no  even  divisors. 

Taking,  as  an  example,  n  =  7,  the  four  formulse  give  the  schemes 

(i.)      1,7,         8,4,5,8,         3,4,6,         5 
(1,  7),       (1,  2,  3,  6),       (1,  2,  4),       (1) 
1.7,     -1,0,1,4,     -1,0,2,     -3; 

(ii.)  2,  8,  2,  3,  4,  7,  4,  5,  7,  4 
(1,7),  (1,2,3,6),  (1,  2,4),  (1) 
0,6,         0,1,2,5,     -2,-1,1,     -2; 

(iii.)                 2,  8,  3,  5,  4,  5 

1.7,  2,4,  3,  4 

(1,7),  (1,3),  (1),  (1) 

1,7,  0,2,  -1.  -2 

0,6,  -1,1,  -2,  -3; 

(iv.)                            4,  8,  5,  7 

8,  7,  4,  6 

(2,  6),  (2,  4) 

1,  5,  0,  2 

0,4,  -1,1. 

In  all  four  cases  the  numbers  8,  7,  7,  6,  5,  5,  4,  4,  4,  3,  2,  1  remain  un- 
cancelled. 

40.  By  putting  ir+x  for  x  in  the  trigonometrical  equation  at  the 
beginning  of  §  66  of  the  previous  paper,  we  find  that  the  numbers  given 
by  the  formula 

r-  i       d+1  ]    ,^,      f-(d+l),       d+2  ) 
^»  1  -[d-1]  f  +^»-'  I      [d-1],  -[d-2]  )■ 


,^,      (-(d+2),        (Z+3  1    , 


[d-21,  -[d-3] 
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where,  in  the  first  group,  we  add  and  subtract  2 ;  in  the  second,  we  add 
and  subtract  1  and  8  ;  in  the  third,  we  add  and  subtract  2  and  4 ;  in  the 
fourth,  8  and  5 ;  and  so  on ;  the  groups  containing  the  divisors  of  one, 
two,  three,  ...  numbers. 

We  then  change  the  signs  of  the  even  numbers  in  the  first  group,  of 
the  uneven  numbers  in  the  second  group,  of  the  even  numbers  in  the 
third  group,  and  so  on.     We  thus  obtain  the  numbers 

4,-5,      6,-9,      4,      8,     5,-6,-8,      6,      7,      6,-6,      6 

8,     9,      2,-8,      4,-7,      2,      6,     8,-4,-6,      8,      5,      8,-4,      4 

-1,-5,-0,      1,-2,      5,-0,-4,-1,      0,      2,-1,-1,-1,      0,-2 

-2,      1,-0,      8,-2,-2,-8,      2,      0,-8,-1,-8,      2,-4 

which  cancel  one  another  with  the  exception  of 

—  1,  —1,  —1,  —1,  8,  5,  5,  5, 
which  are  left. 

For  all  values  of  n  either  the  even  or  the  uneven  numbers  cancel  one 
another  completely. 

General  Formula  connecting  f»i,  f,»_2.     §§  42,  48. 

42.  The  recurring  formula  derived  from  §  85  seems  deserving  of  notice 
on  account  of  the  simple  form  of  the  additional  term« 
Putting 

GUd.  d,  d±l)  =  2n(-l)^-^  {cP^+cP^+{d-ir+(d+ir\, 
where  m  is  uneven,  the  theorem  of  §  85  shows  that 

2n(-l)^-'  {d*+d*+(d-ir+(d+ir} 

+2n.i(-i)^-Mw-ir+w+ir+(d-2r+(d+2r} 
+2n.s(-i)*'"Mw-2r+(d+2r+(d-8r+(d+8r}+... 

=  |>Q7+ir+Q7+l)?"]. 
giving  the  f-formula 

fm(n)+f«,(n-l)+f«(w-8)+f^(n-6)+... 

+i(m)a{f„_2(n)  +  (l«+2«)f«.,(n-l)+(2«+8^f«_,(n-8)+...} 

+i(m),{f„.4(w)  +  (l*+2*)f«.4(n-l)+(2*+8*)f^.4(n-8)+...} 

+*wK(w)+(l«*-i+2«-^)f(n-l)+(2~-i+8~-^)f(n-8)+... 

=  [ii?(?+ir+(?+i)j^~}], 
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in  which  the  coefiBcients  in  the  series  involving  fm_2r  are 

l«'•+2^  22'•+8^  s^^+4\  42'•+5^  ..., 

The  right-hand  member  of  this  equation  =  [^n  {5r'*""^+(gr+l)*"^}],  and 
since,  when  n  =  ig(g+l),  the  coefiBcient  of  f  (0)  in  the  last  series  of  the 
formula  is  g'^'^+ig+l)'^'^,  it  is  evident  that  we  may  dispense  with  the 
additional  term  if  we  assign  to  f  (0)  the  value  —  n/m,  the  other  quantities 
^3(0)>  fsWi  •••>  ^m(O)  all  retaining  their  zero  values. 

48.  As  particular  cases,  putting  m  =  1,  we  find 

^(n)+^(n-l)+f  (71— 8)+f(n-6)+...  =  0, 
where  ^(0)  =  —  7i. 

Putting  m  =  3,  we  find 

+f  {f(n)+(l»+2«)f(n-l)+(2«+8^f(n-8)+...}  =  0, 
where  f  (0)  =  —  Jn  ;  and,  putting  m  =  5, 

+  5if3W+(l'+2^f8(^i~l)+(2^+3^f3("-S)  +  ...} 
+tK(w)+(l*+2*)^(n-l)+(2*+8*)f(n-8)+...}, 

where  f  (0)  =  —  ^n. 

These  formula  may  be  easily  deduced  from  those  in  §  22. 

The  correspoi^ding  a-'formula.     §§  44,  45. 

44.  The  corresponding  er-formula  may  be  deduced  from  §  64  of   the 
previous  paper,  by  putting 

Gn{d,d,-(d±l)}  =2n|cf'^^^+cr^^'-(d-ir^^-(d+ir+»}, 

where  m  is  uneven.     We  thus  find 

2(m+2)a{(7^(n)"-(22-l^)(7„,0t-l)  +  (8«-2^)(7«(n-8)-...} 

+  2(m+2),{(r^-2(w)-(2*-l*)(7«,-2(n-l)  +  (8*-2^)(7«,«2(n-8)-..,} 

+  2(m+2)|(7(;i)--(2"*^^--l'*^^)(r(;i--l)  +  (3^-^^--2^+^)(7(7i--8)--...} 
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We  may  also  write  the  theorem  in  the  form 

J(m+1)  {<r,(«)-(2"-l*)<r„(n-l)+(8'-2«)<r„(n-8)-...  [ 
+i(m+  l)s  { <r„_2(«)-(2*- 1«)  o.,_j(»_i)+(8«-2«)  ,r,_j(n-8)- . . . } 

+<r(n)-(2"+i-l»*>)<r(n-l)+(8"+»-2»+')<r(M-8)-,..  =  0, 

ft 

where  cr(0)  is  to  have  the  value  — r-^,  the  other  quantities  <r.(0),  crAO),  ... 
all  retaining  their  zero  values. 

45.  As  particular  cases,  we  have,  putting  m  =  1, 

(r(w)-8T(n-l)+6<r(n-8)-7(r(w-6)+...  =  0, 
where  <r(0)  =  Jw,  and,  putting  m  =  8, 

<r3(n)-8<T3(n-l)+5<r8(n— 8)— 7<ra(n-6)+... 
+i{<r  (n)-8(l«+2«)^(n-l)+6(2H8«)<r(n-8)-,,.}  =0, 
where  <r(0)  =  \n. 

Part  II. — Thbobems  bklatino  to  Divihobh  which  have  Utf  bvkm  Comvoktw, 

5H6-71. 

Uefinitionn.     |  46. 

46.  The  preceding  portion  of  thin  paper  wa«  concerned  with  all  the 
divisors  of  a  number,  each  divisor  having  the  positive  or  negative  <$igti, 
according  as  it  waci  uneven  or  even.  In  this  portion  of  the  paper  only 
thoee  divisors  are  involved  which  have  nneven  conjugates. 

In  aeeordance  with  the  natation  employed  in  the  previous  i>aper,  I  use 

to  deoote  tlie  group  of  oamtjen^ 

x(^5>.  x<«> x^f)^ 

vfaere  ^,  4*  ...^  ^  me  attlbe  diriiori  of  «  vliidli  have  uneven  eoojaj^atiM^. 
fiiK.  JL   Tou  <5-   jw.  lew.  2  « 
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It  is  evident  that,  if  n  is  uneven,  Su  ^2,  ...,  <S'  are  all  the  divisors  of  w  ; 
and  that,  if  n  is  even,  ^1,  ^2,  ...,  ^'  are  all  even ;  in  fact,  if  n  =  2''m,  where 
m  is  uneven,  S[,  S2,  ...,  S'  consist  of  the  divisors  of  m  each  multiplied 
by2^ 

Formula  derived  from  the  Function  zd.     §  47. 

47.  For  the  function  zd  x,  we  have  the  two  following  j-formulse 

J  Aq  sinx— 8g*8in  2a:4-12g®  sin  8a?—... 

^      ^         l-2gco8aj+2g*co82a:-2g^cos8a;+...' 

pzdpx  =  ' — ^sin  a;+  ^   ^  isin  2x4- ..   ^  ^sin  8aj+... . 
1—q  I—3  1""? 

Expanding  the  coefficients  in  the  second  equation,  we  find 

/)  zd  pa;  =  4Sr  A'  (sin  nx)  g^, 

where  A'0(w)  denotes  the  sum  0(^i)  +  0(^2)  +  ...+0(^). 
Thus,  equating  the  values  of  p  zd  px, 

g  sinaj— 2a*8in  2x+3(7®sin  3x— ...  v»  a;/ •        \   n 

1  — 2j  co8aj+2g*cos  2x— 2g^co8  3x+... 

Theorems  relating  to  Actual  Divisors.     §  48. 

48.  This  last  formula  may  be  written 

(1—2?  cos a;+2j*  cos  2x— 2g®  cos  8x  +  ...)  Sr  A'  (sin  nx)  j" 

=  g  sinx— 2g*sin  2a:+8g^sin  8a:— ..., 

whence,  equating  the  coefficients  of  g^ 

2^  sin  5'a:— Sn-i  jsin  (5'+l)  x+sin  (5'-l) x} 

+2n-4{8in(5'+2)x+sin(o'-2)x}+... 

=  0  or  (— ir'^v'wsinCv'na;), 

according  as  n  is  not  or  is  a  square  number. 

This  equation  gives  the  following  theorem  connecting  actual  divisors 
of  /t,  n— 1,  n— 4,  ...  : — 

The  numbers  given  by  the  formula 

Gn(^')-Gn-l(^'±l)  +  Gn-4(0'±2)-Gn-9(6^'±8)+... 
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all  cancel  one  another,  unless  n  is  a  square  number  r',  in  which  case  r  r's 
or  r  (— r)'s  remain  uncancelled,  according  as  r  is  uneven  or  even. 

As  an  example,  take  n  =  15.    We  form  the  scheme 

3,  15,       8,  18,       5,  9, 
1,  8,  5,  15,  -(2,  14)  +(1,  11)  -(2,  6), 
1,  13,  -  1,    9,  -  1,  8 

(the  numbers  in  brackets  being  the  values  of  ^'  for  n— 1,  n— 4,  ...), 
whence  we  derive  the  numbers  given  by  the  formula,  viz., 

—3,  -15,      3,  18,  —5,  —9, 
1,  8,  5,  15, 

-1,  -13,  -1,    9,      1,  -8, 

all  of  which  cancel  one  another. 
Taking  n  =  16,  the  scheme  is 

2,  4,  6,  16,      6,  14,       4,  10, 
16,  -(1,  8,  5,  15)+(4,  12)  -(1,    7), 
0,  2,  4,  14,      2,  10,  -  2,    4, 

-2,  -4,  -6,  -16,  6,  14,  -4,  -10, 
giving  16,  ♦ 

0,  -2,  -4,  -14,  2,  10,      2.  -  4, 

in  which  four  (— 4)'b  are  left  uncancelled. 
Taking  n  =  25,  the  scheme  is 

9,  25,       3,  5,  9,  23,      19,       5,      7,  18 

1,  5,  25,  -(8,  24)  +(1,  8,  7,  21)-(16)  +(1,      8,    9) 

7,  23,  -  1,  1,  5,  19,      18,  -  8,  -1,    5, 

-9,  -25,      8,  6,  9,  28,  -19,      5,      7,  18, 
giving         1,  5,  25, 

-7,  -28,  -1,  1,  5,  19,  -18,  -8,  -1,    5, 

in  which  five  5's  are  left  uncancelled. 

2  o  2 
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General  Formula  connecting  A^,  Ai»_2,  ...  of  n^  ?i— 1,  w— 4,  .... 

§§49,50. 

49.  By  putting  Gtt((5')  =  2»5"",  ...,  m  being  uneven,  we  find  that 

A;(n)-2A;(;t-l)+2A;(n-4)-2A;(n-9)+... 
-2(m)2lA;_2(n-l)-2^A;.2(7i-4)+8«A;_2(n-9)-...} 
-2(w),{A;_4(n-l)-2*A;>4(/^-4)+8*A;.4(w-9)-...} 

— 2?;i]A'(M-l)-2'^-^A'(w-4)+8^-^A'(n-9)-...[ 

=  [(-ir-^7i»<'"+^>], 

where  the  square  brackets  indicate  that  the  quantity  included  in  them 
occurs  only  when  n  is  a  square  number ;  otherwise  the  right-hand  side 
is  zero. 

The  right-hand  side  is  always  zero  if  we  assign  to  A'  (0)  the  value  7i/2m, 
the  other  quantities  Ai(0),  AJCO),  ...,  A',„  (0)  all  retaining  their  zero  values. 

50.  As  the  particular  case  of  m  =  1,  we  have 

A'(;i)-2A'(«-l)+2A'(n-4)-2A'(n-9)-...  =  0, 

where  A'(0)  =  Jw.  This  formula  was  given  on  p.  68  of  the  previous 
paper. 

Putting  VI  =  8,  we  have 

A8(n)-2Ai(n-l)+2A;(w-4)-2A3(n-9)+... 

-6  jA'(n-l)-2»A'(n-4)+8«A'(n-9)-...;  =  0, 

where  AJ(0)  =  Jn  ;    and,  putting  m  =  5, 

A5(n)-2A;(;i-l)+2Ai(n-4)-2AJ(n-9)+... 
-20|A3(n-l)-2^Ai(w-4)+8^Ai(7i-9)-...; 
-10|A'(w-l)-2*A'(n-4)+8*A'(w-9)-...;  =  0, 
where  A',  (0)  =  j^^n. 
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Theorem  relating  to  Actual  Divisors  of  all  Numbers  from  unity  to  n. 

§§51,52. 

61.  By  multiplying  the  first  formula  in  §  48  by  l+q+q^+q^+...y  we 
find  that 

{l+(l-2cosx)(g+3Hg^+(l-2cosa:+2cos2a:)(g*+...+g«)+...} 

x2rA'(8innx)5'^ 

+(8ina;— 2  sin  2x+8sin  8x)(j®+...+j")+... . 
This  equation  shows  that  the  numbers  given  by  the  formula 

GnOT  +  (Gn-l  +  Gn-2+G«-8)  {S\   "{S' ±1)} 
+  (G»_4  +  Gn-6+...+G«-8){5',    -(^'±1),  5'±2}+..., 

all  cancel  one  another  with  the  exception  of 

one  1,     two  (— 2)'8,     three  8's,     four  (— 4)'s,     ...,     r  (— l)'-^  r's, 

where  r^  is  the  square  next  inferior  to,  or  equal  to,  n. 

For  example,  taking  n  =  8,  the  formula  gives  the  numbers 

6,      8,      5,      4,      8 

,  -2,  -8,  -8,  -7,  -2,  -6    -5,  -2,  -4,  -8,  -2 

8        1,      7;     2,      6;      1,      5!      4;      1,      8;     2;      1 

0,  -6,  -1,  -6,      0,  -4  !  -8,      0,  -2,  —1,      0 

2,  -1,      1,      0,  -1 

which  cancel  one  another  except  1,  —2,  —2. 

To  obtain  the  numbers  given  by  the  formula,  we  write  in  the  central 
line  the  8"s  of  n,  n— 1,  n— 2,  ...  divided  into  sets  of  one,  three,  five,  ... 
(so  that  the  first  numbers  in  the  sets  are  n,  n— 1,  n— 4,  ...).  Beginning 
with  the  second  set  we  write,  in  lines  above  and  below,  the  values  otS'+l 
and  S'—l.  Beginning  with  the  third  set,  we  write,  in  lines  above  and 
below,  the  values  of  ^'+2  and  ^'—2,  and  so  on.  We  then  change  the 
signs  of  the  nombers  in  the  two  rows  next,  above  and  below,  io  the  central 
line,  in  the  rows  nest  but  two,  above  and  below,  io  the  central  line,  and 
so  on. 
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As  another  example,  take  n  =  9.     The  formula  gives  the  numbers 


1,8,9 


-9,  -2,  -8,  -8,  -7 

8;     1,      7;     2,      6 

-7,      0,  -6,  -1,  -6 


8,      7,      6,      8,      5,      4,  8 

-2,  -6,  -5,  -2,  -4,  -8,  -2 

1,      5;     4;      1,      8;     2,  1 

0,  -4,  -8,      0,  -2,  -1,  0 

-1,      8,      2,  -1,      1,      0,  -1 


which  cancel  one  another  except  1,  —2,  —2,  8,  8,  8. 

52.  We  may  enunciate  the  theorem  in  a  somewhat  different  form  as 
follows.* 

Write  down  the  numbers  given  by 

Gn(5')  +  (Gn-l+a„-o+Gn-8)(^',  5' ±  D 

as  before,  but  instead  of  changing  the  signs  of  the  rows  next,  next  but 
two,  ...,  to  the  central  line,  change  the  signs  of  the  colunms  which  have 
even  numbers  in  the  central  line.  The  numbers  remaining  uncancelled 
are  then  one  1,  two  2's,  three  8's,  ...,  r  r's. 

As  an  example,  taking  n  =  8,  this  process  gives  the  numbers 

-6,      8,  5,  —4,      8 

2,  8,   -8,  -7,  2,  6    -5,      2,  4,  -8,      2 

-8    1,  7;  -2,  -6;  1,  5    -4;     1,8; -2;      1 

0,  6,   -1,  -5,  0,  4    -8,      0,  2,  -1,      0 

-2,  -1,  1,      0,  -1 

which  cancel  one  another  except  1,  2,  2. 


•  The  theorem  in  this  form  may  be  deduced  from  the  trigonometrical  formula  in  {  51,  by 
putting  V— a;  for  x.    We  thus  find  that  the  numbers  given  by  the  formula 

cancel  one  another,  with  the  exception  of  one  1,  two  2*s,  three  8*8,  ...,  r  r*8. 
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General  Formula  connecting  A^,  Ai,_s, ...  of  all  Numbers  from  unity  to  n. 

§§  58,  54. 

53.  By  putting  G%{S')  =  S,5"*,  ...,  m  being  uneven,  in  the  theorem 
of  §  51,  we  find  that 

A!,(»)— A^(n— 1)— AiljCn— 2)— A;„(«— 3)+nextfive— nextseven+... 

-2(m)a  { A;.,(rt-l)+A;_2(n-2)+A;_j(re-3)-(2''-l«)(next  five) 

+(3'-2«+l»)(next  seven)-...} 
-2(m)4  {A;_4(n-l)+...+A;_4(»-3)-(2*-l«)(next  five) 

+(3*-2*+l*)(next  seven)-...} 

•••       •••       •••       •••       •>■       •••       •••       •••       ••• 

— 2m{A'(n-l)+...+A'(n-8)-(2'*-^-l'»-^)(nGxtfive) 

+  (S*"-^  -  2^-^ + 1"*-^)  (next  seven)  - . . . } 

where  r^  is  the  square  next  inferior  to,  or  equal  to,  n, 

54.  As  a  particular  case,  putting  m  =  1,  this  formula  gives 

A'(n)— A'(n— D— A'(w— 2)— A'(n— 8)+next  five— next  seven+... 

=  (-ir'ir(r+l),* 
and,  putting  m  =  8, 

Ai(w)— AsCn— 1)— Ai(n— 2)— A8(n— 8)+next  five— next  seven4-... 

-6{A'(n-l)+A'(n-2)+A'(n-8)-8(nextfive)+6(nextseven)-...} 

=  (-ir4(r+r)(r^+r-l). 

Other  Theorems  relating  to  Actual  Divisors  of  all  Numbers  from  unity 

toil.     §§66-67. 

66.  Putting  2x  for  x  in    the   trigonometrical   formula  of  §  51,  and 
noticing  that  ^ 

l-2cos2x  =  -^^®^^ 


1  —  2  cos  2a;+2  cos  4x  = 


cos  a; 

cos  63; 
cos  a; '  '"' 


•  This  formula  was  given  in  the  note  to  §68  of  the  previous  paper  (Vol.  xxn.,  p.  409). 
In  that  paper  the  right-hand  side  of  the  formula  is  put  equal  to  zero,  the  quantity  A'  (0) 
having  the  value  ^r  (r-f  1),  where  2r  +  l  is  the  number  of  terms  in  the  completed  group  in 
which  A'  (0)  falls.    It  is  easy  to  see  that  this  definition  of  r  agrees  with  that  used  in  the  text. 
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we  find  that 

2  |cos  aj-cos  Sx  (g+g^+g^+cos  5x(q*+...+q^-'... }  Sf  A' (sin  ^nx)  g" 

=  (8ina:+8in8a;)(g+g^+g^+(sina:— sinSj'— 2  8in  5a:)(g*+...+g®)4-..., 

the  coefficient  of  g'*+g'*'^^+...+g**+^''  on  the  right-hand  side  being 

sin  a:~sin  Saj+sin  5a;— ...+(— l)*""^  sin  (2r— 1)  x+{—lY'^  r  sin(2r+l)  x. 

From  this  formula  we  may  deduce  the  following  theorem  relating  to  the 
actual  divisors  of  the  numbers  ?i,  n— 1,  ...,  1. 
The  numbers  given  by  the  formula 

Gn(2(J'±l)-(Gn^l  +  Gn-2+Gn-8)(25'±3)+(Gn-4+...  +  Gn-8)(25'±5)-... 

cancel  one  another  with  the  exception  of 

one  1,  one  -8,  one  5,  ..„  one  (-1)'-H2r-1)  and  r  |(-ir"^(2r+l)}'s, 

where   r   has  the  same  meaning  as   before,  viz.,  r^  is  the  square  next 
inferior  to,  or  equal  to,  n. 

Taking  8  as  an  example,  we  form  the  scheme 

17         5,  17,     7,  15,      5,  18     18,       7,  11,         9,       7 
(8)       (1,    7);  (2,    6);  (1,    5)     (4);     (1,    8);      (2);     (1) 
15     -1,11,     1,    9,-1,    7)      8,    -8,    1,     -1,    -8. 

The  formula  therefore  gives  the  numbers 

17,  -5,  -17,  -7,  -15,  -5,  -18,  18,      7,  11,      9,      7 
15,      1,  -11,  -1,  -  9,      1,  -  7,    8,  -8,    1,  -1,  -8 

which  cancel  one  another  except  1,  —8,  —5,  —5. 

56.  Putting  iir—x    for    x    in    the    trigonometrical  formula  of   the 
preceding  section,  we  obtain  the  equation 

2|8ina;+sin8a;(g+g^+g8)+sin5a;(g*+...+g«)+...} 

X  Sr  (-  ir-'  A'  (sin  2na:)  g** 
=  (cos a;— cos  8a?)(g+g*+g^+(cos  aj+cos  8a;— 2  cos  5a;)(g*+...+g®)+..., 
the  coefficient  of  g'^+.-.+g'*^^  on  the  right-hand  side  being 
cos  a;+cos  8j;+ . . . 4-cos  (2r— 1)  x—r  cos  (2r+ 1)  x. 
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where  [2^'— s]  denotes  the  absolute  value  of  25'— .9,  cancel  one  another 
with  the  exception  of 

one  1,  one  8,  .,.,  one  (2r— 1),  and  r  {  — (2r+l)  }'s, 

where  r  has  the  same  meaning  as  in  the  preceding  section. 

In  order  to  obtain  the  numbers  given  by  this  formula,  we  place,  as 
before,  the  5"s  of  n,  ?i  — 1,  n— 2,  ...  in  a  central  line.  We  write  2(5' +  1 
and  25'  — 1  above  and  below  in  the  first  set  (of  one),  25' +8  and  25'— 8 
above  and  below  in  the  second  set  (of  three),  25' +5  and  25'— 5  above  and 
below  in  the  third  set  (of  five),  and  so  on.  We  then  make  all  the  signs  in 
the  lower  line  negative  by  changing  the  signs  of  those  that  are  positive. 
Finally,  we  change  the  signs  of  the  numbers  which  are  above  and  below 
uneven  numbers  in  the  central  line.* 

Taking  n  =  8,  the  process  is  therefore  as  follows.  We  form  the 
scheme 

17   '      5,      17,        7,    15,         5,    18  I    18,        7,    11,        9,        7 
(8)j     (1,        7);     (2,      6);      (1,      5)'     (4);     (1,      8);     (2);     (1) 
-15   I  -1,  -11,     -1,  -9,     -1,  -7     -8,     -8,  -1,    -1,    -8 

whence,  by  changing  the  signs  of  the  numbers  above  and  below  uneven 
numbers  in  the  central  line,  we  obtain  the  numbers  given  by  the  formula, 
viz., 

17,  -5,  -17,      7,    15,  -5,  -13,    18,  -7,  -11,      9,  -7 
-15,      1,      11,  -1,  -9,      1,        7,  -8,      3,         1,  -1,      8 
which  cancel  one  another  except  1,  8,  —5,  —5. 


*  If  we  change  the  signs  of  the  numbers  above  and  below  the  even  numbers,  the  numbers 
left  uncancelled  are  —1,  —8,  ...,  — (2r— 1),  and  r(2r  +  l)*s. 
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57.  The  numbers  given  by  the  formulae  in  §§55  and  56  differ  only  by 
the  reversal  of  the  sign  of  those  of  the  form  44+8.  This  can  be  explained 
by  similar  reasoning  to  that  employed  in  §  15.  Thus  taking  the  upper 
line,  and,  supposing  n  even,  the  forms  of  the  numbers  are 

ik+1    4i+l,  4i+8,  4i+l    4A;+1,  4i+8,  ... 

(n)       (w-1),  (n-2),  (n-8)    (w-4),  (w-5),  ... 

By  the  process  of  §  55  we  obtain  numbers  of  the  form 

4k+l,  -(4;k+l),  -(4i+8),   -{4k+l),  U+1,  U+S,  ..., 

and,  by  the  process  of  §  56,  numbers  of  the  form 

4^+1,  -(4^+1),  4/;+8,  -(4/;+l),  4A+1,  -(4A+8),  ..., 

which  differ  by  a  change  of  sign  in  the  numbers  of  the  form  44+8. 

This  reasoning  also  gives  the  same  result  when  applied  to  the  negative 
numbers  in  the  lower  line,  but  in  the  case  of  the  positive  numbers  it  shows 
that  the  numbers  obtained  by  changing  the  signs  of  the  numbers  in  the 
alternate  sets  differ  from  those  obtained  by  changing  the  signs  of  the 
numbers  derived  from  the  uneven  divisors,  only  by  the  reversal  of  sign  in 
the  numbers  of  the  form  4A;+1.  If,  therefore,  we  first  change  the  sign 
of  the  positive  numbers  in  the  lower  line,  as  is  done  in  the  process  of 
§  56,  the  two  processes  yield  numbers  in  which  those  of  the  form  44+1 
have  the  same  sign,  and  those  of  the  form  4:k+S  have  opposite  signs. 

A  similar  argument  holds  good  when  n  is  uneven. 

General  FomiulcB  connecting  A^,  Ato_2»  ...  of  all  Numbers  from  unity  to  n, 

§§  58-62. 

58.  By  putting  Gn(2(J'±l)  =  S;,  {(2^'  +  ir+(25'-l)'^},  ...,  where  m 
is  uneven,  in  the  theorem  of  §  55,  we  find  that 

2-^^  { A;(;i)-A;(;t-l)-A;(/i-2)-A;(;t-8)+next  five 

—next  seven +...} 

+  2^^-^  (w)2  { Xn-2  {n)  -  8^  (next  three)  +  5^  (next  five)  - . . . } 

+2^-^?w)4 1  A;„_4(n)-8*  (next  three)  +  5*  (next  five)-...} 

+ 2^^  { A'  (n)  -  8^"-'  (next  three) + 5*  (next  five)  - . . .  [ 

=  im__3m^5m^        .^(_l)r-l(2;.-l)'»+(-l)r-l^(2r+l)'", 

where  i^  is  the  square  next  inferior  to,  or  equal  to,  n. 
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59.  As  a  particular  case,  putting  m  =  1,  this  formula  gives 
4  |A'(«)-A'(»-l)-A'(?i-2)-A'(«-3)+next  five-...} 

=  (-ly-'  r+(-ir>  r(2»-+l)  =  (-ir»  2{t»+r), 

which  agrees  with  the  result  in  §  54. 
Putting  m  =  8,  we  find 

16  1  AaCn)— A;(»— D— Ai(M— 2)— A'aCw— 3)+next  five—... 

+12  {A'(«)-8''  (next  three) +5« (next  five)-...} 

=  (-l)'-M4r'-8r)+ (-!)•->  r(2r+l)», 
that  is, 

4  {A;(n)-A8'(«-l)-A8(n-2)-A3(n-3)+next  five-...} 

+  3  I  A'  (m)  -  8'  (next  three) + 5"  (next  five)  -...} 

=  (-!)'->  i(>^+r)(4r^+4r-l). 

60.  Similarly,  by  putting 

G.  I  _[-2^!;I;M  =  2.-;(2J'+l)™+»-(2o'-l)'"->;- 

in  the  formula  of  §  56^  we  find  that 

2"+>(m+l)[A;„(n)+8{-A;(n-l)+A;(n-2)-A;{n-8)} 

+ 5  (next  five) + 7  (next  seven) + . . .] 
+2"-»(wH-l)8[A;_2(«)+3M-A;_2(H-l)+A;_2(n-2)-A;_,(»-8)f 

+5'(nextfive)+...] 

4-2^TO+l)[A'(jt)+8"'-M-A'(n-l)+A'(«-2)-A'(»-8)} 

+5«-'(nextfive)+...] 
=  (-l)"-;i'"+i+8"+'+...+(2r— 1)"+'— r(2r+l)*+»}. 

The  terms  in  the  series  on  the  left-hand  side  are  alternately  positive  and 
negative.     The  definition  of  r  is  the  same  as  in  §  58. 

61.  As  particular  cases,  putting  m  =  1,  we  have 
A'(n)+8  {  -A'(7i-l)+A'(n-2)-A'(»-8)}  +5  (next  five)+... 

=  (-l)»-*Jr(r+l)(2r+l), 


460  Dk.  J.  W.  L.  Glaishbr  [June  11, 

and,  putting  m  =  8, 
4[As(n)+S  {-A8(n-l)+A8(/i-2)-A;(n-3)H-5  (next  five) +  ...] 
+A'(n)+8«  {  -A'(w-l)+A;(/i-2)-A8(n-8)  [  +5«(next  five)  +  ... 

=  (-1)*-^  ^V(r+l)(2r+l)(12r«+12r+l). 

62.  It  is  noticeable  that  the  expression  which  occurs  on  the  right- 
hand  side  of  the  general  formula  in  §  60  is  the  same  as  that  which  occurs 
in  the  general  formula  of  §  88  of  the  previous  paper,  and  that  the  co- 
efficients of  the  series  on  the  left-hand  side  in  the  two  formulae  are 
identical.  This  arises  from  the  similarity  in  form  between  the  trigono- 
metrical formulsB  of  §  56  of  this  paper  and  §  28  of  the  previous  paper. 


Other  Theorems  relating  to  Actual  Divisors  of  all  Numbers  from  unity 

ton.     §§68-65. 

68.  By  multiplying  the  trigonometrical  formula  in  §  55  by  sin  x,  and 
replacing  x  by  ix,  we  obtain  the  formula 

2 { 1 +cosaj— (cosa:+cos2a;)(g-f  g^+5®) +(cos 2a:+cos8aj)(g*+ . . . 4-g®)  — . . . } ' 

X  Sr  A'  (sin  nx)  g* 

=  (2Qinx+sinSx){q+q^+q^)-'{S  sin  2x+2  8in  2x){q^+...+q^+,.., 

the  coefficient  of  g'*+...+g'*^-''  on  the  right-hand  side  being 

(-If-^  {(r+1)  sin rx+r  sin  {r+l)x\. 
This  equation  shows  that  the  numbers  given  by  the  formula 

GAS\  S\  5'±l)-(G,-i  +  Gn-2+Gn-8)(^'±l,  ^'  +  2) 

+(Gn.4+...  +  G.-8)(5'±2,  ^'±8)-..., 

all  cancel  one  another  with  the  exception  of  (r+l)r's  and  r(r+ 1)'8  or 
(r+l)(— r)'s  and  r  { — (r+l)ps,  according  as  r  is  uneven  or  even ;  where, 
as  before,  r^  is  the  square  next  inferior  to,  or  equal  to,  n. 

Taking,  as  an  example,  n  =  8,  for  which  r  =  2,  we  form  the  scheme 

9         8,  9,  4,  8,  8,  7  I  7,  4,  6,       5,       4 

8         2,  8,  8,  7,  2,  6      6,  8,  5,       4,       8 

(8)!     (1,7),  (2,6),  (1,  5)i(4),  (1,8),     (2),     (1) 

8   I      0,6,  1,5,  0,  4  :  2,  -1,1,       0,   -1 

7   i-1,  5,  0,4,  -1,8  :   1,  -2,0,  -1,  -2 
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whence  we  derive  the  numbers  given  by  the  formula,  viz., 

9,  -8,  -9,  -4,  -8,  -3,  -7,  7,  *   4,  6,      5,      4 

8,  -2,  -8,  -3,  -7,  -2,  -6,  6,      8,  5,      4,      8 

8,      0,  -6,  -1,  -5,  0,  -4,  2,  -1,  1,      0,  -1 

7,      1,  -5,      0,  -4,  1,  —3,  1,  -2,  0,  -1,  -2 

which  cancel  one  another  except  —2,  —2,  —2,  —3,  —8, 

64.  By  putting  ir—x  tor  x  in  the  trigonometrical  equation  of  the 
preceding  section,  we  obtain  another  trigonometrical  equation  which  shows 
that  the  numbers  given  by  the  formula 

(-irGnl^',^', -(cS'iD! 

+  {(-ir-^Gn-l  +  (-ir-^G.-2+(-ir-«Gn-3[  {^'±1,    -(<5'±2)} 
+  |(-ir-*Gn-4+...  +  (-ir-'Gn-8[H'±2,-(^'±8)  }+..., 

all  cancel  each  other  with  the  exception  of  rir+lYs  and  (r4'l)(— ^)'s, 
where  r  has  the  same  meaning  as  in  the  preceding  section. 

To  obtain  the  numbers  given  by  this  formula  we  may  begin  by  form- 
ing the  same  scheme  as  in  the  preceding  section  ;  we  then  change  all  the 
signs  in  the  top  and  bottom  rows,  and  finally  change  all  the  signs  in  the 
columns  in  which  the  values  of  S'  in  the  central  line  are  even. 

Thus  in  the  case  of  n  =  8  the  numbers  given  by  the  formula  are 

-9,  8,  9,  -4,  -8,  3,  7,  -7,  4,  6,  -5,  4 
8,  -2,  -8,  8,  7,  -2,  -6,  6,  -3,  -5,  4,  -8 
8,      0,  -6,      1,      5,      0,  -4,      2,      1,  -1,      0,      1 

-7,  -1,      5,      0,  -4,  -1,      8,  -1,  -2,      0,      1,  -2 

which  cancel  one  another  except  3,  3,  —2,  —2,  —2. 

The  numbers  given  by  this  formula  differ  from  those  derived  from  the 
formula  in  the  preceding  section  only  by  the  reversal  of  sign  in  the  un- 
even numbers.  The  first  form  of  the  theorem  (i.e.,  that  in  the  preceding 
section)  is  the  simpler  of  the  two. 

The  results  in  this  and  the  preceding  section  have  a  general  re- 
semblance in  form  to  the  e2-theorems  of  §  86  of  this  paper  and  §  66  of 
the  previous  paper. 
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65.  By  multiplying  the  trigonometrical  formula  in  §  56  by  cos  x  and 
replacing  x  by  ^x,  we  obtain  the  equation 

2{Binx+{smx+sin2x)(q+q^+q^+{ein2x+Qm9x)iq*+...+q^+...\ 

X2r(-ir-^A'(Binwa:)5* 

=  a-0OB2x)(q+q^+q^)+{l  +  2QOSx-coa2x-2eoBSx){q^+...+q^  +  ..., 

the  coefficient  of  q'^+...+q'*^^''  on  the  right-hand  side  being 

1+2  cos  x+2  cos  2j;+2  cos  (r— 1)  x— (r— 1)  cos  rx—r  cos  (r+1)  x. 

This  equation  shows  that  the  numbers  given  by  the  formula 

(_1)»G  I      ^'+1  I 
^    1^  ^»t-[5'-l]J 

+  {(-i)«-^Gn-i+(-ir-^G«_.+(-ir-«G,-,}  {_[-J,;';Jj,^  -[^'-2]} 

all  cancel  one  another  with  the  exception  of 

oneO,  two  I's,  two  2's,  ...,  two  (r+lVs,  (r— 1)(— r)'s,  and  r  |— (r+l)}'s, 

where,  as  before,  r^  is  the  square  next  inferior  to,  or  equal  to,  n.  The 
square  brackets  denote  that  the  absolute  value  of  the  quantity  included  in 
them  is  to  be  taken.  Zeros  are  to  be  taken  account  of  and  treated  in  the 
same  way  as  other  numbers. 

As  an  example,  taking  n  =  8,  we  form  the  scheme 


8, 

9. 

4, 

8, 

3, 

7 

7, 

4, 

6, 

5,      4 

9 

2, 

8. 
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5, 

4,      3 

(8) 

(1, 

7), 

(2, 

6), 

(1. 

5) 

(4), 

(1. 

3), 

(2)     (1) 

-7 

-0, 

-6, 

-1, 

-5, 

-0. 

-4 

-2, 

-1. 

-1. 

-0,-1 

j-1,  ~5,     -0,-4,     -1,-3-1,-2,-0,     -1,-2 

in  which,  after  writing  the  numbers  of  the  form  5'+/-  above  the  central 
line  and  those  of  the  form  ^'— r  below,  we  change  the  sign  from  positive 
to  negative  of  all  the  latter  which  are  not  already  negative.  We  then 
change  the  signs  in  all  the  columns  in  which  the  central  number  is 
uneven. 
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The  numbers  thus  obtained  are 

-3,  -9,      4,      8,  -3,  -7,      7,  -4,  -6,      5,  -4 

9,  —2,  —8,      3,      7,  —2,  —6,      6,  —8,  —5,      4,  —3 

-7,      0,      6,  -1,  -5,      0,      4,  -2,      1,      1,  -0,      1 

1,      5,      0,  -4,      1,      3,  -1,      2,      0,  -1,      2 

which  cancel  one  another,  except  0,  1,1,  —  2,  — 8,  — 3. 

We  may  also  derive  another  form  of  the  theorem  from  the  equation 
obtained  by  multiplying  the  trigonometrical  formula  in  §  55  by  sin  x. 

General  Fortnulce  connecting  A^,  A»_2, ...  o/  all  N umbers  from  unity  to  n, 

.     §§66,67. 

66.  It  seems  worth  while  to  notice  the  general  formulae  involving 
Ail,  Xn-if  ...  which  may  be  derived  from  the  theorems  of  §§  63  and  64. 

By  putting  GniS\S\S'±l)  =  S'^^+S'^+iS'-ir+iS'+ir, ,..  (tti  being 
uneven)  in  the  theorem  of  §  63,  we  obtain  the  formula 

2  {A;(7l)-A;(/l-l)-A;H(/^-2)-A;(;^-3)+next  tive-...[ 

+(w)2{A;,_o(;i)-(l2+2^(next  three) +(2^3^ (next  five)-...} 

+(m)4{A;_40i)-(l^+2*)(next  three) +(2* +3*) (next  five)-...[ 
...         ...         ...         ...         ...         ...         ...         ••• 

+(m)i  {A'(w)-(r''-^+2"-^)(next  three)+(2'»-i+3"-')(next  five)-...  [ 

=  (-ir-i  ir(r+l)  {r— >+(r+ir-n. 

where  r  has  the  same  meaning  as  in  §  63. 

Putting  m  =  1  in  the  general  formula  we  obtain  the  formula  of  §  54, 
and  putting  m  =  8,  we  find 

2  {As(n)-A3(n-l)-A3(»-2)-A;(»-3)+next  five-...} 

+3{A'(n)-(l«+2'')(next  three) +  (2^3*) (next  five)-...} 

=  (-l)'-4r(r+l)(2r»H-2r+l), 

which  is  also  deducible  from  the  formuls  of  §  59. 
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67.  Putting  Gn\S\S\  -(5'±1)[  =  S'^^+S'^^-iS'-ir-iS'-ir,  ... 
{m  being  uneven)  in  the  theorem  of  §  64,  we  find 

(m)a  [A;_2(n)+(2«-l^  { - A;_2(n-l)+A;_2(n-2)- A^.^Cn-S) } 

+  (8^-2^(nextfive)  +  ...] 

+  (?;t)4|A;_4W+(2*~l*)(next  three) +(3^ -2*) (next  five)  +  ...[ 

+(w)i  |A'(/i)  +  (2'«-i-l"»-^)(next  three) + (3^"^ -2«-^)  (next  five)+..4 

The  signs  of  the  terms  in  all    the   series  are  alternately  positive  and 
negative. 

Putting  VI  =  8,  we  obtain  the  first  formula  of  §  61,  and  putting  m=  5, 
we  find 

2[A'3(n)+3  \  ~A3(w-l)+A;(;i-2)-A;(7i-3)}  +5(next  five)-...] 

+A'(n)+3(2Hl)(next  three) +5 (3^2^ (next  five)+... 

=  (-l)'^-^xV(^+l)(4r«+6r«+4r+l), 

which  is  also  deducible  from  the  formulae  of  §  61. 

OtJier  Theorems  relating  to  Actual  Divisors  ofn,  n— 1,  n— 4,  .... 
General  remarks.     §  §  68-7 1 . 

68.  We  may  obtain  other  divisor  theorems  by  multiplying  the  trigo- 
nometrical equations  by  cosar,  co8  2j:,  ...,  or  making  any  other  changes 
which  lead  to  new  equations  of  the  requisite  form. 

Taking  the  original  trigonometrical  equation  of  §  47,  viz., 

(1  — 2g  cosa;+2g*  cos  2x— 2g^cos  3x+,..)  Sf  A' (sin 7ia;)  j* 

=  5  sin  jj— 2g*sin  2a;+8g^sin8a:— ..., 
and  putting  2x  for  x,  and  multiplying  by  cos  -c,  we  find 
2  |cosx--g'(cosa;+co8  8a:)+?*(cos3aj+cos5a:)  — ...}  2rA'(sin  2fix)q'' 

=  j(sinx+8in3a?)— 2g*(sin8x+sin  5aj)+3g®(8in  5x+sin  7a?)  —  ..., 
whence  it  follows  that  the  numbers  given  by  the  formula 

Gn(2^'  +  l)-G„-i(2(5'  +  l,  2^'±3)+Gn-4(2(5'±8,  25'±5)-..., 
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all  cancel  one  another,  unless  n  is  a  square  =  r^  in  which  case  the  num- 
bers left  uncancelled  are  r{  ±(2r— l)}'s  and  r{  ±(2r+l)['8,  the  upper  or 
lower  signs  being  taken  according  as  r  is  uneven  or  even. 

69.  If  we  multiply  the  original  equation  as  it  stands  by  cosx,  we 
obtain  the  equation 

2  jcosa;— j(l+cos  2x)+q*{eosx+Qos  8a;)— j®(cos  2d;+co8  2x)  +  ...} 

X  Sr  A' (sin  na?)  J* 

=  q  sin  2a:— 2g*(sin  a;+sin  3a;)+3g®(sin  2a; + sin  4a;)—..., 

showing  that  the  numbers  given  by  the  formula 

Gn(^'±l)-Gn(^'±0,  8^  +  2)+Gn-,{S'  +  h  ^'±3)-..., 

all  cancel  one  another,  unless  n  is  a  square  =  r^,  in  which  case  the  num- 
bers left  uncancelled  are  r  {  ±(r—l)}'s  and  r{±(r+l)}'s,  the  upper  or 
lower  signs  being  taken  according  as  r  is  uneven  or  even. 

70.  More  generally,  if  instead  of  multiplying  by  cos  a;,  we  multiply  by 
cos  tx,  we  obtain  the  equation 

2[cos^a;— 5  {cos(^— l)a;+cos(^+l)a;} +?*  |cos(^— 2)a;+co8(^+2)a;}  — ... 

X  Sr  A'  (sin  nx)  q^ 

=  q  {sin(^+l)a;-sin  {t-l)x]  -2j*  |sin(^+2)a;-sin(^-2)a;} 

+  3jM8in(^+3)a;-sin(^-3)a;}-..., 

showing  that  the  numbers  given  by  the  formula 

+  Gn-4{S'±{t-2),  ^'±(^+2)[-... 

all  cancel  one  another,  unless  n  is  a  square  =  ?•*  in  which  case  the 
numbers  left  uncancelled  are  r  {  ±(r— 0}*8  and  r  |  ±(r+t)}*s,  the  upper 
or  lower  signs  being  taken  according  as  r  is  uneven  or  even. 

71.  In  this  theorem  t  may  be  fractional,  and  it  is  evident  therefore 
that  it  may  be  decomposed  into  two  theorems,  one  containing  the  num- 
bers in  which  t  occurs  with  the  positive  sign  and  one  containing  those  in 
which  the  sign  of  t  is  negative,  viz.,  we  see  that  the  numbers  given  by 
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the  formula 

all  cancel  one  another,  unless  n  is  a  square  =  r^,  in  which  case  the 
numbers  left  uncancelled  are  r  {  ±  (r+t)}'B. 

This  result  is  equivalent  to  the  original  theorem  of  §  48,  being 
derivable  from  it  by  merely  adding  t  to  every  number  (irrespective  of 
sign)  given  by  that  formula. 

It  thus  appears  that,  in  general,  by  multiplying  a  trigonometrical 
formula  by  cos^x,  sin  ^x,  ...  for  various  values  of  i,  we  obtain  new 
theorems  relating  to  divisors.  These  are  more  complicated  and  less 
interesting  than  the  theorems  obtained  from  the  trigonometrical  equations 
in  their  simplest  forms,  and  it  would  seem  that  they  can  generally  be 
derived  arithmetically  from  the  simpler  theorems  (by  adding  the  same 
quantity  to  each  number,  combining  two  or  more  theorems,  &c.).* 
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we  do  not  increase  the  generality  of  the  derived  arithmetical  theorem,  since  t  may  be  frao- 

tional. 
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ON  A  FORM  OF  THE  ELIMINANT  OF  TWO  QUANTICS 
By  A.  L.  Dixon. 

[Read  June  llth,  1908.— Received  June  25th,  1908.] 

1.  I  wish  to  prove,  in  the  first  place,  that  the  eliminant  of  two  equa- 
tions of  the  form 

n+l      A  »+i     » 

2  ^i±£-  =0,  2  -^^  =  0 

1   a;— r,  i    «— r, 

is  given  by  the  symmetrical  determinant  of  the  nth  order 

2(1,5),     -(2,1),     -(8,1),     ...,     -(n,  1) 
-(1,2),     2(2,5),     -(3,2),     ...,     -(n,  2) 
I  -(1,3),    -(2,8),      2(3,  s),     ...,     -(n,  3) 

-(l,n),    -(2,  n),     -(8,n),     ...,      2(71,5)1 

multiplied  by  the  discriminant  of    11    («— rj,  where 

(5,  t)  =  {t,  s)  =  (^,jB,-^,jBJ/(r.-n), 
and     2(^  8)  =  {t,  l)+(^,  2)+...+(^  ^-l)+(^,  ^+l)+...+(^  n+l), 

the  term  {t,  t)  being  omitted. 

This  determinant  is  symmetrical  with  respect  to  all  the  numbers 
1,  2,  ...,  n+l,  and  may  be  written  as  the  sum  of  (n+l)*"^  terms,  each 
term  of  the  sum  having  a  positive  sign  and  being  the  product  of  n  different 
quantities  (rs).  Each  of  the  numbers  1,  2,  3,  ...,  (n+l)  occurs  at  least 
once  in  each  term,  and  the  sum  may  be  written  down  by  taking  n  of  the 
numbers,  say  2,  3,  ...,  (?i+l),  and  distributing  them,  one  in  each  bracket, 
and  then  filling  in  the  other  number  in  each  bracket  in  all  possible  ways, 
so  that  1  shall  occur  at  least  once,  and  that  in  any  one  term  no  two 
brackets  shall  occur  which  contain  the  same  pair  of  numbers. 

This  result,  which  is  of  practical  value  as  a  simple  expression  for  the 
eliminant  of  two  equations  of  a  particular  form,  is  a  particular  case  of  a 
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more  general  theorem,  that,  if  r^,  r^,  ...»  ^»  ^^^  ^v  *••>  ^n  ^^^  ^^^  ^^^^  ^^ 
arbitrary  quantities,  and  we  write  (a„rt)  for  \jt>(a^\lr{rd  —  <j>{rti'^{a^']l(at^rdy 
where  fj>{x)  and  \/r(a;)  are  two  quantics,  each  of  the  nth  degree,  then  the 
eliminant  of  <j>  {x)  and  ^  {x)  is  given  by 


(ai,  ri),     (ai,  ra),     (%,  rg),     . 

divided  by  the  product  of  differences 

n(r,— re)n(a,— at). 


(oa,  rj 
(Oa,  rn) 


The  eliminant  in  the  form  first  given  is,  in  fact,  the  result  of  putting  a,  =  r«,  for  all 
values  of  «,  in  this  last  expression. 


For,  writing 


/(x)  =  n(x-r.), 


and 


.^.i«) 


7>)  /(r.)x-r/ 


» 
x—r. 


we  get  for  a  term  of  the  principal  diagonal,  2  (1,  «)  for  example, 

2M  ,^  =  tlTll  ";*  __5tM__'H!i)  V        »(^') 
^  '   '     /(n)    f  /(r.)(r|-r.)    /(r.)    t  f(r.)(r,^r.) 

Lr(r,)]» 

which  is  the  limit  of  —(1,  s)  when  r«  is  made  equal  to  r,. 

If  we  go  further  and  take  the  limit  when  all  the  a*8  and  all  the  r*8  are  made  equal  to 
infinity  (or  zero),  we  get  finally  Bezout*s  determinant. 


2.  I  take  then  two  equations  of  the  nth  degree 


n+l        A 

1    x—r, 

n+l       D 

I    x—r. 


(A) 
(B) 


Then 


(s,  0  =  «,  s)  =  (A,Bt-AtB;)l{r,-rt). 
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Also  I  write  D(rif  r^,  ...,  r„+i)  for  the  discriminant  of  11  (x— rj  =  0,  and 

1 

-^(^it  ^a>  •••!  "^n+i)  for  the  eliminant  of  the  equations  (A)  and  (B). 

If  we  increase  the  roots  of  each  equation  by  rj,  and  write  ps  =  r,— rj, 
we  have 

^  +  -^  +  -^^3 — J....  =0, 
X       «— /E>a      ^^Pb 

:?i  +  _^  +  -^^-|....  =  0. 

If  these  equations  be  multiplied  up,  and  arranged  in  ascending  powers 
of  X,  we  get 

PzPd"  Pn+lBi^x[Bj^^+B2pQp^  --•  Pn+l  +  B^p^pi  ...  p»+i+. ..]+...  =  0, 

where  ^  is  the  sum  of  the  products  of  pai  Pq,  ...,  Pn+i,  n— 1  at  a  time. 

Again,  it  is  a  well  known  and  immediate   deduction  from  Bezout's 

expression  for  the  elimhiant  as  a  determinant,*  that  for  two  equations  of 

the  forms  , 

a--ai.T+...  =  0, 

6— 6ix+...  =  0, 

the  terms  of  the  eliminant  which  do  not  contain  either  a*,  a5,  or  b^  are 
(ail— ajft),  niultiplied  by  the  eliminant  of  the  equations,  of  the  next 
lower  degree,  obtained  by  patting  a  =  0,  6=0,  and  dividing  by  x. 

Thus,  taking  our  equations  in' the  form  just  obtained,  (a5i— ajft)  be- 
comes ,^^^1 


pIpIpI'PI^i    2     (A,B.^B^A.)Ips, 


«=2 


or  (r,-ri)^r3-ri)«  ...  (rn+i-n)^  2UiB.-Bi^)/(ri-r.). 

8.  It  is  obvious  that  each  term  in  the  eliminant  must  contain  either 
As  or  Bs  for  every  value  of  s,  since,  when  A,  =  0,  B,  =  0,  the  two  equa- 

2  Aslix-r,)  =0,         2  Bslix-r,)  =  0, 
1  1 

have  a  common  root  x  =  r,. 

*  Salznon,  Higher  Algebra,  p.  82,  §  85. 
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Also  for  each  term  in  the  eliminant  there  must  be  at  least  two  values 
of  s,  say  t  is  one,  such  that  At  or  Bt  occurs  to  the  first  power  only,  that  is 
to  say,  that  the  term  does  not  contain  A^,  AtBt  or  B^.  For,  if  the  term 
contained  A],  AsB,  or  B^  for  all  but  one,  that  is,  for  n  values  of  /?,  its 
degree  would  be  2n+l,  at  least,  in  the  A*s  and  B's  together,  and  the 
eliminant  is  only  of  degree  n  in  the  A's  and  jB*s  respectively. 

Thus,  from  the  necessary  symmetry  in  respect  to  the  sets  of  quantities 
As,  B„  r„  the  eliminant  is  completely  determined  when  the  terms  con- 
taining Aior  Bi  to  the  first  power  only  are  known. 

When  71  =  1,  we  have  at  once 


-B(ri,  ra)  =  {r^-r^iA^B^-A^Bi)  =  D0\,  r^Xl,  2). 

ms  in  E  (rj,  r^,  r^  which  contain  A  i  or  Bj  to  tl 

ir^—r,)^ (r^-r,)^  {(1,  2)+(l,  8)}  {r^-r^H2,  3), 


Thus  the  terms  in  E{ri,  r^,  r^  which  contain  Ai  or  Bj  to  the  first  power, 
are 


and  we  get 

E (n,  /2,  ra)  =  D (n,  r^,  r^  {(1,  2)(1,  8)+(2,  1)(2,  8)  +  (a,  1)(8,  2)  1 . 

From  this  again,  the  terms  in  E  (/-j,  rg,  r^t  u),  of  the  iirst  power  in  Ai  or 
J5i,  will  be 

D  (ri,  ra,  rg,  r,)  { (1,  2)+  (1,  8)  +  (1,  4)  |  { (2,  8)(2,  4)  +  (8,  2)(8.  4)+(4,  2)(4,  8)  1 , 
and  the  complete  expression  is 
E  (ri,  rg,  rg,  r^jD^r^y  /g,  /g,  r^ 

=     (1,  2)(1,  8)(1,  4)+(2,  1)(2,  8)(1,  4)  +  (3,  1)(8,  2)(1,  4) 

+(1,  2)(1,  8)(2,  4)  +  (2,  1)(2,  8)(2,  4)  +  (8,  1)(3,  2)(2,  4) 

+  (1,  2)(1,  8)(3,  4)+(2, 1)(2,  8)(8,  4)  +  (3,  1)(8,  2)(3,  4) 

+(4, 1)(4,  2)(1,  3)+(4, 1)(4,  2)(2,  8)+(4,  1)(4,  3)(1,  2)+(4, 1)(4,  8)(8,  2) 

+(4,  2)(4,  3)(2,  l)+(4,  2)(4,  3)(3,  l)+(4,  1)(4,  2)(4,  3). 

It  is  seen,  on  inspection,  that  the  rules  given  in  §  1,  for  writing  down  the 
eliminant  as  a  sum  of  terms,  apply  to  Eixi,  ^2>  ^3)  ^^^  E(ri,  r^,  r^,  r^,  and 
therefore  by  induction  must  apply  universally.     For,  if  they  apply  to 
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^(^2» ''a*  •••»  ^n+i),  they    must    apply  to  the    terms  in  S(ri,  rg, ..., /"n+i), 
which  only  contain  the  number  1  once,  since  these  terms  are 

|(l,2)+(l,3)+...+(l,^i+l)[^(r2,r8,...,r.+i), 

and  BO,  by  symmetry,  must  apply  to  all  the  terms  of  E{ri,  r^,  ...,  rn+i). 


4.  Again  E{ri,  r^,  r^lD{ri,  rg,  rg),  which  is 

(1,2)(1,3)+(2,1)(2,3)+(3,1)(8,2), 

may  obviously  be  written  in  the  form 

,  (1,  2)+(l,  3),         -(2, 1)        , 
-(1,2),         (2,l)+(2,3) 

and  then,  again  by  induction, 

2(1,5),  -(2,1),  -(3,1),  ...,  -(n,l) 
-(1,2),  2(2,5),  -(3,2),  ...,  -(n,2) 
-(1,3),     -(2,3),      2(8,5),     ...,     -(n,8) 


-(l,n),     -(2,71),      -(3,n), 


2  (n,  s) 


may  be  identified  with  E  (ri,  rg, ...,  rn+i)/D(ri,  rg,  ...,  rn+i). 

For,  by  adding  all  the  other  rows  to  the  last  row,  and  then  all  the 
other  columns  to  the  last  column,  the  determinant  is  easily  seen  to  be 
symmetrical  with  regard  to  all  the  numbers  1,  2,  3,  ...,  (n+1).  Also  the 
terms  in  it  which  contain  1  once  only,  are  (1,  2)+(l,  3)+...  +  (li  w+1) 
multiplied  by  the  corresponding  determinant  got  by  erasing  the  first  row 
and  column.  Then  since  the  expression  is  right  for  E{ri,  rj,  r^ll>{riyr^,r^, 
it  is  also  right  for  E{)\,i\,r^,r^lD(riyr^,T^,r^,  and  so  by  induction  for 
all  values  of  n. 


5.  I  have  found  the  number  of  terms  in  the  eliminant  when  expressed 
as  a  sum  of  products  of  the  quantities  (r,  s)  as  follows. 

Disregarding  altogether  the  factor  D(ri, ...,  rn+i),  suppose  the  terms  of 

J?  (r|, ...,  rn+i)  arranged  in  sets,  according  as  the  term  contains  two  of  the 

numbers  1,  2,  3,  ...,  n+1,  once  only,  or  three  numbers  once  only,  and  so 

on,  and  put 

£(ri,  ...,  r.+i)  =  Sa+S8+S4+...+Sn. 
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Then  we  shall  also  have 

'Si    {'%  (^'^^)^(^i'--Mr.-i,r.+i,...,rj|  =  2S2+3S3+...+wSn• 
Similarly,  (t  ^  s\  V  ^  s\ 

2^      2^    I    2^     ^2    (t,8){t\s')E{ri r,-.i,r,+i,  ...,r^-i,r^+i,  ...,rn)J 

_^.3.2^,4.8^,        I  n(n-l)  ^ 

A  similar  sum  obtained  by  taking  the  product  of  three  brackets 
(t,  s)(t\  s*)(fy  sT),  into  the  eliminant  of  the  equations  obtained  by  cross- 
ing out  Sy  s\  8^  is  equal  to 

c   .  4.8.2  cy   .   5.4.3cT   J        ,  n(n-l)(n-2)  cy 
^'+17273^*+ 17273  ^«+-  + 1.2.3        ^'•^ 

and  we  may  continue  the  series  until  we  finally  arrive  at  n!  Snln\  on  the 

amn+l    t^n  +  1 

right-hand  side,  and     2       11    {s,  t),  {t^  s),  on  the  left. 

From  these  equations  we  eliminate  iSj,  S3,  ...,  by  taking  the  left-hand 
sides  with  alternately  positive  and  negative  signs,  and  arrive  at  an 
identity  which  may  be  written 

B,+i-22(«,  OKH+2  2  (5,  t)(8\  0^.-1  [«,  «']-...  =  0, 

where,  for  example,  jE7^-i  [«,«']  means  the  eliminant  of  the  equations 
obtained  by  striking  out  the  terms  with  8  or  5'  as  suffix. 

Now,  write  Nn+i  for  the  number  of  terms  in  JS?»+i,  Nn  for  the  number 
in  En,  and  so  on. 

In  22(s,  0  we  have  n+1   choices  for  s  and  7^  for  t,  so  that  the 

8     t 

number  of  terms  is  (w+l)w.     lu  2  2  («,  t)(8\  V)  we  have  l^n^n+l)  pairs 

8 J  8\  and  for  each  pair  n— 1  choices  for  t  or  t\  so  that  the  number  of 
terms  is  in(n+l)(n— 1)^ 

Determining  in  this  way  the  number  of  terms  in  each  constituent,  we 
have,  since  all  the  terms  in  the  eliminants  have  positive  signs,  the  relation 

Nn^,-  (n+1)  n2^.+  ^J}±^  (n-l)«  Nn-i 
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where  Ni  is  to  be  taken  as  1.      Now  we  know  that  N^  =  1,  ^3  =  8, 
N^  =  16,  and  the  above  relation  is  satisfied  by  putting 

becoming  in  this  case 

(n+i)-i-(n+l)n'^-'+^-^^^(n-ir-^-..^  =  0. 

Therefore  the  number  of  terms  in  the  eliminant  is  (n+1)*"^ 


6.  This  expression  for  the  eliminant  as  a  determinant,  once  obtained, 
may  be  easily  verified  in  a  dififerent  manner. 
Beturning  to  the  equations 

n  +  l        A  n+1        -D 

2  -^^  =  0.  2  -^  =  0, 

1    x—Vs  1    «— r, 

multiply  the  first  by  B^j{x—r^^  and  the  second  by  AJix—ri),  and  sub- 
tract. 

The  term  (^4,-81— ^i-B»)/(^— ^«)(a:— n)    on   the  left-hand  side  of  the 
resulting  equation  may  be  written 

{AsB,-A,B,)  (  _1 l_l 

r,—ri         la?— r,      x— rij' 

and  we  obviously  get 

-     ^        2    (l,s)+    2    i^=0. 


X—Ti     «=2  t=i    x—r. 

There  will  be  n— 1  similar  equations  got  by  replacing  1  by  2, -8,  ...,». 
and  we  may  add  to  these  the  equation 

^A.lix-r.)  =  0, 

and  eliminate  the  (n+l)  quantities  l/(«— rj.     The  result  is 

2(1,5),     -(2,1),     -(3,1) -(n+l,  1)    =0. 

-(1,2),      2(2,  s),     -(3,2) -(n+l,  2) 

-(1,3),     -(2,3),     2(3,  s),     ...,     -(n+l,  3) 

Aif  A^f  A^f         ...,  An+i 

By  adding  all  the  other  columns  to  the  last  column,  all  its  constituents 
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become  zero  except  the  last,  which  is  ^Ag,  and  the  result  is  (2A^  multi- 
plied by  the  determinant  of  the  7ith  order  already  obtained  (§  4).  That 
by  this  method  of  elimination,  the  extraneous  factor  S^«  is  introduced,  is 
easily  seen,  if  we  notice  that  all  the  equations  of  the  type 

2  {(1,  s)l{x-r;j\  -2(1,  8)/(x^r,)  =  0, 

have  a  common  root  x  =  oo ,  since  the  sum  of  the  coefficients  is  zero. 


7.  By  what  is  teally  the  same  method  we  obtain  the  eliminant  in  the 
form  of  the  determinant  whose  elements  are  (a«,  rd  (§  1). 
If  0(a;),  \lr{x)  have  a  common  root  x,  this  is  also  a  root  of 

[0(x)  ^(a)-0(a)  Vr(ic)]/(ir-a).* 

Putting  f{x)='u  (x—r,), 

we  have,  by  partial  fractions, 

i>{x)ylr{a)^4>{a)ylr(x)  _  '^       (a,  r,) 
f{x)(x--a)  sZifir^Hx-r,)' 

and  now  putting  the  left-hand  side  equal  to  zero,  and  giving  to  a  the 
n  values,  a^,  o^,  ...,  an,  we  have  n  equations  linear  in  l//'(r,)(;c— rj,  and 
the  determinant  is  at  once  obtained. 

It  is  not  difficult  to  show  directly  that  this  determinant,  which  I  will 
call  D,  whose  constituents  are  (a„  n)  is  equal  to  n(r,—r<)  11  (a,—a()  J3, 
where  B  is  Bezout's  determinant. 

If  we  write  /(a,  r)  for  to,  r),  it  is  obvious,  by  expanding  /  {a„  rt)  in 
ascending  powers  of  {at—a)  by  Taylor's  theorem  and  applying  the 
formula  for  the  multiplication  of  two  determinants,  that  D  is  equal  to 
the  product  of  two  determinants,  the  rows  (or  columns)  of  which  are 
respectively, 

and  1,     at— a,     {at—a)^^     ...,     (a,--aT'''^, 

the  latter  determinant  being  II  (a«—a(). 

Again,  applying  the  same  method  and  expanding  in  ascending  powers 

*  Salmon,  loc,  cit,,  p.  88,  {  87,  Cayley's  '*  Statement  of  Bezout's  method." 
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=  2 

Apt      Aq 

laP.   a« 

p.« 

1 

Bp9      Bq 

|rP,    r^ 

of  (r,— 7-)i  the  first  of  these  determinants  becomes  11  (r,—rj)  multiplied  by 

the  determinant  whose  constituents  are  ttt  — ^'r^^"'-     It  remains  to 

show,  therefore,  that  this  last  determinant  is  equal  to  £ ;  it  is,  in  fact, 
identical  with  it  when  a  =  0,  r  =  0.     For,  if 

<f>(x)  =  Ao+AiX+,..+ArX''+...+AnX'', 
yf,(x)=Bo+B^X+...+BrX'+...+BnX\ 

if>{a),     </>(r) 

and  therefore,  assuming  p  >-  q, 

f(a,  r)  =  2  1  Ap,   Aq  j  (aP-V,+a^-V-^+...+a«-V-»+aV'»-^ 

Bp,      Bq\ 

Thus     -777      ^^.V.^  ,  which  is  the  coeflScient  of  aV  in/(a,  r), 

Ls!  ti       oa  or     Ja=0, r=0 

is  equal  to  ^(ApBq—AqB^,  where  p+g  =  s+^+1,  and,   taking  p>qy 

g  J>  5  or  ^,  j9— 1  <(;  .•?  or  ^.     Thus  we  have  finally  Bezout*s  determinant, 

viz., 

Uo,  Ba),     Uo,  B4)+Ui,  Ba),     Uo,  B5)+Ui,  BJ  +  Ua,  Bs), 


8.  There  remains  the  consideration  of  the  modifications  to  be  intro- 
duced when  the  degrees  of  the  given  equations  are  different,  say  n  and 
n— m. 

Consider  first  the  determinant  whose  constituents  are  (r,  s),  the  equa- 
tions being  given  in  the  forms 

2^./(a;-7-,)  =  0,  (A) 


IBslix-Ts)  =  0 ; 


(B) 


and  suppose  that  the  first  m  coefficients  of  (B),  when  it  is  multiplied  up 
and  arranged  in  descending  powers  of  x,  vanish  identically.  The  equa- 
tion (B)  may  be  considered  as  having  m  infinite  roots,  and  the  expression 


1908.]  A    FORM    OP   THE    ELIMINANT   OP    TWO   QU ANTICS.  477 

for    the  eliminant,  as    already    found,    will    have  an  extraneous  factor 

If,  however,  Bi  =  B^  =  B^=  ...  =  B^  =  0,  we  have 

(5,  Q  =  0,   if  s<m+l,  <<m+l, 

(s,  t)  =  A,Btl(r,--rt),    it   s<  m+1,    t>m. 

Then  A,  can  be  divided  out  from  either  the  .sth  row  or  the  sth  column, 
where  8  <m+l,  and  we  have  left  the  pure  eliminant,  in  the  form  of  a 
determinant,  whose  first  principal  minor  of  the  mth  order  consists  of  a 
principal  diagonal  only,  all  the  other  elements  being  zero. 

Next  consider  the  determinant  whose  constituents  are  (a«,  r<).  To  find 
the  eliminant  of  0'(a:),  ^(x),  where  ^(-c)  is  of  degree  n,  and  0'(a:)  of  degree 
n— 7?t,  let  us  write 

if>ix)  =  if>'{x)    n     (XTt). 

Then  ^(r,)  =  0     (^  =  1,  2,  ...,  m) ; 

and  therefore  (a„  ri)  =  </>  (a,)  \lrirt)l{as—rt)     (t  <  m+1), 

so  that  the  first  m  columns  of  the  determinant  have  each  a  common 
factor  ^(n),  which  can  be  divided  out,  leaving  as  a  result  the  pure 
eliminant. 


9.  By  a  method  similar  to  that  used  in  §  7,  we  may  also  find  the 
eliminant  of  two  quantics  </>(x)y  \fr{x)  of  degrees  n  and  m  respectively,  as  a 
determinant  of  order  n+m,  which  is  equivalent  to  the  result  obtained  by 
Sylvester's  dialytic  method.     Put 

fix)  =  U  (x-a,).  Fix)  =  'ff  (x-ft,). 

Then  _J^M_  -  ^iW  ^_  .  'v"  _  J^«.) 


f{x){x-bt)      fib,)  x-b,  ^  .r,  f'(a,){a,-bt)  x-a.' 

and  V-(a^)        -^{Oi)     1       ■%"        V^(6.)  1 

F{x){x-ai)      F(a,)  x-a*  .1,  F'(b,nb.-ad  x-b. ' 

Putting   <p(x)  =  0  and  y/^ix)  =  0,  we  have  m+n  equations  linear  in  the 
m-\-n  quantities,  !/(«— oj,  lj{x—b,),  and  the  eliminant  of  ^(a;)  and  V'C*) 


478  A   FOBH   OF    THE    EUHINANI   OF   TWO   QDANTIOS. 

appears  as  the  determinant 

0,  ....  0, 


*(6i) 
7(6.)  ■ 

0, 


0, 


»(6.) 
/(ft.)' 


0, 


__iM. 


^(6i)(6.-<»i)'    J'(6.)(6,-«.)' 


-t(6.)_ 


-_.*.(i4L 


f»(6,)(6,-aj'    F'(6s)(6.-(i,)' 


»(t.) 


♦  (6.) 


*(<»i) 


*{<h) 


/•(a,)(a,-6,)'    /(aJ(a,-6,)' 


0. 


»(M 
/(M' 


»(0|) 


'»('^) 


/(a.)(a,-6,)'    f{a^{a,-b^' 


»(ai) 


.«>_fe)_ 


/•(a,)(a,-6„)'  /(aJ(a,-6-)' 


F'(6.)(6»-a,)' 


r(6«)(6«-a,)' 


f(6-)(6--a„)' 


F(a,)' 
0. 


0. 


^(6.)(6.-<».)'  J'(6J(6,-o,)' 

multiplied  by  the  eliminant  of  f(x)  and  F{x). 


0. 
i^(<H)' 


0, 


»(««) 


/(a.)(o«-6,)  i 


»(o.) 


/•(a.)(a.-6,) 


»(a.) 


/'(o,)(a.-6«) 
0 


I 


♦(a.) 


Note  on  §  5. 

It  has  been  pointed  out  to  me  by  a  referee  that,  when  we  know  that 
the  eliminant  is  the  sum  of  products  of  (r,  s),  each  product  having  a  posi- 
tive sign,  the  number  of  terms  is  at  once  found  by  writing  1  for  (r,  «) 
throughout  the  determinant  of  §  4.     In  this  way  we  get 


n, 
-1. 
-1, 


-1,     -1, 

n,     —1, 

—  1,         n, 


I 


=  i      1,       0,  0, 

-1,    n+1,       0, 
I  -1,       0,        n+1, 


n. 

-n-1. 

-n-1, 

-1. 

n+1, 

0. 

-1, 

0, 

»+l. 

=  (»+!)" 
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